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Abstract. We estimate the regularity index of a set of fat points
Z = m1P1 + · · · + msPs in three cases: all points P1, . . . , Ps are on two
lines; Z consists at most five fat points; Z = m1P1 + · · · + Pn+3Pn+3 is
non-degenerate in Pn.

1. Introduction

Let Pn := PnK be a n-dimensional projective space over an algebraically
closed field K and R := K[X0, . . . , Xn] be the polynomial ring in n+1 variables
X0, . . . , Xn with coefficients in K. Let P1, . . . , Ps ∈ Pn be distinct points and
denote by ℘i ⊂ R the homogeneous prime ideal defining by the points Pi,
i = 1, . . . , s. Let m1, . . . ,ms be positive integers, it is well known that the
ideal I = ℘m1

1 ∩ · · · ∩ ℘mss consists all forms f ∈ R vanishing at Pi with the
multiplicity ≥ mi, i = 1, . . . , s; we denote by Z the zero-scheme defined by I
and call

Z := m1P1 + · · ·+msPs

a set of fat points in Pn. In case m1 = · · · = ms = m the Z is called a set of
equimultiple fat points.
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The homogeneous coordinate ring of Z is A := R/I. This is a graded
ring, A = ⊕

t≥0
At. For every t ∈ N, the graded part At is a finite dimensional

K−vector space. Then the function

HZ(t) := dimKAt

is called the Hilbert function of Z. This function allows us to estimate the size
of all forms of degree t vanishing at every point Pi with multiplicity ≥ mi. In
fact, our knowledge about HZ(t) is now very thin.

It is also well known that the number e(A) =

s∑
i=1

(
mi + n− 1

n

)
is the mul-

tiplicity of the ring A and the Hilbert function HZ(t) strictly increases until it
reaches the multiplicity e(A), at which it stabilizes. The regularity index of Z
is defined to be

reg (Z) := min{t ∈ N | HA(t) = e(A)}.

So the vector space dimension of the degree t polynomials in I is known if
t ≥ reg (Z). In geometric language, the set of fat points Z imposes independent
conditions on forms of degree at least to be reg (Z). In fact, the calculation
reg (Z) is very difficult. So, instead of finding reg (Z), one gave upper bounds
for the reg (Z). We can find different upper bounds for reg (Z) in [1], [2], [4],
[6], [7].

For a set of fat points Z = m1P1 + · · ·+msPs in Pn, we put

TjZ = max

{⌊∑q
l=1mil + j − 2

j

⌋
| Pi1 , . . . , Piq lie on a linear j-space

}
and

TZ = max{TjZ | j = 1, . . . , n}.

A set of points X = {P1, . . . , Ps} in Pn is called a non-degenerate set if X does
not lie on a hyperplane of Pn. A set of fat points Z = m1P1 + · · · + msPs is
called to be non-degenerate if X = {P1, . . . , Ps} is non-degenerate. In 2016, E.
Ballico, O. Dumitrescu and E. Postinghel [1, Theorem 2.1] proved

reg (Z) ≤ TZ

for Z = m1P1 + · · · + mn+3Pn+3 is a set of non-degenerate fat points in Pn.
Recently, U. Nagel and B. Trok [5, Theorem 5.3] proved the above upper bound
to be true for any set of fat points in Pn.

Recall that the calculation of reg (Z) is very difficult. There were a few re-
sults on the calculation of reg (Z) which were published by prestigious journals
as follows.
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In 1984, E.D. Davis and A.V. Geramita [3, Corollary 2.3] successfully cal-
culated the regularity of fat points Z = m1P1+ · · ·+msPs in the case all points
lie on a line in Pn:

reg (Z) = m1 + · · ·+ms − 1.

A set of points {P1, . . . , Ps} in Pn is said in general position if no j + 2
points of {P1, . . . , Ps} lie on a j-plane for every j < n. A set of fat points
Z = m1P1+· · ·+msPs is called in general position in Pn if the points P1, . . . , Ps
are in general position. A rational normal curve in Pn is a curve of degree n
that may be given parametrically as the image of the map

P1 → Pn

(s, t) 7→ (sn, sn−1t, sn−2t2, . . . , tn).

