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Abstract – Tuning the band gap plays an important role for applicability of 2D materials in the
semiconductor industry. The present paper is a theoretical study on the band gap engineering us-
ing the electronic density of states (DOS) of phosphorene in the presence of dilute charged impurity
and of a perpendicular electric field. The electronic DOS is numerically calculated using a com-
bination of the continuum model Hamiltonian and the Green’s function approach. Our findings
show that the band gap of phosphorene in the absence and presence of the perpendicular electric
field decreases with increasing impurity concentration and/or impurity scattering potential. Fur-
ther, we found that in the presence of opposite perpendicular electric fields, the electronic DOS of
disordered phosphorene shows different changing behaviors stemming from the Stark effect: in the
positive case the band gap increases with increasing electric-field strength; whereas in the negative
case the band gap disappears. The latter, in turn, leads to the semiconductor-to-semimetal and
semiconductor-to-metal phase transition for the case of strong impurity concentrations and strong
impurity scattering potentials, respectively. The results can serve as a base for future applications
in logic electronic devices.

editor’s  choice Copyright c© EPLA, 2018

Introduction. – Graphene [1–4], a honeycomb struc-
tured two-dimensional (2D) material, offers intriguing
potential applications in next-generation electronic de-
vices [5–8]. From the intensive research interests on
graphene after the wake of 2004, a broad research enthusi-
asm on other 2D materials has been ignited. Like carbon,
phosphorus also possesses a 2D honeycomb structure, the
so-called monolayer black phosphorus (MBP), phospho-
rus (P) analog of graphene [9]. MBP has a puckered struc-
ture in which sp3 hybridized P atoms are held together
mostly by weak van der Waals forces [10]. Also, there is an
anisotropic in MBP structure due to the different carrier
effective masses along the zigzag and armchair directions.

(a)E-mail: thuphuonghueuni@gmail.com
(b)E-mail: mohsen.yarmohammadi@tu-dortmund.de

Anisotropic electronic transport and optical properties of
MBP are also reported in experimental studies [11,12].

The direct band gap in all forms of MBP from the
monolayer to bulk distinguishes it from other 2D mate-
rials [13]. For instance, gapless graphene is a semi-metal
and transition-metal dichalcogenides (TMDs) illustrate a
direct band gap just in monolayer form [14–16]. A band
gap plays an important role in the fabrication of elec-
tronic devices, especially semiconductor devices like the
field effect transistors (FETs). Lack of the band gap lim-
its the application of graphene in the industry [17] and
on the other hand, a large direct band gap in TMDs also
restricts the application of TMDs in high ON/OFF cur-
rent ratio [18]. Recent researches have shown that MBP
with a moderate band gap has the potential to be a good
candidate for semiconducting technology [19]. Further,
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the integer quantum Hall effect in high-quality black phos-
phorus 2D electron systems with the carrier Hall mobility
up to 6000 cm2 V−1 s1 has been reported in ref. [20], in
which the results are useful for further study on quantum
transport and device application of MBP in the ultrahigh
mobility regime.

Obviously, optimizing electronic features of MBP re-
quires to control the electronic phases. Further, there are
several methods to make the band gap tunable such as ap-
plying an electric field, strain [21,22], and defects [23,24].
This work is aimed at implementing and demonstrating a
theoretical framework that shows an electronic phase tran-
sition in dilute charged impurity-infected MBP. There are
two basic types of scattering mechanisms that influence
the mobility of electrons, lattice scattering, and impu-
rity scattering. At low temperatures, carriers move more
slowly, so they have more time to interact with impuri-
ties. Accordingly, the impurity scattering increases with
decreasing temperature, leading to the reduction of mo-
bility. This is just the opposite of the effect of lattice
scattering because lattice vibrations cause the mobility to
decrease with increasing temperature [25]. Here we are in-
terested in the impurity scattering. Impurity effects on the
properties of devices could be introduced by many quanti-
ties, but the electronic density of states (DOS) is the best
character to study the behavior of carriers in the presence
of an impurity. From this quantity, other electronic and
optical properties of the material would be understood
easily.

