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In this work, using the compact density matrix approach, we study the linear and nonlinear

magneto-optical properties of monolayer molybdenum disulfide (MoS2) via an investigation of the

absorption coefficients (MOACs) and refractive index changes (RICs). The results are presented as

functions of photon energy and external magnetic field. Our results show that the MOACs and the

RICs appear as a series of peaks in the inter-band transitions between Landau levels, while the

intra-band transitions result in only one peak. Because of the strong spin-orbit coupling, the peaks

caused by the spin-up and -down states are different. With the increase in the magnetic field, both

MOACs and RICs give a blue-shift and reduce in their amplitudes. These results suggest a potential

application of monolayer MoS2 in the optoelectronic technology, magneto-optical, valleytronic,

and spintronic devices. Published by AIP Publishing. https://doi.org/10.1063/1.5009481

I. INTRODUCTION

Because of its miraculous electron structure,1–3 gra-

phene holds some extraordinary transport properties such as

the quantum Hall effect,4–6 dc-conductivity,7 magneto-

optical conductivity,8–10 phonon-assisted cyclotron reso-

nance,11–13 and the magneto-optical properties.14 However,

the application of graphene in electronic devices is still lim-

ited. The main reason comes from its zero band-gap and

extremely weak spin-orbit coupling (SOC).15–17 From the

point of view of these researches, it is necessary to inten-

sively study different materials with a finite band gap,

including phosphorene,18–20 silicene,21–23 germanene,24,25

antimonene,26 stanene,27–29 and two-dimensional transition-

metal dichalcogenides (TMDs) MX2 (with M¼Mo, W;

X¼S, Se).30–34

Monolayer molybdenum disulfide (MoS2), a material

constituting a hexagonal layer of molybdenum atoms (Mo)

sandwiched between two layers of sulfur atoms (S) in a tri-

gonal prismatic structure,35 is a typical member of the TMD

family. Recently, monolayer MoS2 has been demonstrated to

be a semiconductor with a strong SOC and a large direct

band gap.32,36–38 Moreover, although having the honeycomb

structure of graphene, monolayer MoS2 has massive Dirac

fermions,21,38–40 high thermal stability, and large carrier

mobility.30,41–43 These wonderful properties offer numerous

possibilities for monolayer MoS2 as a promising alternative

to graphene in order to become a good candidate for a wide

range of applications, including valleytronic and spintronic

devices,39,44–46 photo-luminescence at visible regimes,47,48

field-effect transistors,49 and photodetectors with high

responsivity.50

It is known that magneto-optics are the most important

tools to measure experimentally the band structure of metals

and semiconductors.51 That is the reason why the magneto-

optical properties have been investigated widely in large

numbers of 2D material systems, such as topological insula-

tors,52,53 WSe2,54 and Weyl semimetals.55 Using the Kubo

formula, these useful properties have also been reported in

silicene,23,56 in phosphorene,19,57 and in WSe2 (Ref. 43)

monolayers. Though many efforts have been made to investi-

gate the magneto-optical properties of MoS2,58–61 a detailed

investigation of the effect of a magnetic field on the linear

and nonlinear optical properties of monolayer MoS2 for both

intra-band and inter-band transitions has not received enough

attention. Therefore, studying these properties is timely and

necessary.

Besides, the linear and nonlinear optical properties of

low-dimensional systems have been investigated widely in

recent years due to their importance for understanding in

detail the response of semiconductors stimulated by an elec-

tromagnetic field. While investigating the linear and nonlin-

ear inter-subband optical absorption in symmetric double

semi-parabolic quantum wells, Keshavarz and Karimi62

showed that both the optical incident intensity and the struc-

ture parameters really affect the optical characteristics ofa)Electronic mail: hvphuc@dthu.edu.vn
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these structures. Ungan et al.63 have theoretically studied the

effects of hydrostatic pressure and temperature on the nonlinear

optical properties of a parabolic quantum well under an intense

laser field. Their results showed that the linear and nonlinear

optical properties in a parabolic quantum well under intense laser

field can be tuned by changing the hydrostatic pressure and tem-

perature. The linear and nonlinear optical properties have also

been investigated in an asymmetric double inverse parabolic

quantum well under applied electric and magnetic field,64 in a

spherical dome shell,65 in a parabolic quantum well with double

barriers,66 in two-dimensional quantum rings,67 in a quantum

disk with flat cylindrical geometry,68 and in a spherical core/shell

quantum dots.69,70 However, a detailed investigation of the linear

and nonlinear optical absorption coefficients (OACs) and refrac-

tive index changes (RICs) in monolayer MoS2 in the presence of

a quantized magnetic field is still lacking.

