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Abstract. Let Y be a fat point scheme in Pn1 × · · · × Pnk over a field K of char-
acteristic zero. In this paper we introduce the multi-graded Kähler differential
module for Y and we establish a short exact sequence of this module in terms
of the thickening of Y.

1 Introduction

In [1], G. de Dominicis and M. Kreuzer introduced some methods using algebraic differen-
tial forms into the study of finite sets of points in the projective n-space Pn over a field K of
characteristic zero. Explicitly, given a finite set of points X in Pn with homogeneous vanish-
ing ideal IX in R = K[X0, . . . , Xn] and homogeneous coordinate ring RX = R/IX, the Kähler
differential module for X is the RX-module Ω1

RX/K
= J/J2 where J is the kernel of the mul-

tiplication map µ : RX ⊗K RX → RX. One of interesting results in [1] is the canonical exact
sequence for the Kähler differential module

0→ I(2)
X /I

2
X → IX/I2

X → Rn+1
X (−1)→ Ω1

RX/K → 0.

Based on this exact sequence, the structure of this module can be precisely described in
several special cases, for instance, if X is the complete intersection of hypersurfaces of de-
grees d1, . . . , dn then it follows that the Hilbert function of Ω1

RX/K
is given by HFΩ1

RX/K
(i) =

(n + 1) HFX(i − 1) − ∑n
j=1 HFX(i − d j) for all i ∈ Z. Later, in [2, 4], the differential algebra

techniques were extended to fat point schemes in Pn and in P1 × P1.
In this paper we will consider the natural question of whether these differential algebraic

methods can be applied to study fat point schemes of a multiprojective space Pn1 × · · · × Pnk

and, especially, we look closely at the generalization of the above canonical exact sequence
to fat point schemes in Pn1 ×· · ·×Pnk . Let Y be a fat point scheme in Pn1 ×· · ·×Pnk with multi-
homogeneous vanishing ideal IY ⊆ S = K[X10, . . . , X1n1 , . . . , Xk0, . . . , Xknk ] and let RY = S/IY
be the multi-graded coordinate ring of Y. We show that the Kähler differential module Ω1

RY/K
admits the following exact sequence.
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Theorem 1.1. (Theorem 3.5) LetY = m1P1+· · ·+msPs be a fat point scheme in Pn1×· · ·×Pnk ,
and let V = (m1 + 1)P1 + · · · + (ms + 1)Ps be the thickening of Y. Then we have the exact
sequence of Zk-graded RY-modules

0 −→ IY/IV −→ Rn1+1
Y (−e1) ⊕ · · · ⊕ Rnk+1

Y (−ek) −→ Ω1
RY/K −→ 0.

This result shows that one can compute the Hilbert function of the Kähler differential
module for Y from the Hilbert functions of Y and V, in particularly, to compute the Hilbert
function HFΩ1

RY/K
(i), we need to compute HFΩ1

RY/K
(i) for only a finite number of i ∈ Zk.

2 Basic Facts and Notation

Let K be a field of characteristic zero. Let k ≥ 2 be a positive integer, let i denote the tuple
(i1, . . . , ik) ∈ Zk, and let |i| = ∑l il. We write i � j if il ≤ jl for every l = 1, . . . , k. Also, let
{e1, . . . , ek}, ei = (0, . . . , 1, . . . , 0), be the canonical basis of Zk.

The multi-graded coordinate ring of Pn1 × · · · × Pnk is the the polynomial ring S =
K[X10, . . . , X1n1 , . . . , Xk0, . . . , Xknk ] equipped with the Zk-grading defined by deg Xi0 = · · · =
deg Xini = ei for i = 1, . . . , k. For i = (i1, ..., ik) ∈ Zk, we let S i be the homogeneous compo-
nent of degree i of S , i.e., the K-vector space with basis

{Xα10
10 · · · X

α1n1
1n1
· · · Xαk0

k0 · · · X
αknk
knk
| ∑n j

l=1α jl = i j, α jl ∈ Z}.

Given an ideal I ⊆ S , we set Ii := I ∩ S i for all i ∈ Zk. Clearly, Ii is a K-vector subspace
of S i and I ⊇

⊕
i∈Zk Ii. The ideal I is called Zk-homogeneous if I =

⊕
i∈Zk Ii. If I is a Zk-

homogeneous ideal of S then the quotient ring S/I also inherits the structure of a multi-graded
ring via (S/I)i := S i/Ii for all i ∈ Zk.

A finitely generated S -module M is a Zk-graded S -module if it has a direct sum decom-
position

M =
⊕
i∈Zk

Mi

with the property that S iMj ⊆ Mi+ j for all i, j ∈ Zk.

