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a b s t r a c t

This paper is devoted to the study of the phonon-assisted cyclotron resonance (PACR) in a
special asymmetric hyperbolic-type (SAsH) quantum well, in which the two-photon ab-
sorption process and the electroneLO-phonon interaction have been included. The PACR
effect has been investigated through considering the magneto-optical absorption coeffi-
cient (MOAC) and the full-width at half maximum (FWHM). Our results showed that it is
better to investigate MOAC and FWHM when the a-parameter value of the quantumwell is
in the range from 9.72 nm to 37.14 nm. The threshold energy decreases non-linearly with
the a-parameter but increases linearly with the magnetic field. The resonant peaks caused
by the emission phonon process are observed significantly. MOAC gives red-shift with the
increase of a-parameter, gives blue-shift with the rise of magnetic field, but unchanged
with the change of temperature, while MOAC's intensities increase with the increase of
these three parameters. FWHM decreases with the rise of a-parameter but increases with
the growth of temperature and magnetic field in both the emission and absorption phonon
processes.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Cyclotron resonance effect has been demonstrated to be one of the useful techniques to directly measure the infor-
mation about material's characteristics such as the Fermi surface cross-section, the electron effective mass, and the
longitudinal-optical (LO) phonon energy [1e3]. Especially, cyclotron resonance is proved to be dominant in measuring
the difference between energy levels in solids when an external magnetic field is applied [4]. The absorbed photon
energy, ZU, at which the absorption process happens could be determined by the condition ZU ¼ pZuB, where p is an
integer and ZuB is the energy of the Landau spacing (or re-called cyclotron energy in the present study). However, in the
dipole approximation, because of the selection rules the absorption at the other values of the energies, which are not
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satisfied the above condition, is not allowed. This prohibition could be lifted if the electron-LO-phonon interaction is
included [5]. This means that the selection rule is modified to be ZU ¼ pZuB±Zu0 with Zu0 being LO-phonon energy. In
this case, the effect is known as the LO-phonon-assisted cyclotron resonance (PACR), which is the main issue of this
study.

The PACR was first studied theoretically by Bass and Lenvinson [6] and then by Enck et al. [7]. After that, this effect
was observed experimentally for the first time in InSb by McCombe et al. [8]. After these pioneering works, PACR effect
has attracted the considerable interest of many researchers because of its great uses. Using Kubo formula, Singh and
Tanatar have driven the optical absorption coefficient through the conductivity tensor in a p-type [9] as well as in an n-
type [10] quantum wells. Their results showed that besides the usual cyclotron resonance peak, there was an extra peak
in the optical absorption spectrum due to PACR transitions. Using Pidgeon-Brown energy-band model [11], Goodwin and
Seiler [12] have succeeded in unifying and explaining the experimental results on the intra-conduction-band magneto-
optical in n-type InSb. Besides, in this work, they have also presented their own new experimental result on PACR
harmonics. The literature of experimental investigations of PACR has also been added by the work of Morita et al. [13],
where the unaccustomed dependence of the peak shift, the full-width at half-maximum (FWHM), and the peak intensity
of PACR on the magnetic field has been observed. Bhat et al. have studied the PACR due to the scattering between an
electron and confined LO-phonons, the interface phonon [14] and confined-acoustic phonons [15] in square quantum
wells. Using the perturbation method, the authors predicted a series of extra peaks due to PACR besides the usual
cyclotron resonance peak. Despite its simplicity, the method has been demonstrated to be useful in analyzing PACR in
quantum wells. However, one disadvantage of the method is that it has only allowed dealing with the one-photon
process, while the two-photon ones is still opened.