For the sake of conciseness, we concentrate our dis-
cussion on the implementation of Born approximation
in the electronic-structure of disordered MBP. However,
the proposed methodology is applicable in a straight-
forward fashion also in ab initio codes and in different
electronic-structure methods. The overall goal of this pa-
per is to elucidate, discuss, and explain the electronic
phase transition in dilute charged impurity-infected bi-
ased MBP. The perpendicular electric field introduces by
the bias gate voltage. Accordingly, the remainder of this
manuscript is organized as follows: In the second section,
the required theoretical framework used in state-of-the-
art Green’s function technique is introduced. In partic-
ular, we discuss how one calculates the non-interacting
and interacting Green’s functions. In the third section,
we then discuss possible phase transitions and required
conditions that we envision to implement and use during
this research. In the last part of this paper (the fourth
section), we summarize our main conclusions.

Theory and method. –

Model description and non-interacting Green’s func-

tion. Let us now consider the case of MBP with
an orthorhombic crystal structure, emphasizing the in-
plane translational symmetry. The top view of the real
space of MBP with P atoms in the upper and lower
sublayers are represented by red and black circles in
fig. 1(a). To proceed, we take into account the C2h group
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Fig. 1: (Color online) (a) Top view geometry of MBP. Each unit
cell (the pink rectangle) consists of four atoms, as illustrated
by red and black circles. The first Brillouin zone of MBP is
illustrated in (b) with high-symmetry points Γ, X, S, and Y .

invariance-included [26] tight-binding model proposed in
ref. [27] as

H(k) =

(

tAD(k) tAB(k) + tAC(k)
[tAB(k) + tAC(k)]

∗
tAD(k)

)

, (1)

with structure factors given by

tAB(k) = 2t1 cos[kxa1 sin(α1/2)]e−ikya1 cos(α1/2)

+ 2t3 cos[kxa1 sin(α1/2)]eiky[a1 cos(α1/2)+2a2 cos(β)], (2a)

tAC(k) = t2e
ikya2 cos(β)

+ t5e
−iky[2a1 cos(α1/2)+a2 cos(β)], (2b)

tAD(k) = 4t4 cos[kxa1 sin(α1/2)]

× cos(ky[a1 cos(α1/2) + a2 cos(β)]), (2c)

where a1 = 2.22 Å is the distance between nearest-
neighbor P atoms in each sublayer with the hopping pa-
rameter t1 and a2 = 2.24 Å is the distance between one P
atom in upper (lower) sublayer with the nearest-neighbor
atom in the lower (upper) sublayer with the hopping pa-
rameter t2. The bond angles are also given by α1 = 96.5◦,
α2 = 101.9◦ and cos(β) = − cos(α2)/ cos(α1). The hop-
ping parameters taken from ref. [27] are listed in ta-
ble 1. Using the expanded tight-binding model proposed
by Rodin et al. [28] around the Γ-point and retaining the
terms up to second-order in momentum, the continuum
approximation of the MBP model Hamiltonian would be
achieved as [28]

H(k) =

(

ǫc + ηck
2
x + νck

2
y γkx + αk2

x + βk2
y

γkx + αk2
x + βk2

y ǫv − ηvk
2
x − νvk

2
y

)

, (3)

which is in the basis of envelope wave functions associated
with the probability amplitude at the respective sublattice
sites. In the equation above, ǫc = 2t1 + t2 + 2t3 + 4t4 + t5
and ǫv = −(2t1 + t2 + 2t3 − 4t4 + t5) are the energies from
the bottom of the conduction band and the top of the va-
lence band at the Γ-point, respectively, making a direct
energy gap Eg = 1.52 eV in agreement with refs. [26,29].
k = (kx, ky) stands for the momenta belonging to the
first Brillouin zone (FBZ). On the basis of DFT calcula-
tions [30], other coefficients in eq. (3) are ηc = 0.008187,
ηv = 0.038068, νc = 0.030726, νv = 0.004849 in units of
eVnm2, and γ = 0.48 in unit of eVnm. By considering
α ≪ γ and time-reversal invariant (TRI) in the system,
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Table 1: The hopping parameters taken from ref. [27].

