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Abstract
In this work, the phonon-assisted cyclotron resonance in a special symmetric quantum well is studied in detail by evaluat-
ing the magneto-optical absorption coefficient (MOAC) and the full width at half maximum (FWHM). The results include 
the two-photon absorption process and the electron–phonon interaction as well. The influence of the magnetic field, the 
quantum well parameter, and the temperature on the MOAC and the FWHM is illustrated plainly. Our results are in good 
agreement with those accessible to the theoretical and experimental works of literature. In addition, we found a new rule of 
the temperature-dependent FWHM for the phonon absorption process, which should be examined by an experiment work 
in the future.

1 Introduction

The resonance effects are known to be a powerful technique 
that can be used to investigate the scattering mechanisms 
of electrons in low-dimensional semiconductor systems. 
Up to date, there are many types of the resonance effects 
recognized in the literature such as electro-phonon reso-
nance [1–4], cyclotron resonance (CR) [5–7], and magneto-
phonon resonance [8–10], in which the magnetic field is 
present in the latter but absent in the former. In the cyclotron 
resonance case, the resonant peaks appear at the positions 

given by the relation ℏ� = pℏ�B , where ℏ� and ℏ�B are 
the photon energy and cyclotron energy, respectively, and 
p is a positive integer. In this effect, electrons absorb pho-
ton energy to transfer between Landau levels (LL) without 
scattering with phonon. The CR effect has been recognized 
to be a powerful tool for measuring the effective mass of 
electrons in semiconductors [11]. In an experiment, CR is 
usually used to examine the kinetic coefficients of bulk sol-
ids [12] and two-dimensional semiconductor structures as 
well [13]. However, the lack of the electron–phonon (e–p) 
scattering in the model of this effect prevents its applica-
tion from investigating the absorption processes occurring 
at other values of photon energies which satisfies the above 
condition.

The e–p interaction has been confirmed to have a power-
ful influence on the transport properties of low-dimensional 
semiconductor systems [14–16]. When the e–p scattering 
is included, instead of the simple condition ℏ� = pℏ�B , 
the resonant condition now reads as ℏ� = pℏ�B ± ℏ�L , 
where ℏ�L is the LO-phonon energy. This formula describes 
another resonant effect, called the magneto-phonon reso-
nance or the phonon-assisted cyclotron resonance (PACR) as 
used in this paper. In comparison with the CR, it is clear that 
the PACR effect is more powerful. That is the reason why 
the PACR has received the substantial attention of research-
ers in the recent years [17–22]. The results from these works 
showed that the magnetic field, the temperature, and the sys-
tems’ size have significant influence not only on the position 
but also the intensity of the PACR peaks. The limitation of 
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these works is that the effect of these parameters on the full 
width at half maximum (FWHM) of the PACR peaks has 
still not been properly considered.

Because of having a direct relationship with the e–p inter-
action, especially in the broadening Landau level mecha-
nism [23], the FWHM has been signified to be a valuable 
parameter to survey the role of the e–p interaction not only 
in low-dimensional semiconductor systems [24–26] but also 
in new types of materials such as graphene [27–31] and 
monolayer molybdenum disulfide [32]. These results showed 
that the FWHM strongly varies with the change of magnetic 
field and structural characteristics in all types of materials. 
However, the temperature-dependent FWHM is used to dis-
tinguish between different elements. While increasing sig-
nificantly in conventional low-dimensional semiconductor 
systems and monolayer molybdenum disulfide, the FWHM 
in graphene is almost independent from the temperature 
variation.

In this work, we discuss the PARC in a special symmetric 
quantum well (SSQW) via evaluating the magneto-optical 
absorption coefficient (MOAC) and the FWHM as well. 
The MOAC expression is obtained by the perturbative the-
ory [32] in which the e–p interaction is included, while the 
FWHM is probed by the profile method [33]. The variation 
of MOAC and FWHM under the influence of magnetic field, 
quantum well parameter, and temperature are showed and 
discussed explicitly. In Sect. 2, we briefly display the inves-
tigated quantum well model. Section 3 presents the PACR 
effect in which the MOAC expression is shown in details. 
Our numerical results are discussed in Sect. 4. Finally, the 
conclusion is displayed in Sect. 5.