In a previous work [16], we presented a technique for studying PACR effect in the two-dimensional quantum well
using the perturbation approach, in which the two-photon process was included. After that, the technique has been
applied successfully to analyse the PACR in quantum wells [17], in quantum well-wires [18], and in graphene [19,20].
Following these works, we have kept developing the technique and have introduced a new version of the optical
absorption coefficient in the two-dimensional systems when a magnetic field is applied, renamed MOAC, in which the
electron-photon interaction part of the transition matrix element has been improved [21]. One benefit of this
technique is that it is simpler than the others methods, such as Kubo theory [22e25] or projection technique
[26e28]. In this work, we will apply this technique to analyse the theory of PACR in a special asymmetric hyperbolic-
type (SAsH) quantum well. Our calculations predicted PACR peaks caused by the two-photon process besides the one-
photon ones. Also, we performed numerical calculations to illustrate the effect of the quantum well parameters, the
applied magnetic field, and the temperature on the MOAC and the FWHM when the electroneLO-phonon interaction
is involved.
2. The characteristics of the SAsH quantum well model

We consider a SAsH quantum well in which the confining potential in the z-direction is given as follows [29,30].

UðzÞ ¼ U0

�a
z
� z
a

�2
; (1)

where U0 is the confinement potential height and a is a quantumwell parameter, which has the unit of length. The quantum
well shape for three values of the a-parameter is illustrated in Fig. 1. We can see that the bigger value of the a-parameter is the
more asymmetric quantum well shape is.

When a static magnetic field is applied to the z-direction of the system (B ¼ ð0;0;BÞ), the Hamiltonian of a single electron
in SAsH quantum well reads
Fig. 1. Quantum well shape for different values of a-parameter.



K.D. Pham et al. / Superlattices and Microstructures 120 (2018) 738e746740
H ¼ 1
2m�ðpþ eAÞ2 þ UðzÞ; (2)
where p is the momentum operator, e is the absolute value of electron charge, A ¼ ð0;Bx;0Þ is the vector potential closely
associatedwith themagnetic field, andm� ¼ 0:067m0 [31] is the electron effective mass withm0 being the free electronmass.
The electron eigenfunctions and eigenvalues associated with the Hamiltonian (2) are [14,15].�����l〉 ¼

�����n;m; ky〉 ¼ eikyyffiffiffiffiffi
Ly

p jnðx� x0ÞxmðzÞ; (3)

�
1
�

Ea≡En;m ¼ nþ
2

ZuB þ εm; n ¼ 0; 1;2;…: (4)
Here, the integer n stands for the Landau level index, jnðx� x0Þ refers to the normalized harmonic-oscillator function

centered at x0 ¼ �a2Bky with aB ¼ ðZ=m�uBÞ1=2 being the magnetic length which is closely associated with the cyclotron
frequency, uB ¼ eB=m�; ky and Ly respectively being the y-direction electron wave vector and normalization length. The
component eigenfunctions and eigenvalues in z-direction are given by Refs. [29,30].

xmðzÞ ¼ Cmzaþ1=2e�bz2
1F1

�
�m;aþ 1;2bz2

�
; (5)

εm ¼ 2Z
a

ffiffiffiffiffiffiffiffiffi
2U0

m�

r �
mþ 1

2
þ a

2
� a2b

�
; m ¼ 0;1;2;…; (6)

where b ¼ ðm�U0=2Z2a2Þ1=2 having the unit of m-2, a ¼ ð16a4b2 þ 1Þ1=2=2 being a dimensionless quantity, and 1F1 refers to
the confluent hypergeometric functions. The normalization constants Cm for the two first states are given as follows:

C0 ¼ 2a=2þ1bðaþ1Þ=2
=ðGðaþ 1ÞÞ1=2 and C1 ¼ C0ðaþ 1Þ1=2. For the further calculations the below useful matrix elements are

needed

〈l
���x���l0〉 ¼ h

x0dn0;n þ
�
aB

. ffiffiffi
2

p �� ffiffiffi
n

p
dn0;n�1 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
dn0;nþ1

�i
dkk0 ; (7)

F mm0 ð±qzÞ ¼
Z∞
0

e±iqzzx�mðzÞxm0 ðzÞdz; (8)

where dkk0 ¼ dmm0dky 0 ;ky .