Parameter Value (eV)
t1 −1.220
t2 +3.665
t3 −0.205
t4 −0.105
t5 −0.055

one might delete terms including α and β and the new
Hamiltonian by considering V as variable gate voltage can
be rewritten as

H(k) =

(

Hc Hcv

Hcv Hv

)

, (4)

where

Hc = ǫc + ηck
2
x + νck

2
y − V/2, (5a)

Hv = ǫv − ηvk
2
x − νvk

2
y + V/2, (5b)

Hcv = γkx, (5c)

where V = eEd is the applied bias voltage referring to the
electric field E, the elementary charge e, and the sublayer
separation d. By diagonalizing the Hamiltonian above,
one obtains the following energy dispersion relation for
electrons (τ = +1) and holes (τ = −1):

Eτ =
1

2

[

Hc + Hv + τ
√

4H2
cv + (Hc −Hv)2

]

. (6)

On account of the fact that several studies have been
carried out the band structure of MBP using different ap-
proaches [31–33], we use DOS of MBP in order to discuss
the main features of our results. By the end of the ana-
lytical studying the properties of MBP, we have employed
the non-interacting and interacting Green’s function tech-
nique within the Born approximation in the scattering the-
ory. Since the unit cell of MBP contains four atoms, the
Green’s function can be written as a 4× 4 matrix, but us-
ing TRI and G0(k, E) = [E + iζ −H(k)]−1 for ζ = 5meV,
we deduce the following non-interacting Green’s function
matrix in the momentum space:

G0(k, E) =

(

E + iζ −Hc −Hcv

−Hcv E + iζ −Hv

)−1

=

(

Gc
0(k, E) Gcv

0 (k, E)

Gcv
0 (k, E) Gv

0(k, E)

)

. (7)

Using the solution of G0(k, E) and the Born approxima-
tion, DOS, in order to study the electronic phase transition
in MBP, can be expressed.

Interacting Green’s function. Throughout this sec-
tion, the dilute charged impurities characterized by im-
purity concentration ni and scattering potential νi have

been added to the system randomly aimed at controlling
the band gap. The interaction between the electrons of
MBP and dilute charged impurities using the tight-binding
model is given by

He-i =
∑

q

νic
†
qcq, c = {unit cell atoms}, (8)

where the momenta q induced by impurities to the host
electrons belong to the FBZ. According to the Born
approximation in the scattering theory and using the
T -matrix [34,35], the electronic self-energy matrix ele-
ments of disordered MBP can be obtained by

Σ(q, E) = niνi

(

1 −
νi

Ni

∑

k∈FBZ

G0(k, E)

)−1

, (9)

where Ni is the number of impurity atoms per unit cell.
Full self-consistent Born approximation originates from
the expression of the self-energy matrix in eq. (9). It is
worth mentioning that although we use the Born approxi-
mation, i.e., small density of impurities, the Friedel charge
oscillation exists [36] and oscillates in BP anisotropically
in the x and y directions. However, investigation of the
Friedel charge oscillation is outside of the scope of the
present paper and perhaps we will focus on that in our fu-
ture works. The perturbed configuration of Green’s func-
tion through the Dyson equation [34] reads

G(k, E) =
G0(k, E)

1 − Σ(q, E)G0(k, E)
. (10)

Evidently, DOS can be related to the trace over the imag-
inary part of retarded Green’s function