Definition 2.1. Let M be a finitely generated Zk-graded S -module. The Hilbert function
of M is the numerical function HFM : Zk → Z defined by

HFM(i) := dimK Mi for all i ∈ Zk.

In particular, for a Zk-homogeneous ideal I of S , the Hilbert function of S/I satisfies

HFS/I(i) := dimk(S/I)i = dimk S i − dimk Ii for all i ∈ Zk.

If M is a finitely generated Zk-graded S -module such that HFM(i) = 0 for i � (0, . . . , 0),
we write the Hilbert function of M as an infinite matrix, where the initial row and column are
indexed by 0.

A point in the space Pn1 × · · · × Pnk has the form

P = [a10 : a11 : · · · : a1n1 ] × · · · × [ak0 : ak1 : · · · : aknk ] ∈ Pn1 × · · · × Pnk

where [a j0 : a j1 : · · · : a jn j ] ∈ Pn j . Its vanishing ideal is the bihomogeneous prime ideal of
the form

IP = 〈L11, . . . , L1n1 , . . . , Lk1, . . . , Lknk〉
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where Ljl = a jlX j0 − a j0Xjl and deg(Ljl) = e j for l = 1, . . . , n j.
When X = {P1, . . . , Ps} is a set of s distinct points in Pn1 × · · · × Pnk , then the vanishing

ideal of X is IX = IP1 ∩ · · · ∩ IPs and its Zk-graded coordinate ring is RX = S/IX.

Definition 2.2. Let X = {P1, . . . , Ps} is a set of s distinct points in Pn1 × · · · × Pnk , and let
m1, . . . ,ms are positive integers. The ideal IY = Im1

P1
∩ · · · ∩ Ims

Ps
defines a 0-dimensional

subscheme Y of Pn1 × · · · × Pnk .

(a) The scheme Y is called a fat point scheme of Pn1 × · · · × Pnk and is denoted by Y =
m1P1 + · · · + msPs.

(b) The number mj is called the multiplicity of the point Pj.

(c) The fat point scheme V = (m1 + 1)P1 + · · · + (ms + 1)Ps in Pn1 × · · · × Pnk is called the
thickening of Y.

The support of Y is Supp(Y) = X, the vanishing ideal of Y is IY and its Zk-graded
coordinate ring is the residue class ring RY = S/IY.

If Y is a fat point scheme in Pn, then there exists a linear form that is a non-zerodivisor
for the homogeneous coordinate ring of Y. Using this property, the following lemma for fat
point schemes in Pn1 × · · · × Pnk follows similarly from [3, Lemma 1.2].

Lemma 2.3. Let Y be a fat point scheme of Pn1 × · · · ×Pnk . Then for i ∈ {1, . . . , k} there exists
Li ∈ S ei such that the image of Li in the residue class ring RY = S/IY is a non-zerodivisor
of RY.

Remark 2.4. After a suitable change of coordinates, we can assume that Li = Xi0 for i =
1, . . . , k. This also implies that Xi0 does not vanish at any point of Supp(Y) = X. In this case
if xi j denotes the image of Xi j in RY, then x10, . . . , xk0 are non-zerodivisors of RY.

As a consequence of the lemma and [8, Proposition 1.9] we get several basis properties
of the Hilbert function of Y.

Theorem 2.5. Let Y = m1P1 + · · ·+msPs be a fat point scheme of Pn1 × · · · ×Pnk with Hilbert
function HFY, and let j ∈ {1, ..., k} and N = n1 + · · · + nk.

(a) For all i ∈ Zk we have HFY(i) ≤ HFY(i + e j) ≤
∑s

k=1

(
N+mk−1

mk−1

)
.

(b) If HFY(i) = HFY(i + e j) then HFY(i) = HFY(i + 2e j).

3 A Presentation of the Kähler Differential Module

In the following we let Y be a fat point scheme in Pn1 × · · · × Pnk supported at X. We also
denote the image of Xi j in RY by xi j. According to Remark 2.4, we may always assume that
x10, . . . , xk0 are non-zerodivisors of RY.

In the multi-graded algebra

RY ⊗K RY =
⊕
i∈Zk

(
⊕
j+h=i

(RY) j ⊗ (RY)h)

we have the Zk-homogeneous ideal J = ker(µ), where µ : RY ⊗K RY → RY is the multi-
homogeneous RY-linear map given by µ( f ⊗ g) = fg. A Zk-homogeneous system of genera-
tors of J is

{ xi ji ⊗ 1 − 1 ⊗ xi ji | 1 ≤ i ≤ k, 0 ≤ ji ≤ ni }.
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Definition 3.1. The Zk-graded RY-module Ω1
RY/K

= J/J2 is called the module of Kähler
differentials of RY/K. The Zk-homogeneous K-linear map dRY/K : RY → Ω1

RY/K
given by

f �→ f ⊗ 1 − 1 ⊗ f + J2 satisfies universal property. We call d the universal derivation of
RY/K.