3. LO-phonon-assisted cyclotron resonance

We now proceed to study the PACR in the SAsH quantumwell model. To do this, we need to derive the expression of the
MOAC, which can be performed using the perturbative theory developed and applied successfully in Ref. [21]. Taking into
account the electronephonon scattering, the expression for MOAC in the two-dimensional systems, due to absorbing photons
of energy ZU, is given as follows

KðZUÞ ¼ 1
V0ðI=ZUÞ

X
l;l

0
W ±

l;l
0 fl
�
1� fl0

	
: (9)
Here, we use the parameters as they appeared in Ref. [21], i.e., V0 is the systemvolume, I is the optical intensity,W ±
l;l

0 is the

transition matrix element per unit area, and fl ¼ fn;m ¼ ½eðEm;n�EF Þ=ðkBTÞ þ 1��1 is Fermi distribution function for l-state with EF
being the Fermi energy level and kB being the Boltzmann constant.

From Eq. (8) the overlap integral for the transition between the two lowest states is found to be

J01 ¼
Zþ∞

�∞

��F 01ð±qzÞ
��2dqz: (10)
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In general, the integral over qz in Eq. (10) cannot be done analytically. However, according to the suggestion fromGol'dman
et al. [29], for the case of U0 ¼ 228 meV and a ¼ 9:72

37:14 nm (which would be used for the numerical calculations in Sec. 4), the

quantity 16a4b2 will be much bigger than 1. Thus, we have the relation a=2� a2bz0, and the energy spectrum in Eq. (6) will
be read

εm ¼ 2Z
a

ffiffiffiffiffiffiffiffiffi
2U0

m�

r �
mþ 1

2

�
; (11)

which is the same as energy of an oscillator with a frequency of uz ¼ ð8U0=m�a2Þ1=2. In the light of this approximation, the

integral in Eq. (10) becomes possible, and the result is

J01 ¼
ffiffiffi
p

p
2

�
2m�U0

Z2a2

�1=4
: (12)
Using the eigenfunctions presented in Eq. (3) and the method given in Ref. [21], we find the following expression for the
MOAC in SAsH quantum well, in the case of m ¼ 0;m0 ¼ 1 and including the two-photon absorption process

KðZUÞ ¼ AðZUÞ
X
n;n0

jB ll
0 j2J01fn;0

�
1� fn0;1

�(
N�
0 d

�
M�

1

�
þ Nþ

0 d
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1
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þ a20
8a2B
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2

�
þ Nþ

0 d
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Mþ

2

�#) (13)

where we have denoted B ll
0 ¼ 〈l

��x��l0〉 which is presented in Eq. (7), and
AðZUÞ ¼ S2e4a20c
�Zu0

32p2nrcε20V0a6cZ
2U

; (14)

M±
[ ¼ DE±Zu0 � [-U; [ ¼ 1;2: (15)
�
Here, S is the area of the sample, c ¼ ð1=c∞ � 1=c0Þ with c∞ ¼ 10:89 and c0 ¼ 13:18 [31], a0 refers to the dressing
parameter, nr is the refractive index of the material, c is the speed of light in vacuum, ε0 is the permittivity of vacuum, DE ¼
En0 ;1 � En;0 is the threshold energy, and N±

0 ¼ N0 þ 1=2±1=2 with N0 ¼ ½eZu0=ðkBTÞ � 1��1 being Bose distribution of LO-phonon
of energy Zu0 ¼ 36:25 meV [31]. The plus (minus) sign stands for the emission (absorption) process of one phonon.

Finally, the delta functions in Eq. (3) will be handled by changing them by the Lorentzians of width g±, i.e., dðM±
[ Þ ¼

ðg±=pÞ½ðM±
[ Þ2 þ ðg±Þ2��1

, where

ðg±Þ2 ¼ e2c�V0Zu0

16p3=2
ε0pSac

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�U0

Z2a2
4

s
N±
0 ; (16)

which is derived from Eq. (A6) of Ref. [22].

4. Numerical results and discussion

We will now discuss the PACR effect in such GaAs SAsH quantum well through investigating the MOAC and FWHM, in
which we only consider the transition between two first states, i.e., the transition from the j0;0;0〉-state to j1;1;0〉 ones. We
use the following characteristics in our numerical calculations: the electron density ne ¼ 3� 1016 cm-3 corresponding to the
Fermi energy of EF ¼ 84:57 meV. The other parameters are nr ¼ 3:2, a0 ¼ 7:5 nm, and U0 ¼ 228 meV [31e33].