D(E) = −
1

πNaNc

∑

α=c, v

∑

k∈FBZ

ℑGα(k, E), (11)

where Na and Nc are the number of atoms per unit cell and
the number of unit cells, respectively. Due to the random-
ness nature of impurities, we have considered 1000× 1000
configurations in the numerical calculations of the elec-
tronic DOS of disordered phosphorene and finally, the re-
sult of the electronic DOS is then obtained by making
an average over these configurations. The impurity con-
centration considered in the present work reaches up to
20%. Such a high concentration is clearly true for the case
of dilute charged impurities as assumed in the theoreti-
cal model because ni = x% in our numerical calculations
means that x% of the whole 1000× 1000 unit cells are in-
fected by impurities and for this huge unit cell, 20% is still
dilute. For the purpose of studying the electronic phase
transition by using the phase desegregation in the MBP
system, we use DOS in the vicinity of Fermi energy. We
would like to stress that Fermi energy is set to zero as well
as the structure of the system is in its stable (optimized)
state in the absence and presence of impurities.
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Fig. 2: (Color online) The electronic DOS of pristine and dilute
charged impurity-induced MBP with impurity concentration ni

at a constant scattering potential νi = 0.5 eV in the absence of
a perpendicular electric field. The evaluation of the van Hove
singularity of the valence band and the band gap with ni are
shown in the inset panels.

Concluding remarks. – An analysis of the main find-
ings is presented in this section. We numerically study the
effect of dilute charge impurity and the perpendicular elec-
tric field on the electronic DOS of MBP as a function of
energy in the range from −6 eV to +6 eV. This section
is divided into two parts. In the first part, we investigate
the effect of impurity on DOS (figs. 2, 3, and 4) and the
second part analyses the effect of opposite perpendicular
electric fields on DOS of impurity-infected MBP in fig. 5.

As is well known in the literature, there is a strong
anisotropy property in dispersion energy of MBP due to
the direction-dependent effective mass and Fermi velocity
of carriers [37,38]. It has been reported that the velocity of
a hole or an electron along the x-direction takes a higher
value than in the y-direction for the conduction band,
whilst the valence band behaves inversely [37]. Because of
this, the effective mass at the Γ-point is heaver along the
y-direction than along the x-direction. Anisotropic fea-
tures of MBP make it more applicable for optoelectronics
devices [39]. Here, we show the total DOS by summing
over the whole FBZ not by taking the average over dif-
ferent directions. It means that in our numerical calcula-
tions, for each kx within the range from −π/lx to +π/lx,
ky changes from −π/ly to +π/ly, where lx = 2a1 sin(α/2)
and ly = 2[a1 cos(α/2) + a2 cos(β)] are the lattice param-
eters in the x- and y-direction, respectively [40]. The
shape of DOS plotted here is in good agreement with
ref. [41]. The band gap obtained in the present work
and also refs. [26,27,42–44] is about 1.5 eV. We separate
the electronic phases based on the rule: DOS at Fermi
level is zero and non-zero for insulator/semiconductor and
metal/semimetal materials.

Impurity effects. In the first part, we asses the elec-
tronic DOS of MBP in the presence of dilute charged im-
purities when the perpendicular electric field characterized
by bias voltage V is absent and/or present. It should be
noted that the impurity concentration ni changes at a con-
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Fig. 3: (Color online) DOS of unbiased dilute charged impurity-
induced MBP as the scattering potential νi is changed. The
impurity concentration is fixed at ni = 10%. Dependence of
the band gap energy Eg on νi is presented in the inset panel.

stant scattering potential νi and inversely. It is necessary
to mention that based on the Born approximation, dif-
ferent ni refers to the same impurity atoms, whilst dif-
ferent νi stands for different ones. As such, in order to
evaluate the influence of impurity concentration on the
electronic phase of MBP, we have plotted perturbed DOS
with different percentages of ni at impurity scattering po-
tential νi = 0.5 eV. Also, we would like to stress again
that we have focused on the perturbed DOS at the Fermi
level E = 0 in order to investigate the electronic phase
of MBP. As can be seen from fig. 2, some midgap states
emerge in the perturbed DOS, correspondingly the band
gap of unbiased MBP decreases as ni is increased. It is
bearing in mind that within the Born approximation, i.e.,
dealing with the finite but small density of impurities,
peaks can show up in the DOS. Since they appear inside
the band gap, the states associated with these peaks are
called midgap states. These midgap states can be viewed
as bound states attracted by the impurity potential. For
many impurities with a small density, midgap states are
related to the poles of self-energy function (T -matrix). On
the other hand, we know from eq. (11) that the DOS
is related to poles of Green’s function. Thus, midgap
states stem from new poles associated with impurity. The
midgap states prepare the ground for tuning the band
gap of MBP, as a result of this, usage of MBP gets up
in the electronic applications. In addition, fig. 2 clearly
shows that the value of the valence van Hove singularity
decreases with ni (the inset bottom left panel), meaning
that the degeneracy level of the states at E = −1.6 eV is
broken and/or reduced. The band gap Eg as a function of
the impurity concentration is shown in the inset in the top
right panel, which illustrates that an increase in ni causes
a decrease in the band gap.