In this work, we investigate the linear and nonlinear

OACs in a perpendicular magnetic field, recalled molybde-

num disulfide (MoS2) via an investigation of the absorption

coefficients (MOACs), and RICs in monolayer MoS2. Using

the density matrix theory, we evaluate the MOACs and RICs

for transitions between the two bands. We consider the

MOACs and RICs as functions of the incident photon energy

and external magnetic field for both intra-band and inter-

band transitions. The paper is organized as follows: In Sec.

II, we present the theoretical framework; the numerical

results and discussion are provided in Sec. III, and finally,

the conclusions are given in Sec. IV.

II. THEORETICAL FRAMEWORK

We consider monolayer MoS2 in the (x, y) plane. In the

presence of a uniform static perpendicular magnetic field

B ¼ ð0; 0;BÞ applied along the z-direction, the single-carrier

Hamiltonian in the system can be written as follows:32,60,71

H ¼ atðgkxrx þ kyryÞ þ ð�D � sg�kÞrz þ sg�k; (1)

where a¼ 3.193 Å and t¼ 1.1 eV are, respectively, the lat-

tice constant and the hopping integral, the valley index

g ¼ 61 refers to the K and K0 valleys, �D ¼ D=2; �k ¼ k=2

with D ¼ 1:66 eV and k¼ 75 meV being, respectively, the

energy gap and SOC strength,72
k ¼ ðkx; kyÞ is the carrier

momentum, rx, ry, and rz are the Pauli matrices for the two

basic functions, and the spin index s ¼ 61 stands for spin-

up and -down. Note that the defected effects are also impor-

tant in tuning and modifying various properties of semicon-

ducting materials.73,74 However, the main purpose of this

work is to study the linear and nonlinear magneto-optical

properties with the help of the magneto-optical absorption

coefficients and refractive index changes of monolayer

MoS2 under the applied magnetic field. Therefore, we

neglect the defected effects in the present study. The energy

spectrum Ea associated with the electronic states jai ¼ jn;
s; p; gi is given as follows:

Ea ¼ Enspg ¼ sg�k þ p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�D

2

s;g þ nð�hxcÞ2
q

; n � 1; (2)

with n being the Landau level (LL) index, �Ds;g ¼ �D � sg�k,

the band index p ¼ 61 is for the conduction and valence

bands, �hxc ¼ at
ffiffiffi
2
p

=ac is the cyclotron energy with ac

¼ ð�h=eBÞ1=2
being the magnetic length and e the absolute

value of the electron charge. For n¼ 0, the eigenvalues are

E0sg ¼ �g �D � s�kð Þ þ s�k: (3)

Since �hxc � �Dsg the energy spectrum in Eq. (2) could be

expressed in a simpler form61

Enspg ¼ ð1� pÞsg�k þ p�D þ np
�h2x2

c

2�Dsg
; (4)

which shows that the Landau levels depend linearly on n and

the magnetic field B.

The eigenfunctions for the K valley (g ¼ þ1) are

Up;þ1
n;s ðr; kyÞ ¼

eikyyffiffiffiffiffiffiffiffiffiffi
Lp;þ1

n;s

q Kp;þ1
n;s /n�1ðx� x0Þ

/nðx� x0Þ

 !
: (5)

Here, /nðx� x0Þ represents the harmonic oscillator eigen-

function, centered at x0 ¼ a2
cky, and Lp;g

n;s ¼ ðK
p;g
n;s Þ

2 þ 1 with

Kp;g
n;s ¼

ffiffiffi
n
p

�hxc½ð1� pgÞ�Dsg � npg�h2x2
c=2�Dsg��1

. The eigen-

functions for the K0 valley (g ¼ �1) are obtained from Eq.

(5) by exchanging /nðx� x0Þ and /n�1ðx� x0Þ.
With the help of Eq. (5), the dipole matrix element,

Ma0a ¼ eha0jxjai, for x-polarized incident radiation, is calcu-

lated as follows:

Ma0a ¼ eðKp;61
nþ1;sK

p0;61
n0þ1;s0 þ 1Þ

h
x0dn0;n þ ðac=

ffiffiffi
2
p
Þ

� ð
ffiffiffi
n
p

dn0;n�1 þ
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1
p

dn0;nþ1Þ
i
dk0y;ky

: (6)

Hence, using the fact that Ma0a0 �Maa ¼ 0 to the expressions

of linear and nonlinear optical absorption coefficients for

transitions between the two bands jai and ja0i of Refs.