FromEq. (13) we can see that the intensity (or value) of theMOAC depends strongly on the product fn;0ð1� fn0 ;1Þ. Therefore,
it is necessary to show the dependence of this product on the important parameters such as a-parameter and temperature,
and this product for the case of for n ¼ 0;n0 ¼ 1 is illustrated in Fig. 2. In spite of the significant role in the high-temperature
region of the electron-LO-phonon interaction, wewant to state here the effect of temperature on the product in the extensive
range of temperature, even down to near 0 K.When T/0 K, all contours tend to converge at a1 ¼ 9:72 nm and a2 ¼ 37:14 nm.
At these two special values of the a-parameter, the ground and the first excited energy levels equal to Fermi energy level,
respectively. Moreover, when the value of a-parameter is in the interval from a1 to a2, the value of the product f0;0ð1� f1;1Þ is
greater than that in the other ranges. Therefore, it is better to study MOAC and FWHM when the a-parameter value is in the
range from a1 to a2. Besides, when the temperature increases, the Fermi distribution functions fn;0 and fn0;1 will be thermally
spread, resulting in the reduction of the product f0;0ð1� f1;1Þ.



Fig. 2. Contour plot of the product f0;0ð1� f1;1Þ as functions of a-parameter and temperature T at B ¼ 10 T.
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Besides the product f0;0ð1� f1;1Þ, the threshold energy is also one of the essential characteristics affecting the MOAC,
especially the resonant peak positions. In Fig. 3, the threshold energy, DE, is shown as versus magnetic field for different
values of a-parameter. The major feature is that DE enhances linearly with the magnetic field but decreases non-linearly with
the a-parameter. The features in Figs. 2 and 3 will be used in the following to explain the variation of the peaks values as well
as the shifting behavior of the resonant peak positions.

In Fig. 4, MOAC is plotted as functions of photon energy for three different values of a-parameter, the values of B ¼ 10 Tand
T ¼ 77 K are chosen for convenient reason in comparing with the other published works [16,17,34]. The four maxima
appeared in each curve of Fig. 3, labeled by the numerals from ”100 to ”400 for the solid curve, for example, result from the
resonant transitions, which satisfy the conditions

[-U ¼ DE±Zu0: (17)
In Eq. (17), [ ¼ 1 and 2 stand for the [-photon process. The plus (minus) sign refers to the emission (absorption) process of
one LO-phonon. For the physical meaning, these peaks describe the resonant transitions of electrons between the two first
Fig. 3. Threshold energy, DE ¼ E1;1 � E0;0, versus magnetic field with a ¼ 10 nm, 12 nm, and 14 nm, respectively.

Fig. 4. MOAC versus photon energy, ZU, for different values of a-parameter.
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states due to absorbing one or two photons accompanied with the absorption (peaks ”100 and ”300) or emission (peaks ”200 and
”400) of one LO-phonon. It is worth to note here that unlike in the other types of quantum wells [16,17,34], in SAsH quantum
well the resonant peaks due to the phonon emission process are observed significantly.

Another important feature is that for the fixed values of B and T, when the a-parameter increases the resonant peaks give a
shift towards the low energy region (red-shift) and the corresponding intensities become bigger. These results are well
matched with previous work reported for the third-harmonic generation susceptibility [30]. It is noted that in the above
mentioned work, Guang-Hui et al. dealt with smaller values of the a-parameter (a ¼ 1:5, 1.8, and 2 nm), which are much
smaller than a1 mentioned in the discussion part of Fig. 2. In this work, the chosen values of a-parameter are a ¼ 10, 12 and
14 nm to ensure that they are in the range from a1 to a2. The red-shift of resonant peaks, observed in Fig. 4, is caused by the
reduction of threshold energy with the increase of a-parameter (see Fig. 3). Physically, when the a-parameter is greater, the
quantum confining effect will reduce, leading to the narrower energy separation Dε01 ¼ ε1 � ε0, and so does the threshold
energy DE.