2  Quantum well characteristics

We consider the Hamiltonian of a single electron in SSQW

where the Landau gauge is employed for the vector potential 
� = (0, Bx, 0) , in which the magnetic field B is applied to the 
z direction (perpendicular to the barriers of quantum well). 
The spherical electron effective mass m∗ = 0.067m0 with m0 
being the rest of the electron mass [34] is used for the reason 
of convenience. In Eq. (1), the confining potential, U(z), is 
given by [35]

where U0 and a are the modifiable parameters describing 
the properties of the confinement potential. In Fig. 1, we 
illustrate the quantum well shapes for several values of a. 
It is observed that the axis of symmetry of the quantum 

(1) =
1

2m∗
(� + e�)2 + U(z),

(2)U(z) = U0 cot
2 𝜋z

a
, 0 < z < a,

well shifts towards the right side with the larger values of 
a parameter.

The electron eigenstates ��⟩ and eigenvalues EN,n corre-
sponding to the Hamiltonian (1) are given as follows [21, 22]

where the natural number N = 0, 1, 2,… presents the LL 
index, ky and Ly are, respectively, the wave vector of elec-
tron and the normalization length in the y direction. The 
cyclotron frequency is �B = eB∕m∗ , and �N(x − x0) presents 
the harmonic oscillator functions, which has the center at 
x0 = −ℏky∕m

∗�B . The z component eigenstates in Eq. (3) 
are as follows [35]

for n = 1, 3, 5… , and

for n = 2, 4, 6… . Here, � = [(8m∗U0a
2∕�2ℏ2 + 1)1∕2 − 1]∕4 , 

and 2F1 presents the confluent hypergeometric functions. 
The quantities cn preferring the normalization constants 
which are given as follows, respectively, for the ground and 
first excited states: c1 = �1∕4[� (2� + 2)∕a� (2� + 3∕2)]1∕2 
and c2 = 2

√
� + 1c1 . The corresponding eigenstates are [35]
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Fig. 1  Quantum well potential for several values of a parameter
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To be more convenient for further calculations, we prepare 
the matrix elements

3  The expression of magneto‑optical 
absorption coefficient

To study the PACR in the above given SSQW quantum well, 
the expression of the MOAC is needed. This expression has 
been derived using the perturbative theory, which is performed 
as follows when the e–p interaction is included [32]

where I prefers the optical intensity with the photon energy 
ℏ� , V0 denotes the volume of the system. Also f�(��) signifies 
the �(��) state’s Fermi distribution function and ±

�,��
 is the 

transition matrix element. The upper (plus) sign corresponds 
to the emission and the lower (minus) to the absorption pro-
cesses of phonon, respectively.

The summation over � in Eq. (10) is handled using the 
transformation 

∑
� →

∑
N,n

∑
ky

 , in which the summation over 

ky is performed using the periodic boundary conditions [36]

where S = LxLy denotes the system surface area, and 
�B = (ℏ∕m∗�B)

1∕2 is the radius of the orbit or the magnetic 
length. The summation over �′ is also achieved in the same 
way. The overlap integral is derived from the matrix element 
shown in Eq. (9) as follows

It is noted that, the integral over qz in the above equation 
cannot be calculated exactly in the general case. How-
ever, this problem could be solved using a suggestion of 
Gol’dman et al. [35]. According to that, for the small values 
of n ( n ≪ 𝛽 ), that means we only consider the transitions 
between the lowest states, the eigenstates in Eq. (7) will be 
reduced to a simpler form as follows

(8)
⟨��x���⟩ =

�
x0�N�,N + (�B∕

√
2)
�√

N�N�,N−1 +
√
N + 1�N�,N+1

��
�ky�,ky ,

(9)nn� (±qz) =

∞

�
0

e±iqzz�∗
n
(z)�n� (z)dz.

(10)K(ℏ�) =
1

V0(I∕ℏ�)

∑

�,��

±
�,��

f�(1 − f�� ),

(11)
∑

ky

→

Ly

2� ∫
Lx∕2�

2

B

−Lx∕2�
2

B

dky =
S

2��2

B

,

(12)J12 =

+∞

�
−∞

||12(±qz)
||
2
dqz.

