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A Presentation of the Kahler Differential Module for a Fat
Point Scheme in P x ... x P
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Abstract. Let Y be a fat point scheme in P"! X - - - X P" over a field K of char-
acteristic zero. In this paper we introduce the multi-graded Kéhler differential
module for Y and we establish a short exact sequence of this module in terms
of the thickening of Y.

1 Introduction

In [1], G. de Dominicis and M. Kreuzer introduced some methods using algebraic differen-
tial forms into the study of finite sets of points in the projective n-space P" over a field K of
characteristic zero. Explicitly, given a finite set of points X in P" with homogeneous vanish-
ing ideal Ix in R = K[Xp, ..., X,] and homogeneous coordinate ring Rx = R/Ix, the Kdihler
differential module for X is the Rx-module Q}ex x =/ J? where J is the kernel of the mul-
tiplication map u : Rx ®k Rx — Rx. One of interesting results in [1] is the canonical exact
sequence for the Kéhler differential module

0 IQ/E - Ig/I5 - R (1) - Qg — 0.

Based on this exact sequence, the structure of this module can be precisely described in
several special cases, for instance, if X is the complete intersection of hypersurfaces of de-

grees di, ..., d, then it follows that the Hilbert function of Q}?x /k 1s given by HFQ} /K(i) =
X

(n+ 1)HFx(i-1) - Z’}:l HFx(i — d;) for all i € Z. Later, in [2, 4], the differential algebra
techniques were extended to fat point schemes in P" and in P' x P!,

In this paper we will consider the natural question of whether these differential algebraic
methods can be applied to study fat point schemes of a multiprojective space P X - - X P
and, especially, we look closely at the generalization of the above canonical exact sequence
to fat point schemes in P™ X - - - xP". Let Y be a fat point scheme in P"' X - - - X P"* with multi-
homogeneous vanishing ideal Iy € S = K[Xio,..., X1n,5- - Xk0s - - - » Xin, ] and let Ry = §/1Iy
be the multi-graded coordinate ring of Y. We show that the Kihler differential module Qzley /K
admits the following exact sequence.
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Theorem 1.1. (Theorem 3.5) Let Y = m Py +- - -+m P be a fat point scheme in P™ X- - - XP",
and let YV = (my + )Py + - -+ + (ms + 1)P; be the thickening of Y. Then we have the exact
sequence of ZF-graded Ry-modules

0— Ig/ly — Ry (—en @ @ RE (—er) — Qp, x — 0.

This result shows that one can compute the Hilbert function of the Kihler differential
module for Y from the Hilbert functions of Y and V, in particularly, to compute the Hilbert
function HF o1 / (i), we need to compute HF 1 ) (i) for only a finite number of i € Z*.

Ry (K = Ry /K = =

2 Basic Facts and Notation

Let K be a field of characteristic zero. Let k > 2 be a positive integer, let i denote the tuple
(i1, ...,ix) € ZF, and let lil = >0 Wewritei < jifi < jjforeveryl =1,...,k. Also, let
{el,...,exl, ei =(0,...,1,...,0), be the canonical basis of Z*.

The multi-graded coordinate ring of P X ... X P is the the polynomial ring S =
K[Xi0,..-5 Xiny» -+ » X105 - - - » Xim, ] €quipped with the Zk—grading defined by deg X;p = --- =
deg Xinp, = e;fori =1,...,k. Fori = (ij,....ix) € 7k, we let S ; be the homogeneous compo-
nent of degree i of S, i.e., the K-vector space with basis

X ny
1n1

“ Y, Qfn nj .
Xig Xy o X" Xy N 2@ = 1), @ € Z).

kl‘lk

Givenanideal I C §,wesetl; :=INS,; foralli e ZF. Clearly, I; is a K-vector subspace
of S; and I 2 6P, . I;. The ideal [ is called Z*-homogeneous if I = @, ;. If I is a Z*-

iezk "L iezk L
homogeneous ideal of S then the quotient ring S/ also inherits the structure of a multi-graded
ring via (S/1); :== §;/1; for all i € AR

A finitely generated S-module M is a Z*-graded S -module if it has a direct sum decom-

position
M=Pwm
i€zk
with the property that S;M; C M, ; for all i, j € Z.