Besides, from Fig. 4 we also see that the peaks intensities due to the phonon absorption process (peaks ”100 and ”300) are
much smaller than that due to the emission ones (peaks ”200 and ”400). This is the result of the fact that the LO-phonon
population N0 is much smaller than 1 at the fixed values of B and T.

In Fig. 5, the FWHM is shown as functions of the a-parameter for both the one- (solid symbols) and two-photon (hollow
symbols) processes as well as for both the emission and absorption processes of LO-phonon. Since the FWHM has a close
relationship with the electron-phonon scattering, the nonlinear decrease of the FWHM with the increase of a-parameter
reveals that the electroneLO-phonon scattering in SAsH quantum well decreases when the a-parameter increases. Besides,
similar to the peaks intensities shown in Fig. 4, because the LO-phonon population N0 is much smaller than 1, the FWHM due
to phonon emission process (left vertical axis) is also much more significant than that due to absorption ones (right vertical
axis). For a more visual look, we detail the fitted results of the a-dependent FWHM as follows: FWHM (meV)¼ b1 þ b2aþ
b3a�1, where b1;b2, and b2 are listed in Table 1 for four lines from top to bottom of Fig. 5.

These fitted results are illustrated by the solid red lines in Fig. 5. Unfortunately, there is no experimental result yet available
for this problem to support our study. We expect that this prediction would be serviceable for orienting to experimental
research in the future.

In Fig. 6, MOAC is plotted as functions of ZU for three different values of the temperature. In general, when T is raised the
resonant peaks positions are unchanged, but their intensities are enhanced. These features can be explained by the fact that
while the resonant peaks positions are specified by the resonant conditions shown in Eq. (17), the temperature dependent
peaks intensities are driven by two terms: the phonon population N0 and the product f0;0ð1� f1;1Þ. The T-independent se-
lection rules lead to the fixed locations of the peaks with the change of temperature. Whereas, the explanation of the
increasing peaks intensities is complicated. There is a competition between N0 and the product f0;0ð1� f1;1Þ when the
temperature increases: the product decreases (see Fig. 2) while N0 increases. The increase of the peaks intensities reveals that
the effect of N0-increasing is dominant. Besides, we also see that the effect of the temperature on the transitions due to
phonon absorption process is much stronger than that due to the phonon emission ones. This result is well fitted with that
calculated for the parabolic quantum well [35] but to be in contrast to the result obtained in a quantum well with the
complicated potential [36].
Fig. 5. FWHM versus a-parameter. The solid and hollow symbols respectively indicate the one-photon and two-photon processes.

Table 1
The fitted results of the a-dependent FWHM.

Parameters Line 1 Line 2 Line 3 Line 4

b1 (meV) 20.78 1.38 5.34 0.31
b2 (meV nm-1) � 0:12 � 0:01 � 0:03 � 0:001
b3 (meV nm) 44.93 2.72 9.98 0.95



Fig. 6. MOAC versus photon energy, ZU, for different values of temperature.

Fig. 7. FWHM versus temperature. The solid and hollow symbols respectively indicate the one-photon and two-photon processes.
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Fig. 7 shows the temperature dependence of FWHM for both processes: emission and absorption phonons. The FWHM is
seen to rise with the growing temperature in all case: either the one- (solid symbols) or two-photon (hollow symbols) ab-
sorption processes as well as both the emission and absorption phonon ones. This expanding behavior of the FWHM can be
explained by the thermal broadening resulted from the electroneLO-phonon scatteringmechanism. For the phonon emission
process, the expression for the dependence of FWHM on temperature can be expressed as follows [37].

FWHM ðmeVÞ ¼ aT þ bTN0ðTÞ; (18)

where aT is the steady part and bT is the thermal broadening ones of FWHM.With the help of the temperature dependent LO-

phonon population function N0ðTÞ ¼ ½eZu0=ðkBTÞ � 1��1, the best-fit values of aT and bT are found to be: aT ¼ 24:26 ð6:06ÞmeV
and bT ¼ 11:92 ð2:81ÞmeV, respectively, for the one- (two-) photon absorption. These fitted results are illustrated by the solid
red lines in Fig. 7, which are bigger than those in a quantum well with the complicated potential [36] as well as the exper-
imental reported by Gammon et al. [37].