(13)�n =
ℏ�

a

√
2U0

m∗

(
n −

1

2

)
.

This limit is acceptable since electrons mainly occupy some 
lowest states. The energy spectrum described in Eq. (13) 
is the same as that of an oscillator with a frequency of 
�z = (2�2U0∕m

∗a2)1∕2 . Using this limit, Eq. (12) yields

Then, Eq. (10) takes the following form in which the two-
photon process has been included

where we have denoted ��� = ⟨��x���⟩ which has been pre-
sented in Eq. (8), and

where e is the absolute of electron charge, �0 is the dress-
ing parameter, �∗ = (1∕�∞ − 1∕�0) with �∞ = 10.89 and 
�0 = 13.18 being, respectively, the high- and low-frequency 
dielectric constants for GaAs [34], nr denotes the refrac-
tive index, c refers to the speed of light, �0 is the permit-
tivity of the free space, �E = EN�,2 − EN,1 is the transi-
tion energy difference, and N±

L
= NL + 0.5 ± 0.5 with 

NL = [eℏ�L∕(kBT) − 1]−1 being the distribution function 
of LO-phonon where ℏ�L = 36.25meV is the energy of 
phonon [34].

To avoid the divergent problem, in Eqs. (17) and (18), the 
delta functions will be transformed by the Lorentzian width 
�±
N�N

 using the following relation �(Q±
p
) =

(
�±
N�N

∕�
)

[
(Q±

p
)2 + (�±
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)2
]−1

 , where

where we have used the Eq. (A6) of Ref. [37].
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4  Numerical results and discussion

This section is devoted to present the numerical results 
about the PACR effect in SSQW. To do that, we will dis-
cuss the dependence of the product f0,1(1 − f1,2) , the energy 
separation �E , the MOAC and the FWHM on the control-
ling parameters such as magnetic field, a parameter, and 
temperature. The characteristics used in our numerical 
calculations are [34, 38, 39]: nr = 3.2 , �0 = 7.5nm , and 
U0 = 228meV , and the electron density ne = 3 × 1016 cm−3 
which leads to the Fermi energy of EF = 0.156 eV.

Because the intensity of MOAC is strongly changed by 
the factor fN,1(1 − fN�,2) (see Eq. (15)), to be more conveni-
ent in discussing the dependence of the MOAC’s intensity 
on the magnetic field, the parameter a, and the tempera-
ture, in Fig. 2, the variation of the factor f0,1(1 − f1,2) on 
magnetic field for two distinguishing values of T and a 
is shown. The product is shown to be decreased with the 
magnetic field, whereas it was increased with the param-
eter a. The effect of temperature on the product is more 
complicated due to the thermal spread: in the low mag-
netic region, the thermal spread makes the product reduce, 
whereas in the higher magnetic field one, the product 
enhances with temperature. The contact point occurs at 
B = 12.48 T , at which the ground state’s energy level is 
equal to the Fermi energy level.

Note that the energy separation, �E , is also the princi-
pal characteristic determining the MOAC, especially the 
peaks’ positions. It is vital to display the change of �E with 
the variation of input parameters as shown in Fig. 3. It is 
observed that the energy separation rises linearly when the 
magnetic field B increases but tends to reduce non-linearly 
with the enhancement of a. The linear dependence of �E 
on the B parameter is caused by the proportion to B of 
cyclotron energy ℏ�B , whereas the nonlinear reduction of 
�E with a parameter results from Eq. (7), in which, �n is 

proportional to a−2 . A similar result has been observed in 
another shape quantum well [40].

In Fig. 4, we show the MOAC as functions of photon 
energy for B = 8 T , 10 T, and 12 T. We found that there are 
four peaks in each curve, which are numbered sequentially 
from ”1” to ”4” for the case of B = 8 T , for example. They 
are formed by the PACR transitions, i.e., the peaks’ positions 
satisfy the resonant conditions

Recall that in above equation, the plus and minus signs, 
respectively, correspond to the absorption and emission 
processes of one LO-phonon of energy ℏ�L . For example, 
in the curve with B = 8 T (the black solid curve), two peaks 
labeled ”1” and ”3” are generated by the phonon absorp-
tion process, while two peaks ”2” and ”4” are caused by 
the emission process. It is clear that the phonon emission 

(21)pℏ� = �E ± ℏ�L, (p = 1, 2).