62–67, we obtain the total optical absorption coefficients

bðX; IÞ ¼ bð1ÞðXÞ þ bð3ÞðX; IÞ; (7)

where bð1ÞðXÞ and bð3ÞðX; IÞ are the linear and third-order

nonlinear terms of the optical absorption coefficients, respec-

tively, given as

bð1ÞðXÞ ¼ X

ffiffiffiffi
l
�r

r jMa0aj2ne�hC0

ðEa0a � �hXÞ2 þ ð�hC0Þ2
; (8)

bð3ÞðX; IÞ ¼ �2X

ffiffiffiffi
l
�r

r
I

�0nrc

� �
jMa0aj4ne�hC0

ðEa0a � �hXÞ2 þ ð�hC0Þ2
h i2

;

(9)

where �hX is the incident photon energy, l is the magnetic

permeability, �r is the real part of the permittivity, ne is the

carrier density, C0 is the non-diagonal matrix element known

as relaxation rate, Ea0a ¼ Ea0 � Ea is the energy difference

between the two bands, I is the optical intensity of the inci-

dent photon which excites the system and leads to the optical

transitions, c is the speed of light, �0 is the permittivity of

free space, and nr is the refractive index.
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The total relative index changes with the incident pho-

ton energy �hX and the system optical radiation intensity I
can be expressed as67,68

DnðX; IÞ
nr

¼ Dnð1ÞðXÞ
nr

þ Dnð3ÞðX; IÞ
nr

; (10)

where the linear and nonlinear relative refractive index

changes are

Dnð1ÞðXÞ
nr

¼ nejMa0aj2

2n2
r �0

Ea0a � �hX

ðEa0a � �hXÞ2 þ ð�hC0Þ2

" #
; (11)

Dnð3ÞðX; IÞ
nr

¼ � lcjMa0aj4

n3
r �0

neIðEa0a � �hXÞ

ðEn0n � �hXÞ2 þ ð�hC0Þ2
h i2

: (12)

In Sec. III, the analytical expressions above will be used to

consider the numerical calculations in more detail.

III. RESULTS AND DISCUSSION

In this section, we will calculate and analyze the behav-

iors of the linear and nonlinear MOACs and RICs as func-

tions of the incident photon energy in monolayer MoS2. The

parameters used in our calculations are as follows:14,75,76

nr ¼ 4:828, I¼ 5 MW/m2, and �hC0 ¼ 0:1
ffiffiffi
B
p

meV. The 2D

carrier density of 2� 1012 cm�2 (Ref. 77) and the effective

layer thickness of 6.145 Å (Ref. 78) lead to the 3D carrier

density ne ¼ 3:255� 1019 cm�3. Our calculations are for

ky¼ 0, i.e., x0 ¼ 0. It means that according to Eq. (6), the

selections rules lead to the fact that only transitions with

n0 ¼ n61 are allowed. Besides, because of the symmetry of

the K and K0 valleys,61 we will only investigate the case of

g ¼ g0 ¼ 1 and ignore the valley indices g and g0 in the

following.

Figure 1 shows the dependence of the linear, the third-

order nonlinear, and the total MOACs for intra-band transi-

tions on photon energy at B¼ 10 T. These transitions comply

with the selection rules n0 ¼ n61; s ¼ s0, and p ¼ p0 ¼ 1,

where the absorbed photon energies satisfy the condition

�hX ¼ ð�hxcÞ2=ð2�Ds;1Þ: (13)

Due to the strong SOC, which has been demonstrated from

the transition-metal d orbitals,71,72 the peaks caused by the

spin-up and -down states are different. For instance, at

B¼ 10 T, the absorption peaks due to spin-up and -down are

located at �hX ¼ 2:362 meV and 2.158 meV, respectively.

The values of photon frequency at these peaks are in the

THz range, likely in graphene14,79 and some other 2D mate-

rials.52,55,56 For each value of the magnetic field, the distance

between the Landau levels is maintained. Therefore, all of

the absorption peaks due to intra-band transitions coincide,

leading to only one absorption peak, for each value of spin,

as observed in Fig. 1. This behavior is in agreement with that

in monolayer phosphorene80 but in dissonance with that in

graphene.14 This can be explained by the fact that, in MoS2

and phosphorene, the Landau levels linearly depend on n,

whereas in graphene, the Landau levels are proportional

to
ffiffiffi
n
p

.