Definition 2.1. Let M be a finitely generated Z*-graded S-module. The Hilbert function
of M is the numerical function HF), : Z¥ — Z defined by

HFy (i) := dimg M; forallie z*,
In particular, for a Zk-homogeneous ideal I of S, the Hilbert function of S /I satisfies
HFs/;(?) := dimi(S/); = dim; §; —dimg /; forallie€ ZF.

If M is a finitely generated Z*-graded S -module such that HF (i) = 0 fori # (0,...,0),
we write the Hilbert function of M as an infinite matrix, where the initial row and column are
indexed by 0.

A point in the space P X - -- X P™ has the form

P=[a10:a11:-'~:a1n1]x~--x[ako:ak1:--~:ak,,k]€IP’”'><-~~><P”"

where [ajo @ aji @ -+ : aj,,] € P, Its vanishing ideal is the bthomogeneous prime ideal of
the form
IP = <L119- "3L1n13" "Lkl’ .. -,Lknk>
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where Lj; = ayXjo—ajoXjyanddeg(Ly) =ejforl=1,...,n;.
When X = {Py,..., P} is a set of s distinct points in P"' X - -- X P", then the vanishing
ideal of X'is Ix = Ip, N --- N Ip, and its ZF-graded coordinate ring is Rx = §/Ix.

Definition 2.2. Let X = {Py,..., P} is a set of s distinct points in P" X --- x P", and let
my,...,my are positive integers. The ideal Iy = If,f’]‘ NnN---nN IZ’: defines a 0-dimensional
subscheme Y of P" x - - - x P, ‘

(a) The scheme Y is called a fat point scheme of P"' X --- x P"* and is denoted by Y =
miPy+ -+ mgPy.

(b) The number m; is called the multiplicity of the point P;.

(c) The fat point scheme V = (m; + 1)P; + - - + (mg + )P, in P X --- X P" is called the
thickening of Y.

The support of Y is Supp(Y) = X, the vanishing ideal of Y is Iy and its Z*-graded
coordinate ring is the residue class ring Ry = S/Iy.

If Y is a fat point scheme in P", then there exists a linear form that is a non-zerodivisor
for the homogeneous coordinate ring of Y. Using this property, the following lemma for fat
point schemes in P"' X - - - X P follows similarly from [3, Lemma 1.2].

Lemma 2.3. Let Y be a fat point scheme of P™ X --- X P, Then fori € {1,...,k} there exists
L; € S, such that the image of L; in the residue class ring Ry = S/Iy is a non-zerodivisor
OfRy.

Remark 2.4. After a suitable change of coordinates, we can assume that L; = X;o for i =
1,...,k. This also implies that X;y does not vanish at any point of Supp(Y) = X. In this case
if x;; denotes the image of X;; in Ry, then xyo, ..., X are non-zerodivisors of Ry.

As a consequence of the lemma and [8, Proposition 1.9] we get several basis properties
of the Hilbert function of Y.

Theorem 2.5. Let Y = m P +- - -+ m,P; be a fat point scheme of P"' X - - - X P with Hilbert
function HFy, and let j € {1, ...k} and N = n; + - -- + ny.

(a) For all i € Z¥ we have HFy(i) < HFy(i + ;) < 2i_, (Vo™ ").

mk—l

(b) IfHFy(L) = HFy(E + Ej) then HFy(D = HFy(E + 2€j).

3 A Presentation of the Kahler Differential Module

In the following we let Y be a fat point scheme in P™ X --- X P supported at X. We also
denote the image of X;; in Ry by x;;. According to Remark 2.4, we may always assume that
X105 - - - » Xk are non-zerodivisors of Ry.