Fig. 2  The product f0,1(1 − f1,2) a function of the magnetic field B 

Fig. 3  Energy separation, �E , versus magnetic field B with three dif-
ferent values of a 

Fig. 4  The variation of MOAC as a function of photon energy ℏ� for 
distinguishing values of magnetic field at a = 10 nm and T = 77K . 
The inset depicts the peaks’ position (left vertical axis) and the fac-
tor D = A(ℏ�)|B��� |2J12f0,1(1 − f1,2) (right vertical axis) due to one-
photon absorption process as functions of B 
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process occurs much more strongly than the phonon absorp-
tion process. This result is also observed in other type shapes 
of quantum wells [40, 41]. In more detail, the two peaks 
”1” and ”3” located correspondingly at ℏ� = 0.162 eV and 
0.325 eV are the consequences of the transitions of electron 
from the ground state to the first excited one via absorbing 
one photon ( p = 1 , peak ”3”) or two photons ( p = 2 , peak 
”1”). The corresponding positions of emission phonon peaks 
are ℏ� = 0.199 eV ( p = 2 , peak ”2”) and 0.397 eV ( p = 1 , 
peak ”4”). In both phonon absorption and emission cases, 
the two-photon peaks’ intensities are about 43% of the one-
photon peaks’ ones. This rate shows the critical role of the 
two-photon process, which is significantly considerable in 
comparison with the one-photon one. For that reason, the 
two-photon issue should be added in studying the PACR 
effect in low-dimensional quantum wells.

Now we discuss the influence of magnetic field on the 
PACR peaks. Figure 4 depicts that the rising magnetic 
field gives rise to the peaks’ intensities and contempora-
neously pushes their positions towards the higher ener-
gies regime (blue shift). These features can be understood 
physically as follows: we can deduce from the Eqs. (15) 
and (16) that the intensities of the PACR peaks are pro-
portional to �−6

B
∼ B3 . This relationship directly results in 

the rise of the peaks’ intensities when the B parameter 
increases as clearly shown in the right vertical axis of the 
inset. Meanwhile, the blue shift feature of the PACR spec-
trum is caused by the extension of energy separation with 
B (see Fig. 3), which is very close to the behavior of the 
peaks’ positions shown in the left vertical axis of the inset. 
This is suitable because the peaks’ position and the energy 
separation are only different by the LO-phonon energy (see 
Eq. (21)). The present result is very close with previous 
works reported in quantum wells with different potential 
shapes [17, 21, 22, 40, 42–46] and those reported in oth-
ers low-dimensional systems as well [47–51]. Besides the 
cause of the blue shift and the enhancing peaks’ intensi-
ties, the rise of B is also the cause of the peaks’ broaden-
ing. This will be clearly illustrated in the next figure where 
we talk about the effect of magnetic field on the FWHM.

Because of its close relationship with the Lorentz width 
[see Eq. (20)], the magnetic field affects significantly the 
FWHM. To have a visual view of the magnetic field effect 
on the profile of the PACR peaks, in Fig. 5, we show the 
variation of FWHM with B at specific values of a and T. In 
all cases presented in Fig. 5, FWHM increases by magnetic 
field with a nonlinear law, which are in accordance with 
those revealed in bulk materials [25], in quantum wells with 
other types of potential shape [24, 40, 43], in graphene [30, 
31, 52, 53], and in monolayer molybdenum disulfide [32]. 
Besides, we can also see that the FWHM due to the phonon 
emission, which is proportional to N+

L
 , is larger than that 

due to the absorption one, which is proportional to N−
L
 . This 

result implies that at the observed condition, NL is much 
smaller than 1.