Figure 2 shows the dependence of the linear, the third-

order nonlinear, and the total MOACs for conduction intra-

band transition on photon energy for three different values of

the magnetic field. The MOACs are calculated for the sum

of both spins-up and -down cases. Because of the opposite

signs between the linear and the third-order nonlinear

MOACs, the total MOAC would have been lessened by the

contribution of the nonlinear term. It can be seen from the

figure that since the enhancement in the cyclotron energy

�hxc with the increasing magnetic field B, MOACs give a

blue-shift when the magnetic field increases. Besides, while

the linear and third-order nonlinear MOACs decrease, the

total one increases with increasing magnetic field. These

results can be explained from the magnetic field dependence

of the dipole matrix element [see Eq. (6)]: when the mag-

netic field increases, the dipole matrix element, Ma0a, lessens

due to the diminishing in the magnetic length, ac, resulting

in a drop in the linear and third-order nonlinear MOACs.

Moreover, we can see from Eqs. (8) and (9) that since the

linear part of the coefficient is proportional to jMa0aj2 while

the nonlinear one depends on jMa0aj4, the latter decreases

FIG. 1. The linear, the third-order nonlinear, and the total MOACs for intra-

band transitions as a function of photon energy at B¼ 10 T.

FIG. 2. The linear, the third-order nonlinear, and the total MOACs for intra-

band transitions as functions of photon energy for three different values of

magnetic field.
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faster with an increasing magnetic field than the former does.

This leads to an increase in the total MOAC with an increas-

ing magnetic field as shown in Fig. 2. These results are in

good agreement with previous works.14,64,68,80

In Fig. 3 the linear, the third-order nonlinear, and the

total relative refractive index changes for intra-band transi-

tion are shown as functions of photon energy. The results are

calculated for both the spins-up and -down cases. Similar to

the case of the absorption coefficients, the transition energies

due to spin-up are little bigger than those due to spin-down,

resulting in slightly larger absorbed photon energies in the

case of spin-up. Note that the absorbed photon energies are

inversely proportional to �Ds;1 ¼ �D � s�k [see Eq. (13)]. It is

clear that the quantity �D1;1 ¼ �D � �k (s¼ 1, spin-up) is

smaller than �D�1;1 ¼ �D þ �k (s¼ –1, spin-down). This

explains the blue-shift behavior of the spin-up in comparison

with the spin-down case.

Figure 4 shows the dependence of the linear, the third-

order nonlinear and the total RICs for the intra-band transi-

tion on the photon energy for different values of the mag-

netic field. The results are calculated as the sum of both

spins -up and -down. From the figure, we can see that when

the magnetic field increases, the RICs give a blue-shift and

reduce in magnitude. The blue-shift behavior is explained by

the enhancement of the transition energies, while the drop in

magnitude comes from the reduction of the dipole matrix

element when the magnetic field increases.

Having discussed the magneto-optical properties for the

intra-band transitions, we now turn our attention to the inves-

tigation of the inter-band transitions. In Fig. 5, we depict the

dependence of MOACs for the inter-band transitions on pho-

ton energy at B¼ 10 T for both spin-up and -down states. It

is clear that the strong SOC is the cause of the Landau levels

splitting in MoS2 leading to the segregation of transition

energies for the spin-up and -down states, as shown in Figs.

5(a) and 5(b). This is completely different from that in gra-

phene,14,81 phosphorene,80 and some other 2D systems,52,56

but agrees with previous work performed for monolayer

MoS2 where the electron–phonon interaction is taken into

account.61 Besides, the large band-gap in MoS2 leads to the

observation at the visible frequency range of the inter-band

transition energies. This is in good agreement with previous

works.38,61 Besides, in comparison with the intra-band transi-

tions, we can see here that: (i) the inter-band transitions are

present in a series of peaks corresponding to the transitions

from the occupied valence bands to the bare conduction

bands; (ii) these inter-band transition peaks appear in the vis-

ible regime, which results from the large band-gap of mono-

layer MoS2. Moreover, in contrast to the results reported in

previous works calculated for monolayer phosphorene19,80

and monolayer WSe2,43 here, the amplitude of the inter-band

transition peaks is much higher than that of the intra-band

transitions. We hope that this conflict will be solved in the

FIG. 3. The linear, the third-order nonlinear, and the total RICs for intra-

band transition as functions of photon energy at B¼ 10 T.
FIG. 4. The linear, the third-order nonlinear, and the total RICs for intra-

band transition as functions of photon energy for three different values of

the magnetic field.