In 1993, M.V. Catalisano, N.V. Trung and G. Valla [2] showed a formular to
compute the regularity index of fat points Z = m1P1 + · · ·+msPs in Pn, with
m1 ≥ · · · ≥ ms, in two following cases:

◦ If s ≥ 2 and the points P1, . . . , Ps lie on a rational normal curve [2,
Proposition 7], then

reg (Z) = max

{
m1 +m2 − 1,

⌊( s∑
i=1

mi + n− 2
)
/n

⌋}
.

◦ If n ≥ 3, 2 ≤ s ≤ n+ 2, 2 ≤ m1 and P1, . . . , Ps are in general position in
Pn [2, Corllary 8], then

reg (Z) = m1 +m2 − 1.

It is well known that if P1, . . . , Ps lie on a rational normal curve in Pn, then they
are in general position in Pn. In above cases we have T1Z = m1 +m2−1 ≥ TjZ
for j = 2, . . . , n− 1, and thus TZ = max{T1Z , TnZ}.

In 2012, P.V. Thien [8, Theorem 3.4] showed

reg (Z) = TZ

in the case the points P1, . . . , Ps are not on a linear (s − 3)-space in Pn. In
2017, P.V. Thien and T.N. Sinh [10, Theorem 4.6] showed

reg (Z) = TZ

in the case the points P1, . . . , Ps are not on a linear (r−1)-space in Pn, s ≤ r+3,
and m1 = · · · = ms = m 6= 2. The conjecture reg (Z) = TZ for a set of arbitrary
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fat points Z in Pn is false because U. Nagel and B. Trok [5, Example 5.7] showed:
if Z = mP1 + · · · + mPs is a set of fat points in Pn, where X = {P1, . . . , Ps}

consisting of five arbitrary points and

(
d+ n

d

)
generic points for some d ≥ 5,

then

reg (Z) < TZ

for sufficiently large d (or n).

In this paper we prove that

TZ − 1 ≤ reg (Z) ≤ TZ

in the following cases:

◦ All P1, . . . , Ps are on two lines.

◦ The scheme Z consists at most five fat points.

◦ Z = m1P1 + · · ·+mn+3Pn+3 is a set of non-degenerate fat points in Pn.

2. Preliminaries

It is well known that if R/I is the coordinate ring of a set of fat points
Z, then the regularity index reg (Z) is equal to the Castelnuovo–Mumford
regularity index reg (R/I).

We need use the following results for the next section.

Lemma 2.1. ([9, Proposition 6]) Let P1, . . . , Ps be distinct points in Pn and
m1, . . . ,ms be positive integers. Let n1, . . . , ns be non-negative integers with
(n1, . . . , ns) 6= (0, . . . , 0) and mi ≥ ni for i = 1, . . . , s. Put I = ℘m1

1 ∩ · · · ∩℘mss
and J = ℘n1

1 ∩ · · · ∩ ℘nss (℘nii = R if ni = 0). Then

reg (R/J) ≤ reg (R/I).

So, if Y = n1P1+· · ·+nsPs and Z = m1P1+· · ·+msPs, then ([5, Lemma 3.1(b)])

reg (Y ) ≤ reg (Z).

In 2000, P.V. Thien proved the following result.
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Lemma 2.2. ([7, Theorem 1]) Let Z = m1P1 + · · ·+msPs be an arbitrary set
of fat points in P3. Then

reg (Z) ≤ max{T1Z , T3Z , T3Z}.

Consider a set of fat points Z in Pn. In 2012, B. Benedetti, G. Fatabbi and
A. Lorenzini showed the following property when the support of Z is contained
in a linear subspace of Pn.

Lemma 2.3. ([1, Theorem 2.1]) Let Z = m1P1 + · · · + msPs be a set of fat
points in Pn such that {P1, . . . , Ps} is contained in a linear r-space α. We may
consider the linear r-space α as a r-dimensional projective space Pr containing
the points P ′1 := P1, . . . , P

′
s := Ps, and Zα = m1P

′
1 + · · ·+msP

′
s as a set of fat

points in Pr. If there is a non-negative integer t such that reg (Zα) ≤ t in Pr,
then

reg (Z) ≤ t
in Pn.