Further, we try to study the effect of the impurity scat-
tering potential on the electronic DOS of unbiased MBP.
So to achieve the best results we investigate disordered
DOS of MBP with different values of νi at fixed impurity
concentration equal to 10%. From fig. 3 it can be found
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Fig. 4: (Color online) The electronic DOS of MBP for different
impurity concentrations in the presence of gate voltage fixed at
(a) −0.75 eV and (b) +0.75 eV. Also, in panels (c) and (d) cor-
responding to V = −0.75 eV and V = +0.75 eV, respectively,
the perturbed DOS for different νi are presented.

that thanks to the emergence of the midgap states in the
presence of dilute charged impurity, the band gap of MBP
reduces by increasing the impurity scattering potential as
well to the extent that most probably no band gap is ob-
served at νi > 1 eV. Our findings are in good agreement
with first-principles calculations findings for which it has
been shown that the various types of point defects lead
to the appearance of the similar midgap states in DOS of
MBP [23,45]. Thus, the overlapped impurity states in the
valence and conduction bands in strong impurity scatter-
ing potential, which is not within the limit of the Born ap-
proximation, lead to a semiconductor-to-semimetal phase
transition in MBP.

The main difference between the case of different ni and
different νi corresponding to the same impurity sources
and different impurity sources refers to the value of the
reduced band gap, where for the case of different νi, the
decreasing trend is severely much sharper than the case
of different ni. From the results of the electronic DOS
in the presence of dilute charged impurities, it can be
inferred that charged impurities give rise to no resonant
peaks in the DOS. However, it has been shown both ex-
perimentally [46] and theoretically [47] that native atomic
vacancies (i.e., phosphorus vacancies) can induce resonant
states within the band gap of the phosphorene systems.

Now let us study disordered MBP in the presence of
a constant perpendicular electric field for opposite poles
of the applied gate. When applying a perpendicular elec-
tric field to phosphorene, it has been shown that the in-
tralayer charge screening can be induced in phosphorene
due to its puckered lattice structure (two sublayers). The
field-induced charge screening plays a significant role in
tuning the electronic properties (such as the band gap) of
phosphorene and its multilayers [48]. However, we have
ignored the effect of intralayer charge screening in the
present work. Panels (a) and (b) in fig. 4 represent the
perturbed DOS by the same impurity atoms (different
ni) of biased MBP with the bias voltage V = −0.75 eV
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Fig. 5: (Color online) DOS of impurity-infected MBP with
ni = 10% and νi = 0.5 eV in the presence of (a) negative and
(b) positive gate voltage.

and V = +0.75 eV, respectively. As can be clearly seen,
the band gap of the pristine MBP decreases (increases)
with the negative (positive) case of the perpendicular elec-
tric field in good agreement with ref. [49]. The negative
value of the perpendicular electric field means that we
have switched the poles of the applied gate to the sublay-
ers. However, similarly to the previous cases, the values
of the decreased (increased) band gap decreases further
in the presence of dilute charged impurity for the nega-
tive (positive) case of the perpendicular electric field, as
shown in the insets in the top right panels, leading to the
semiconductor-to-semimetal phase transition in the case
of V = −0.75 eV because of the non-zero value of DOS at
the Fermi energy, i.e., D(0).