FIG. 5. The linear, the third-order nonlinear, and the total MOACs for inter-band transitions as functions of photon energy at B¼ 10 T. The left (a) and right

(b) panels correspond to the spin-up and -down cases and differ only in the photon energy range (x-axis).
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near future when we will have accurate experimental

observation.

The effects of the magnetic field on the absorption coeffi-

cients are presented in Fig. 6, where we show the dependence

of the linear, the third-order nonlinear, and the total MOACs

for a specific transition on photon energy for three different

values of the magnetic field. Since the optical transitions due

to spin-up and spin-down are similar, we only show the spin-

up case here, but the results could be also validated for the

other case. Similar to the intra-band transitions (see Fig. 2),

the reduction in the MOACs with an increase in the magnetic

field is continuously held for the inter-band transitions. The

physical explanation can be obtained from the increase in the

transition energies when the magnetic field increases.

In Fig. 7, we depict the dependence of the linear, the

third-order nonlinear, and the total relative refractive index

changes for the inter-band transitions on photon energy at

B¼ 10 T. Similar to the absorption coefficients, the RICs

also appear here in a series of peaks, but the magnitude of

the RICs for the inter-band transitions are much smaller than

those for the intra-band transitions. Besides, the magnitudes

of the RICs increase with the Landau level index. This result

is in good agreement with the one reported in previous works

for phosphorene80 and graphene14 and could be explained

qualitatively as follows: From Eqs. (11) and (12), we can see

that the amplitudes of the RICs increase with the Landau

level index through the dipole matrix element Ma0a.

Therefore, the magnitude of the RICs is higher with increas-

ing Landau level index.

Finally, the dependence of the linear, third-order nonlin-

ear, and total RICs for the individual inter-band n ¼ 1! n0

¼ 2 transition on photon energy for different values of the

magnetic field is shown in Fig. 8. Through the absorption of a

photon, the RICs due to inter-band transition shift toward

higher photon energies and reduce in magnitude when the

magnetic field increases. These results are similar to those for

the intra-band transitions described in Fig. 4. However, unlike

in phosphorene80 and in graphene,14 here we can see that, in

monolayer MoS2, the third-order nonlinear term gives a signifi-

cant contribution to the total RIC. This may come from the

fact that the dipole matrix element in monolayer MoS2 is stron-

ger than that in phosphorene and graphene.

IV. CONCLUSIONS

In this work, using the compact density matrix approach,

we have investigated the linear, the third-order nonlinear,

and the total magneto-optical responses in monolayer MoS2.

All possible optical transitions satisfy the selection rules

n0 ¼ n61, and s ¼ s0 with the absorbed photon energies

defined as �hX ¼ ð�hxcÞ2=ð2�Ds;1Þ. For the inter-band optical

transitions (p 6¼ p0), the absorption spectrum consists of a

FIG. 6. The linear, the third-order nonlinear, and the total MOACs for the

individual inter-band n ¼ 1! n0 ¼ 2 transition as functions of photon

energy for different values of magnetic field. The result is calculated for the

spin-up case.

FIG. 7. The linear, the third-order nonlinear, and the total RICs for inter-band transitions as functions of photon energy at B¼ 10 T. The left (a) and right (b)

panels correspond to the spin-up and -down cases and differ only in the photon energy range (x-axis).

FIG. 8. The linear, the third-order nonlinear, and the total RICs for the inter-

band n ¼ 1! n0 ¼ 2 transitions as functions of photon energy for different

values of magnetic field. The result is calculated for the spin-up case.

034301-5 Nguyen et al. J. Appl. Phys. 123, 034301 (2018)



series of peaks which are located in the visible range.

Meanwhile, for the intra-band optical transitions (p ¼ p0 ¼ 1),

these spectra appear in only one peak and are located in the

microwave to THz range. Because of the strong SOC, the

absorption peaks caused by the spin-up and -down states are

different. Besides, the MOACs and RICs are strongly affected

by the magnetic field. When the magnetic field increases, the

MOACs and RICs shift toward higher energies and reduce in

magnitude. We hope that these results would be significant in

potential applications of optoelectronic, magneto-optical, val-

leytronic, and spintronic devices.
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