To have more accurate information on the effect of mag-
netic field, we now show the fitting expression of the FWHM 
in the unit of meV as follows: FWHM = �B + �BB

1∕2 , 
where the magnetic field is measured in the unit of Tesla. 
In the case of phonon emission process, we found the 
best-fit values of �B and �B as �B = 6.46 (1.61)meV and 
�B = 3.22 (0.80)meV for the process of one-(two-)photon. 
In the case of phonon absorption one, their corresponding 
values are �B = 0.42 (0.11)meV and �B = 0.21 (0.05)meV . 
The obtained results are displayed by the solid curves in the 
Fig. 5. The square root of B-dependent FWHM observed 
here is comparable with that observed in other quantum 
wells with different types of confinement potential [40, 43, 
54, 55].

To understand the effect of the a parameter on the PACR 
peaks, in Fig. 6, we plot the MOAC as functions of ℏ� for 
a = 10 , 11, and 12 nm. For convenience in comparison, here 
we choose B = 10 T and T = 77 K , which are reported in an 
earlier published paper [40]. The primary trend of the effect 
of a parameter is that the increase of a pushes the peaks’ 
position towards the lower energies regime (red shift) and 
enhances the peaks’ intensities as well. The obtained results 
here are completely consistent with that reported in a quan-
tum well with another confining potential shape [40]. The 
red shift effect is the cause of the reduction of the energy 
separation as shown in Fig. 3 and it is visually illustrated 
in the inset (left vertical axis) of Fig. 6. For the physical 
explanation of the peaks’ intensities, note that the peaks 
intensities are closely related with the factor D, which is 
shown in the right vertical axis of the inset. It is observed 
that with the increase of the a parameter, the factor D first 
increases quickly from a = 9 nm , touches its maximum at 
a = 11.5 nm , and then gradually reduces if the a parameter 
increases further. This behavior of the D factor directly 

Fig. 5  Magnetic field dependence of FWHM. The full and empty 
symbols, respectively, refer to the one- and two-photon resonances
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explains the increasing feature of the peaks’ intensities when 
the a parameter increases from 10 nm to 11 nm and then to 
12 nm.

Beside the effect on the resonant peaks’ positions and 
intensities as shown in Fig. 6, the a parameter also influences 
the FWHM. In Fig. 7, we show the a-dependent FWHM. 
The results are calculated for either both phonon processes 
or both photon absorption ones. All four cases show a reduc-
tion of the FWHM with the increasing a. It means that the 

bigger the value of a parameter is, the weaker the quantum 
confinement effect is, and therefore the reduction of the e–p 
scattering. Besides, similar to that in quantum well with 
other shapes [40, 41], here we also observe in the SSQW 
that the contribution to FWHM of phonon absorption is 
much smaller than that of other process. This result is clearly 
manifested through the scale of vertical axes of the Fig. 7.

To have a quantitative result about the a-depend-
ent FWHM, we suggest a fitted expression as follows: 
FWHM (meV)= �1 + �2a + �3a

−1 , where �1, �2 , and �2 are 
the defined parameters, which are listed in the Table 1. The 
obtained results are shown by the solid curves in Fig. 7. To 
our knowledge, these results are new, and it is necessary to 
have an experimental work to test their validity.

It is seen from Eq. (15) that the temperature influences on 
the PACR effect through only the factor fN,1(1 − fN�,2) and 
the phonon population NL . This means that the temperature 
affects only the peaks’ intensities but does not affect the 
peaks’ positions, as shown plainly in Fig. 8, in which we 
display MOAC as functions of ℏ� for T = 77 K , 200 K, and 
300 K at a = 10 nm and B = 10 T . It is clear that with the 
increase of T, the peaks’ intensities are raised while their 
positions are maintained. The results obtained here are in 
accordance with those available in published works [40, 
43, 46]. Besides, there is a crucial feature here, that is the 
temperature negligibly affects the resonant peaks caused by 
the phonon emission (the second and the fourth peaks) but 
strongly affects those generated by the phonon absorption 
process (the first and the third peaks). This result agrees 
with that reported in quantum wells with different confining 
potential shapes [40, 41]. It is noticed that although the tem-
perature does not affect the peaks’ positions, it changes the 
peaks’ widths or FWHM as shown in the following figure.