Recall that a set of fat points Z = m1P1 + · · ·+msPs in Pn is called non-
degenerate if all the points P1, . . . , Ps are not on a linear (n − 1)-space of Pn.
In 2016, E. Ballico, O. Dumitrescu and E. Postinghel [1, Theorem 2.1] proved
the following result.

Lemma 2.4. ([1, Theorem 2.1]) Let Z = m1P1 + · · ·+mn+3Pn+3 be a set of
non-degenerate fat points in Pn. Then

reg (Z) ≤ TZ .

The following result of E.D. Davis and A.V. Geramita help us to compute
the regularity index of fat points with support on a line.

Lemma 2.5. ([3, Corollary 2.3]) Let Z = m1P1 + · · · + msPs be a set of
arbitrary fat points in Pn. Then

reg (Z) = m1 + · · ·+ms − 1

if and only if the points P1, . . . , Ps lie on a line.

The points P1, . . . , Ps ∈ Pn is called to be in Rnc-j (see [9]) if there is a
rational normal curve C in Pj and a monomorphism ϕ : Pj → Pn such that
P1, . . . , Ps are on the image ϕ(C). In 2016, P.V. Thien proved:

Lemma 2.6. ([9, Proposition 10]) Let Z = m1P1 + · · ·+msPs be a set of fat
points in Pn such that P1, . . . , Ps are in Rnc-j. Then

reg (Z) = max{Dj | j = 1, . . . , t},

where

Dj = max

{⌊∑q
l=1mil + j − 2

j

⌋
| Pi1 , . . . , Piq are in Rnc− j

}
.
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3. Results

Let X = {P1, . . . , Ps} be a set of distinct points in Pn, Z = m1P1 + · · · +
+msPs be a set of fat points in Pn and L be a linear space in Pn. Assume that
L ∩X = {Pi1 , . . . , Pir}, we put

s(L ∩ Z) := mi1Pi1 + · · ·+mirPir ,

and
ws(L∩Z) := mi1 + · · ·+mir .

From the Lemma 2.1 we get:

Remark 3.1. If Z = m1P1 + · · ·+ msPs is a set of fat points in Pn and L is
a linear space in Pn, then

reg (s(L ∩ Z)) ≤ reg (Z).

By using the above results we get:

Lemma 3.2. If Z = m1P1 + · · ·+msPs is a set of fat points in Pn, then

reg (Z) ≥ T1Z .

Proof. By the definition of T1Z , there is a linear 1-space l in Pn such that

T1Z = ws(l∩Z) − 1.

By Remark 3.1 and Lemma 2.5, we have

reg (Z) ≥ reg (s(l ∩ Z)) = ws(l∩Z) − 1.

Therefore

reg (Z) ≥ T1Z . �

Lemma 3.3. If Z = m1P1 + · · ·+msPs is a set of fat points in Pn such that
P1, . . . , Ps are on a linear 3-space, then

reg (Z) ≤ max{T1Z , T2Z , T3Z} = TZ .

Proof. Assume that P1, . . . , Ps are on a linear 3-space, say α. Put P ′1 :=
:= P1, . . . , P

′
s := Ps and consider Zα := m1P

′
1 + · · · + msP

′
s as a set of fat

points in P3 ∼= α. By the Lemma 2.2 we get

reg (Zα) ≤ max{T1Zα , T2Zα , T3Zα}.
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By using Lemma 2.3 we get

reg (Z) ≤ max{T1Zα , T2Zα , T3Zα}.

It is easy to see that
TjZ = TjZα

for j = 1, 2, 3. So
reg (Z) ≤ max{T1Z , T2Z , T3Z}.

Since all P1, . . . , Ps are on a linear 3-space, we get T3Z ≥ TjZ for j = 4, . . . , n.
We thus get

max{T1Z , T2Z , T3Z} = TZ . �

We now can estimate the regularity index of a set of fat points with support
on two lines.