More generally, for any Zk-graded K-algebra T/S we can define in the same way the
Kähler differential module Ω1

T/S , and the universal derivation of T/S (cf. [6, Section 2]).

Remark 3.2. (a) The Zk-graded S -module Ω1
S/K has the representation

Ω1
S/K =

k⊕
i=1

ni⊕
j=0

S dXi j � S n1+1(−e1) ⊕ · · · ⊕ S nk+1(−ek).

(b) If I1, I2 are Zk-homogeneous ideals of S , then

I1Ω
1
S/K ∩ I2Ω

1
S/K = (I1 ∩ I2)Ω1

S/K

(see [7, Chapter 3, §7, Theorem 7.4(i)]).

Some following properties of the module of Kähler differentials follows from [6, Propo-
sitions 4.12 and 4.13].

Proposition 3.3. Let dIY be the submodule of Ω1
S/K generated by {dF | F ∈ IY}.

(a) There is an isomorphism of Zk-graded RY-modules

Ω1
RY/K � Ω

1
S/K/(dIY + IYΩ1

S/K).

(b) The set {dxi ji | 1 ≤ i ≤ k, 0 ≤ ji ≤ ni} is a Zk-homogeneous system of generators
of Ω1

RY/K
.

Example 3.4. Let X = {P} be the set of only one point in Pn1 × · · · × Pnk where P = [1 :
0 : · · · : 0] × · · · × [1 : 0 : · · · : 0]. We have IP = 〈Xi ji | 1 ≤ i ≤ k, 1 ≤ j ≤ ni〉 and
RX = K[x10, . . . , xk0]. Also, we see that

IP/I2
P � Rn1

X (−e1) ⊕ · · · ⊕ Rnk
X (−ek)

and
Ω1

RX/K = 〈dxi0 | 1 ≤ i ≤ k〉 � RX(−e1) ⊕ · · · ⊕ RX(−ek).

Moreover, we get the exact sequence of Zk-graded RX-modules

0 −→ IP/I2
P −→ Rn1+1

X (−e1) ⊕ · · · ⊕ Rnk+1
X (−ek) −→ Ω1

RX/K −→ 0.

In this case the Hilbert function of Ω1
RX/K

satisfies

HFΩ1
RX/K

(i) = HFX(i − e1) + · · · + HFX(i − ek).

In general, we have a presentation of module of Kähler differential as follows.

Theorem 3.5. Let Y = m1P1 + · · · + msPs be a fat point scheme in Pn1 × · · · × Pnk , and let V
be the thickening of Y. Then we have the exact sequence of Zk-graded RY-modules

0 −→ IY/IV −→ Rn1+1
Y (−e1) ⊕ · · · ⊕ Rnk+1

Y (−ek) −→ Ω1
RY/K −→ 0.
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To prove Theorem 3.5, we will first require the following lemma.

Lemma 3.6. Let P = [1 : 0 : · · · : 0] × · · · × [1 : 0 : · · · : 0] be a point of Pn1 × · · · × Pnk ,
let m ≥ 1, and let F ∈ Im

P \ Im+1
P be a Zk-homogeneous polynomial of degree i ∈ Zk. Then we

have dF � Im
PΩ

1
S/K.

Proof. Observe that Im+1
P = 〈Xi ji | 1 ≤ i ≤ k, 1 ≤ j ≤ ni〉m+1. Let N = n1+ · · ·+nk. For j ∈ Nk

and t ≥ 1, we set

Γ j,t =
{
α = (α1, . . . , αk) ∈ NN

∣∣∣∣ |α| = t, (|α1|, . . . , |αk |) � j,
αl = (αl1, . . . , αlnl ), 1 ≤ l ≤ k

}

Since F ∈ Im
P , the polynomial F can be written as

F =
∑
α∈Γi,m+1

Xα11
11 · · · X

α1n1
1n1
· · · Xαk1

k1 · · · X
αknk
knk

Fα +
∑
β∈Γi,m

Xβ11
11 · · · X

β1n1
1n1
· · · Xβk1

k1 · · · X
βknk
knk

Gβ

where Fα ∈ S i−(|α1 |,...,|αk |), and Gβ = aβX
cβ1
10 · · · X

cβk
k0 with (cβ1, . . . , cβk) = i − (|β1|, . . . , |βk |) and

aβ ∈ K. It follows from F � Im+1
P that there exists β̃ ∈ Γi,m such that aβ̃ � 0.