Additionally, in panels (c) and (d), perturbed DOS
by the different impurity atoms (different νi) for both
V = −0.75 eV and V = +0.75 eV are studied, respectively.
Obviously, the band gap decreases as νi is increased in
both cases, leading to the semiconductor-to-metal phase
transition in the case of V = −0.75 eV because the non-
zero value of DOS in (c) is much higher than (a), while in
the case of V = +0.75 eV, the band gap only decreases
with νi. A decrease in the band gap at strong impu-
rity scattering potentials is more than the corresponding
value of Eg for strong impurity concentrations. Conse-
quently, by applying the electric field, in addition to the
decrease of the band gap, a semiconductor-to-semimetal
(metal) phase transition occurs at strong impurity con-
centrations (scattering potentials). The physical reasons
for these effects will be discussed more in the next part.
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Perpendicular electric-field effects. From fig. 4, we
noticed that the layout of the gates is important. For
the purpose of investigation of the impacts of the perpen-
dicular electric field on the electronic properties of MBP,
the disordered electric field-dependent DOS of MBP with
V < 0 and V > 0 are depicted in fig. 5(a) and (b), re-
spectively. In recent years there has been growing interest
in the investigation of the effects of an electric field on
the electronic dispersion of 2D materials [44,50,51]. As
was stated already, MBP has two sublayers, therefore, ap-
plying gate potential leads to different on-site potentials
±V/2 in the top and bottom sublayers of MBP, respec-
tively. As expected, in the presence of negative (positive)
gate voltage there is a decrease (an increase) in the band
gap because, from the intuitive thoughts, the electronic
DOS of disordered phosphorene should exhibit a symmet-
ric behavior in the presence of opposite perpendicular elec-
tric fields. This is in agreement with previous results re-
ported in the literature [49,50]. Interestingly, we found
that the disordered DOS of biased MBP in the presence of
impurity doping with ni = 10% and νi = 0.5 eV showcases
a semiconductor-to-metal phase transition in the presence
of negative gate potential. Figure 5(b) reveals that there is
no phase transition as long as the value of the gate voltage
is positive.

As can be seen, the pair of van Hove singularities ap-
proaches the Fermi level E = 0 eV for V < 0, leading
to the decrease of the degeneracy strength in the valence
band, whereas in the case of V > 0, van Hove singularities
get away from the Fermi level, resulting in the increase
of the degeneracy strength in the valence band. These
behaviors stem from our model in eq. (5), in which for
V < 0 (V > 0), the energy dispersion of valence electrons
decreases (increases). From the quantum-physical point
of view, in the valence and conduction bands close to the
Fermi level, new allowed energy levels emerge originating
from the Stark effect when applying the electric field. On
the other hand, in the presence of impurity, the impurity
distribution resulting in midgap states plays a vital role
in determining the final state of carriers. The competition
between the impurity distribution and applied electric field
leads to the asymmetric Stark effect and eventually the in-
version symmetry breaks down [52,53]. In turn, the spatial
distribution of electronic waves is broadened in the case of
V > 0 because of the existence of more options for bound-
ing. Whilst when switching the poles of the applied gate,
the inverse Stark effect occurs and the electronic waves
overlap efficiently.

Conclusions. – In this letter, we have attempted to as-
sess the effects of dilute charged impurity and perpendic-
ular electric field (bias potential) on the electronic DOS of
MBP using the Green’s function technique, Born approx-
imation, and the continuum approximation of the tight-
binding model. The results of this investigation show that
the perturbed DOS indicates some midgap states in com-
parison with pristine in the presence of the dilute charged

impurity. Accordingly, the band gap of impurity-induced
MBP is less than the pristine one. Interestingly, we found
that impurity-infected MBP shows semimetallic (metal-
lic) behavior at strong impurity concentrations (scatter-
ing potentials), whereas pristine MBP is a semiconductor.
Therefore, tuning the band gap of MBP makes it more
applicable in electro-optical devices. Further, The re-
sults of applying the gate potential reveal that the band
gap of MBP increases (decreases) in the presence of posi-
tive (negative) gate potential due to the Stark effect and
surprisingly, the semiconductor-to-metallic phase transi-
tion emerges for the negative gate voltage.
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