Theorem 3.4. Let Z = m1P1 + · · · + msPs be a set of fat points in Pn such
that all P1, . . . , Ps are on two lines of Pn. Then

TZ − 1 ≤ reg (Z) ≤ TZ .

Proof. Assume that the points P1, . . . , Ps are on two lines, say l1 and l2, in
Pn. Then l1 ∪ l2 is on a linear 3-space in Pn. We consider two following cases:

Case 1: l1 ∪ l2 does not lie on any linear 2-space in Pn. We consider two
following cases.

Case 1.a: ws(l1∩Z 6= ws(l2∩Z). Without loss of generality we can assume
that ws(l1∩Z) > ms(l2∩Z), then

ws(l1∩Z) − 1 ≥
⌊
ws(l1∩Z) + ws(l2∩Z)

2

⌋
≥
⌊
m1 + · · ·+ms

2

⌋
≥ max{T2Z , T3Z}.

By the definition of T1Z , we have T1Z ≥ ws(l1∩Z) − 1. It follows that

T1Z = max{T1Z , T2Z , T3Z}.

Moreover, since P1, . . . , Ps are on a linear 3-space, from Lemma 3.2 and Lemma 3.3
we get in Case 1.a:

reg (Z) = T1Z = TZ .

Case 1.b: ws(l1∩Z) = ws(l2∩Z). Then

ws(l1∩Z) − 1 =

⌊
ws(l1∩Z) + ws(l2∩Z) − 1

2

⌋
.
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Since l1∪ l2 does not lie on a linear 2-space and lie on a linear 3-space, we have⌊
ws(l1∩Z) + ws(l2∩Z) − 1

2

⌋
≥ T2Z ,

and ⌊
ws(l1∩Z) + ws(l2∩Z) − 1

2

⌋
≥
⌊
ws(l1∩Z) + ws(l2∩Z) + 1

3

⌋
= T3Z .

Thererore,

ws(l1∩Z) − 1 ≥ max{T2Z , T3Z}.

But T1Z ≥ ws(l1∩Z) − 1, it follows that

T1Z = max{T1Z , T2Z , T3Z}.

Moreover, from Lemma 3.2 and Lemma 3.3 we get in Case 1.b:

reg (Z) = T1Z = TZ .

Case 2: l1 ∪ l2 lie on a linear 2-space, say β ⊂ Pn. Then T2Z ≥ T3Z , so
T2Z = max{T2Z , T3Z}. We consider two following cases:

Case 2.a: ws(l1∩Z 6= ws(l2∩Z). Without loss of generality we can assume
that ws(l1∩Z) > ms(l2∩Z), then

ws(l1∩Z)−1 ≥
⌊
ws(l1∩Z) + ws(l2∩Z)

2

⌋
≥
⌊
m1 + · · ·+ms

2

⌋
= T2Z = max{T2Z , T3Z}.

But T1Z ≥ ws(l1∩Z) − 1. Hence

T1Z = max{T1Z , T2Z , T3Z}.

Moreover, from Lemma 3.2 and Lemma 3.3 we get in Case 2.a:

reg (Z) = T1Z = TZ .

Case 2.b: ws(l1∩Z) = ws(l2∩Z). Then

ws(l1∩Z) =

⌊
ws(l1∩Z) + ws(l2∩Z)

2

⌋
≥ T2Z .

By defining of T1Z , we have ws(l1∩Z) − 1 ≤ T1Z .
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If either ws(l1∩Z)−1 < T1Z or ws(l1∩Z)−1 = T1Z and l1∩l2∩{P1, . . . , Ps} 6=
∅, then T1Z ≥ T2Z = max{T2Z , T3Z}. So

T1Z = max{T1Z , T2Z , T3Z}.

Moreover, from Lemma 3.2 and Lemma 3.3 we get

reg (Z) = T1Z = TZ .

If ws(l1∩Z) − 1 = T1Z and l1 ∩ l2 ∩ {P1, . . . , Ps} = ∅, then

T2Z = T1Z + 1 = max{T1Z , T2Z , T3Z}.