In Fig. 9, we depict the FWHM as functions of tem-
perature at a fixed value of B and a. The results are 
reported for both cases of phonon process: either emission 

Table 1  The results of the defined parameters �1, �2 and �3

Parameters Line (a) Line (b) Line (c) Line (d)

�1 (meV) 15.46 1.00 3.85 0.24
�2 ( meVnm−1) − 0.12 − 0.007 − 0.03 − 0.002
�3 (meV nm) 26.00 1.84 6.69 0.57

Fig. 6  The variation of MOAC as a function of photon energy 
ℏ� for distinguishing values of a at B = 10 T and T = 77 K . The 
inset depicts the peaks’ position (left vertical axis) and the factor 
D = A(ℏ�)|B��� |2J12f0,1(1 − f1,2) (right vertical axis) due to one-pho-
ton absorption process as functions of B 

Fig. 7  a-parameter dependence of FWHM. The full and empty sym-
bols, respectively, refer to the one- and two-photon resonances

Fig. 8  The variation of MOAC as a function of photon energy ℏ� for 
distinguishing values of temperature
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or absorption ones. In each case of phonon process, the 
results are calculated for both means of the photon: one- 
and two-photon ones. It means that we have four different 
cases in the total, corresponding to four different lines in 
Fig. 9. We found that the FWHM enhances as an increas-
ing function of temperature in both cases of phonon but 
with the different rules: while the FWHM due to phonon 
emission process is proportional to NL , the correspond-
ing principle due to the phonon absorption one is N1∕2

L
 . 

In more detail, we can express the fitted expression of 
FWHM (in the unit of meV) for the phonon emission 
process as follows [56, 57]:

where �T and �T correspond to the stable and thermal broad-
ening terms of FWHM, respectively. With the help of the 
formula NL = [eℏ�L∕(kBT) − 1]−1 , we find the best-fit values 
of �T and �T as follows for the one- (two-) photon process 
�T = 16.94 (4.24)meV and �T = 7.94 (1.94)meV , respec-
tively. In Fig. 9, the fitted results are displayed by the solid 
red curves, which show that the analytical expression in 
Eq. (22) fits perfectly with results obtained by numerical 
calculation (the square dots). Besides, the obtained values 
of �T and �T here are more significant than those calculated 
analytically in the quantum well with other confining poten-
tial shapes [43] as well as the experimental results in multi-
ple quantum well structures [56, 57].

Finally, for the phonon absorption process, the result 
corresponding to Eq. (22) is: FWHM = �TN

1∕2

L
 , where the 

fitted factor �T  is found as follows: �T = 16.91meV and 
�T = 4.23meV correspond to the absorption processes 
of one- and two-photon, respectively. To the best of our 
knowledge, this result is new, and it should be tested by 
further experiments.

(22)FWHM = �T + �TNL,

5  Conclusion

We have discussed theoretically in detail the effects of 
magnetic field, well parameter, and temperature on the 
PACR in a SSQW by studying the energy separation, the 
MOAC, and the FWHM. The results showed that while the 
magnetic field and the well parameter, a, affect the energy 
separation, the MOAC, and the FWHM strongly, the tem-
perature only influences the MOACs peaks’ intensities but 
does not change the energy separation and the peaks’ posi-
tions. In detail, the energy separation rises linearly with 
the magnetic field but reduces non-linearly with the well 
parameter. The MOAC peaks show a blue shift behav-
ior with the increase of magnetic field, changes to lower 
energy region with the increase in the a parameter, but 
maintains the changing temperature. The FWHM is found 
to rise with magnetic field and temperature, but reduces 
with the well parameter, in which the thermal broadening 
mechanism of the FWHM due to the phonon emission pro-
cess fits well with the experimental observation in multiple 
quantum well structures.

We also found that the FWHM varies in all cases (pho-
non emission and absorption as well as one- and two-
photon absorption) as FWHM (meV) = �1 + �2a + �3a

−1 , 
whereas in the phonon absorption process as 
FWHM = �TN

1∕2

L
 . The dependence of the FWHM on 

the a parameter and the temperature has been obtained 
in the special asymmetric hyperbolic-type quantum well 
as well [40]. To the best of our knowledge, these results 
are new, and it is necessary to perform further studies to 
examine its validity.
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