In the multi-graded algebra

Ry ®x Ry = P( P (Ry); ® (Ry)p)
i€zk j+h=i

we have the Z¥-homogeneous ideal J = ker(u), where 4 : Ry ®g Ry — Ry is the multi-
homogeneous Ry-linear map given by u(f ® g) = fg. A Z*-homogeneous system of genera-
tors of J is

{xiji®1—l®x[ji [1<i<kO0<j <m}

3
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Definition 3.1. The Z*-graded Ry-module Qll%y K = J/J? is called the module of Kiihler

differentials of Ry/K. The Z*-homogeneous K-linear map dg,/x : Ry — Q}W /K given by

f e f®1-1® f+ J? satisfies universal property. We call d the universal derivation of
Ry /K.

More generally, for any Z*-graded K-algebra T/S we can define in the same way the

Kihler differential module QIT /s> and the universal derivation of T/S (cf. [6, Section 2]).

Remark 3.2. (a) The Z*-graded S-module Qé /K has the representation

k n
Q=P Q%deij =St (e @ @S (—ep).
i=1 j=

(b) If 11, I, are Z"—homogeneous ideals of S, then
Qg x N LA, = (I N L)Qg

(see [7, Chapter 3, §7, Theorem 7.4(1)]).

Some following properties of the module of Kihler differentials follows from [6, Propo-
sitions 4.12 and 4.13].

Proposition 3.3. Let dIy be the submodule of Qé /K generated by {dF | F € Iy}.
(a) There is an isomorphism of Z¥-graded Ry-modules

Qp k= Qg /(dly + Qg ).

(b) The set {dx;;, | 1 <i < k,0< j, <n}isa ZF-homogeneous system of generators

OfQ}ey/K'
Example 3.4. Let X = {P} be the set of only one point in P"" X --- x P"* where P = [1 :
O:-+-:0]x---x[1:0:---:0]. Wehave Ip = (X;;, | 1 <i <k, 1 < j < n;) and
Rx = K[x19, ..., Xx1o]. Also, we see that

Ip/I; = R (—e)) @ -~ ® Rl (—ep)

and
Qp x = (dxio | 1 <i<k) = Ry(—e1)) @ & Rx(—ep).

Moreover, we get the exact sequence of Z*-graded Rx-modules
0— Ip/l; — Ry (—e) @ © R (—er) — Qp, x — 0.

In this case the Hilbert function of Q. satisfies

Ry /K

HFq, (D) = HFx(i—e)) + - + HFx(i ~ e0).

In general, we have a presentation of module of Kihler differential as follows.

Theorem 3.5. Let Y = m Py + --- + myP be a fat point scheme in P" X --- X P, and let V
be the thickening of Y. Then we have the exact sequence of ZF-graded Ry-modules

0— Iy/ly — Ry (—e) @ @ RE (—er) — Qp, x — 0.
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To prove Theorem 3.5, we will first require the following lemma.

Lemma3.6. LetP=[1:0:---:0]x---xX[1:0:---:0] be a point of P" X --- X P,
letm>1, andlet F € I} \ Il’.!’“ be a Z*-homogeneous polynomial of degree i € Z¥. Then we

have dF ¢ I’”Q;/K

Proof. Observe that Ig‘” =X, |1 <i<k1<j< n)Y"*'. Let N = ny +---+ny. For j € Nf
and r > 1, we set

|a| =1, (|a1|9'-',|ak|)5z’ }

L= = N
L) {a (a1,...,a¢) €N | = an, o am) ) <<k

Since F € Iy, the polynomial F’ can be written as

F = Z X ...X;Yr:l X k:l(:kF 4 Z Xﬁn 1n,_ X'B“- Xf:l:kG

@€l 1 BELim

where Fy € Si_(a|,..Jax)» and Gg = agX| -+ X;o with (cg1,....cg) = i — (Bil, ..., |B]) and

,,,,,

ag € K. It follows from F ¢ I"*! that there exists 3 € Iim such that ag # 0.