For the phonon absorption process, instead of Eq. (18) the expression for the T-dependent FWHM is now read to be:

FWHMðmeVÞ ¼ cTN
1=2
0 , where cT ¼ 24:18 for the one- and cT ¼ 6:04 meV for the two-photon processes, respectively.
Fig. 8. MOAC versus photon energy for different values of magnetic field.



Fig. 9. FWHM versus magnetic field B. The solid and hollow symbols respectively indicate the one-photon and two-photon processes.
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In Fig. 8, we depict the magnetic field influence on the resonant peaks in SAsH quantum well. We see that the stronger
magnetic field is, the higher peaks intensities are, and themore clear blue-shift is. These B-dependent features of the resonant
peaks are well fitted with those reported in quantum wells [4,14,15,34,36,38,39], in quantum wires [40], in quantum dots
[41,42], and in quantum rings [43,44]. The augment of the peaks intensities are resulted from the reduction of the magnetic
length ac with the rise of magnetic field B. Meanwhile, the blue-shift feature is the result of the extension of threshold energy
with the magnetic field (see Fig. 3). Besides, the increase of magnetic field also leads to the peaks broadening, which is closely
related to the enhancement of FWHM as shown in the following.

Fig. 9 displays the influence of magnetic field on the FWHM at fixed values of a and T for both phonon emission and
phonon absorption processes as well as for both one- (solid symbols) and two-photon (hollow symbols) absorption processes.
In generally, FWHM displays as a nonlinear increasing function of B in all cases. This result fits well with that reported in
previous work in bulk materials using the equilibrium density projection technique [27], as well as in other types of quantum
wells [36,45], in cylindrical quantum wires [18], and in graphene [28]. To have more accurate results, we show here the

analytic expression of the B-dependent FWHM as follows: FWHM ½meV� ¼ aB þ bBðB½T�Þ1=2. Here, the best-fit values of aB and
bB are found to be as follows for the phonon emission process: aB ¼ 9:17 ð2:30ÞmeV and bB ¼ 4:64 ð1:15ÞmeV corresponding
to the one-photon (two-photon) absorption process. The corresponding values of these parameters for the phonon absorption
process are aB ¼ 0:60 ð0:15Þ meV and bB ¼ 0:30 ð0:07Þ meV. The much bigger of the FWHM in SAsH quantum well in
comparison with that in the square quantumwell [16] or in a quantumwell with the complicated potential [36] reveals that
the electron-LO-phonon scattering in SAsH type is stronger than that in the other shapes ones.

5. Conclusion

We have studied in details the PACR in SAsH quantumwell via investigating theMOAC and FWHM. The resonant condition
is found explicitly. The main conclusion of the present study can be expressed as follows: (i) it is better to study MOAC and
FWHMwhen the a-parameter value is in this range from 9.72 nm to 37.14 nm in the case of B ¼ 10 T. (ii) The threshold energy
decreases non-linearly with the a-parameter but increases linearly with themagnetic field. (iii) The resonant peaks due to the
emission phonon process are observed significantly in the particular SAsH quantumwell model. (iv) TheMOAC gives red-shift
with the increase of a-parameter, blue-shift with the growth of magnetic field, but unchanged with the change of temper-
ature. Meanwhile, MOAC's intensity increases with the rise of these three parameters. (v) The FWHM decreases with the
increase of a-parameter but increases with the growth of temperature and magnetic field.

Moreover, our results also show that electron-LO-phonon interaction in SAsH quantum well is stronger than that in the
other shapes ones. The present result of the thermal broadening FWHM fits well with the previous experiment report. We
hope that this result may have a significant contribution to the literature investigations of PACR and the magneto-optical
transport properties of such low-dimensional systems. Unfortunately, there is no experimental result yet available for this
problem to support our study. We expect that this prediction would be serviceable for orienting to experimental research in
the future.
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