In order to prove dF � Im
PΩ

1
S/K , it suffices to show that

ω =
∑
β∈Γi,m

Gβd(Xβ11
11 · · · X

β1n1
1n1
· · · Xβk1

k1 · · · X
βknk
knk

) � Im
PΩ

1
S/K .

Write Gβ̃ = aβ̃ · T with the term T = X
cβ̃1
10 · · · X

cβ̃k
k0 , and set

Γ̃ = {β ∈ Γi,m | aβ � 0, Gβ = aβT }.

Clearly, β̃ ∈ Γ̃ � ∅. Let (i, j) be the smallest tuple w.r.t. Lex such that there exists β ∈ Γ̃ such
that bi j � 0. Write Γ̃ = {̃β1, . . . , β̃s} such that β̃1 ≤Lex · · · ≤Lex β̃s. Then β̃1

i j ≤ · · · ≤ β̃s
i j. Set

� = min{̃βl
i j | β̃l

i j > 0, 1 ≤ l ≤ s}. We have

ω̃ : =
∑

β∈Γ̃

aβTd(Xβ11
11 · · · X

β1n1
1n1
· · · Xβk1

k1 · · · X
βknk
knk

)

=
∑

β∈Γ̃

aβTd(Xβi j

i j · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

)

=
∑

β∈Γ̃,βi j��

aβTd(Xβi j

i j · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

) +
∑

β∈Γ̃,βi j=�

aβTd(X�i j · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

)

(�)
=
∑

β∈Γ̃,βi j��

aβTd(Xβi j

i j · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

)

+
∑

β∈Γ̃,βi j=�

aβT�X
�−1
i j Xβi j+1

i j+1 · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

dXi j

+
∑

β∈Γ̃,βi j=�

aβT X�i jd(Xβi j+1

i j+1 · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

).

Note that if β, β′ ∈ Γ̃, β � β′ and βi j = β
′
i j = �, then (βi j+1, . . . , βknk ) � (β′i j+1, . . . , β

′
knk

). By
Macaulay’s Basis Theorem (cf. [5, Theorem 1.5.7]), we have

∑

β∈Γ̃,βi j=�

aβT�X
�−1
i j Xβi j+1

i j+1 · · · X
βini
ini
· · · Xβk1

k1 · · · X
βknk
knk

dXi j � Im
PΩ

1
S/K .
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It follows that ω̃ � Im
PΩ

1
S/K (since in the right-hand side of (�) the first summand has βi j � �

and the last summand does not contain dXi j). Therefore we get ω � Im
PΩ

1
S/K , as we wanted to

show. �

We are now ready to state and prove the main result of this section.

Proof. Let ϕ : IY/IV → Ω1
S/K/IYΩ

1
S/K be the map given by ϕ(F + IV) = dF + IYΩ1

S/K for
all F ∈ IY. It is easy to check that the map ϕ is well-defined, Zk-homogeneous of degree
(0, . . . , 0), and RY-linear. For any Zk-homogeneous element F ∈ IY \ IV, we have F ∈
Imj

P j
\ Imj+1

Pj
for some j ∈ {1, . . . , s}. W.l.o.g. we may assume that Pj = [1 : 0 : · · · :

0]×· · ·× [1 : 0 : · · · : 0]. So, Lemma 3.6 yields dF � Imj

P j
Ω1

S/K . Since IYΩ1
S/K =

⋂s
j=1 Imj

P j
Ω1

S/K

by Remark 3.2(b), we obtain dF � IYΩ1
S/K . Consequently, the map ϕ is injective. Moreover,

by Remark 3.2(a) and Proposition 3.3, we see that

Ω1
S/K/IYΩ

1
S/K � Rn1+1

Y (−e1) ⊕ · · · ⊕ Rnk+1
Y (−ek)

and
(Ω1

S/K/IYΩ
1
S/K)/ im(ϕ) � Ω1

S/K/(dIY + IYΩ1
S/K) � Ω1

RY/K .

Therefore the conclusion follows. �

The following relation between the Hilbert function of Ω1
RY/K

and of Y and V is an im-
mediate consequence of Theorem 3.5

Corollary 3.7. Y = m1P1 + · · · + msPs be a fat point scheme in Pn1 × · · · × Pnk , and let V be
the thickening of Y. Then the Hilbert function of Ω1

RY/K
satisfies

HFΩ1
RY/K

(i) = (n1 + 1) HFY(i − e1) + · · · + (nk + 1) HFY(i − ek) + HFY(i) − HFV(i)

for all i ∈ Zk.
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