In order to prove dF ¢ I’”Q1 it suffices to show that

S/K>
w= Z Gﬁd(Xﬁ” L. l"1 . X,Bkl . .X'@k"k) ¢ [mQS/K
BELim
Write Gz = ag - T with the term T = Xff;‘ X kf)k, and set

= {ﬂ < F!,m | ag * 0, Gﬁ = CZ/;T}.

Clearly, ﬁ eT #0. Let (i, j) be the smallest tuple w.r.t. Lex such that there exists ,B € T such
that b;; # 0. Write r= {Bl ﬂs} such that 8! <peyx - <tex B Then ,81 'Bu Set

g:min{ﬁﬁj|ﬁﬁj>0,1 <[ < s}. We have

Bi= Y agTd(Xgy - X X0 X

knk
ﬁef
= Z aﬁTd(Xiﬁ;f .. ‘Xﬁ'"‘ . Xﬁkl . Xf::‘
ﬁef
= > aTdX} - XX > apTd(x,- X P
ﬁeﬁ,&- 15 ﬁeﬁﬁij o
® ij inj B kn
= Z aﬁTd(Xi-’ .. 'Xﬁ:, .. .Xkll»l . Xfmk
ﬁEI:vﬁij?—",Q
1 ij+ in; B o
+ Z aﬁTQXQ Xﬁill' Xi . .kal '“Xfﬁ,[dXij
BeLBi=0
i . xB i
+ Z aﬁTX?jd(Xfiill X'z[i, ...inl . ank ).
BeT Bij=0

Note that if 8,8’ € T, 8 # 8 and §;; = Bi; = o then Bijir, . .Bu) # (Bljys---5By,)- BY
Macaulay’s Basis Theorem (cf. [5, Theorem 1.5.7]), we have

o—1 ij+1 in; B kn
Z a,ngX Xiil Xi e X "'ankkdxu ¢ ImQS/K
BeT Bij=0
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It follows that w ¢ I?Qé K (since in the right-hand side of (x) the first summand has 8;; # o
and the last summand does not contain dX;;). Therefore we get w ¢ I;’JQ; JK» As We wanted to

show. O
We are now ready to state and prove the main result of this section.

Proof. Let ¢ @ Iv/ly — Qg /I+Q, , be the map given by ¢(F + Iy) = dF + IYQ}?/K for
all F € Iy. Itis easy to check that the map ¢ is well-defined, Z*-homogeneous of degree
,...,0), and Ry-linear. For any Zk-homogeneous element F € Iy \ Iy, we have F €
Igj" \ I?j;"” for some j € {1,...,s}. W.lLo.g. we may assume that P; = [1 : 0 : --- :
0]x:--x[1:0:---: 0]. So, Lemma 3.6 yields dF ¢ I,/Qy . Since Qg o = (Vi I, Qg
by Remark 3.2(b), we obtain dF ¢ Iyﬂé sk~ Consequently, the map ¢ is injective. Moreover,
by Remark 3.2(a) and Proposition 3.3, we see that

Qg /1Q = Ry (—en) @ - @ RE (—ep)

and
(Qg /T Qg ) im(@) = Qo /(dly + Ty Qg ) = Qp .

Therefore the conclusion follows. O

The following relation between the Hilbert function of Q}QY sk and of ¥ and V is an im-
mediate consequence of Theorem 3.5

Corollary 3.7. Y = m P + - -- + myP; be a fat point scheme in P X --- X P, and let V be
the thickening of Y. Then the Hilbert function of Q}e\{ /K satisfies

HFq ()= (m + DHFy(i—e) +--+ (y + 1) HFy (i - e) + HFy () - HFy ()

forallieZ
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