Moreover, from Lemma 3.2 and Lemma 3.3 we get

TZ − 1 = T1Z ≤ reg (Z) ≤ T2Z = TZ .

Hence in Case 2.b we get

TZ − 1 ≤ reg (Z) ≤ TZ .

The proof of Theorem 3.4 is completed. �

Next we also can estimate the regularity index of a set consisting at most
five fat points.

Proposition 3.5. Let Z = m1P1 + · · · + msPs be a set of fat points in Pn,
s ≤ 5. Then

TZ − 1 ≤ reg (Z) ≤ TZ .

Proof. If P1, . . . , Ps lie on two lines, then by the above theorem we get

TZ − 1 ≤ reg (Z) ≤ TZ .

If P1, . . . , Ps do not lie on two lines, then s = 5 and there are two following
cases for P1, . . . , P5:

Case 1: All P1, . . . , P5 lie on a linear 2-space in Pn. Then P1, . . . , P5 are in
Rnc-2 because P1, . . . , P5 are not on two lines. By Lemma 2.6 we have

reg (Z) = max{D1, D2}.

Since D1 = T1Z and D2 = T2Z ≥ TjZ for j = 3, . . . , n, we get

reg (Z) = TZ .
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Case 2: P1, . . . , P5 do not lie on a linear 2-space in Pn. Then by [8, Theorem
3.4] we get

reg (Z) = TZ . �

For Z = m1P1 + · · · + mn+3Pn+3 is a set of non-degenerate fat points in
Pn, E. Ballico, O. Dumitrescu and E. Postinghel [1] proved reg (Z) ≤ TZ . We
now prove that reg (Z) is bounded lowerly by TZ − 1.

Theorem 3.6. Let Z = m1P1 + · · · + mn+3Pn+3 be a set of non-degenerate
fat points in Pn. Then

TZ − 1 ≤ reg (Z) ≤ TZ .

Proof. Without loss of generality, we can assume that m1 ≥ m2 ≥ · · · ≥ mn+3.
By Lemma 2.4 we have

reg (Z) ≤ TZ
with

TZ = max{TjZ | j = 1, . . . , n}

and

TjZ = max

{⌊∑q
l=1mil + j − 2

j

⌋
| Pi1 , . . . , Piq lie on a linear j-space

}
.

So, in the remainder we only need prove that reg (Z) ≥ TZ − 1.

Since P1, . . . , Pn+3 are in non-degenerate in Pn, there are at most j + 3
points of them are on a linear j-space for j = 1, . . . , n− 1. This implies

m1 +m2 ≥ TjZ

for j = 3, . . . , n. So
TZ = max{T1Z , T2Z}.

We consider two following cases:

Case 1: T2Z ≤ T1Z . Then TZ = T1Z , by Lemma 3.2 we get

reg (Z) ≥ T1Z = TZ .

Case 2: T2Z > T1Z . Since P1 and P2 are on a line, we have T1Z ≥ m1 +
+m2 − 1 by defining of T1Z . So, T2Z ≥ m1 + m2. On the other hand, by
defining of T2Z there is a linear 2-space, say α, such that

T2Z =
⌊ws(α∩Z)

2

⌋
.



An estimate of the regularity index of fat points 409

Suppose that α ∩ Z = mi1Pi1 + · · ·+miqPiq , then⌊∑q
l=1mil

2

⌋
=
⌊ws(α∩Z)

2

⌋
≥ m1 +m2.

Since m1 ≥ m2 ≥ m3 ≥ · · · ≥ mn+3, we have q ≥ 4. We consider two following
cases for q.

Case q = 4: Then m1 = m2 = mi1 = mi2 = mi3 = mi4 = m and
T2Z = 2m = TZ = T1Z + 1. By Lemma 3.2 we get

reg (Z) ≥ T1Z = TZ − 1.

Case q ≥ 5: Since P1, . . . , Pn+3 are in non-degenerate in Pn, there are at
most five points on the linear 2-space. Thus q = 5 because α is a linear 2-space.
By using Proposition 3.5 we get

reg (Z) ≥ TZ−1. �
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