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Abstract.
The effect of different phonon models (confined and bulk phonons) on the linear optically

detected electrophonon resonance (LODEPR), nonlinear optically detected electron-phonon
resonance (NLODEPR) effect and full-width at half-maximum (FWHM) of the LODEPR and
NLODEPR peaks via both one and two photon absorption processes in a parabolic GaAs
quantum well by using the state-dependent operator projection is theoretically studied. The
obtained numerical result for the parabolic GaAs/AlAs quantum well shows that the FWHM of
the LODEPR and NLODEPR peaks increase with increasing well’s confinement frequency and
temperature for the above both models of the phonon. Besides, the FWHM of the LODEPR
and NLODEPR peaks for the confined phonon case varies faster and have a larger value than it
does for the bulk phonon case. Furthermore, the FWHM of the NLODEPR peaks is about one
order of value smaller than the linear one for the above both models of the phonon; in the large
range of the confinement frequency (ωz/ωLO > 0.2), the effect of phonon confinement on the
FWHM of the LODEPR and NLODEPR peaks becomes important and cannot be neglected in
considering.

1. Introduction
The electrophonon resonance (EPR) phenomena arises from an electron scattering due to

the absorption and/or emission of phonons whenever the longitudinal optical phonon energy
is equal to the energy separation between two electric subband levels [1, 2]. This effect shows
one of the typical characteristics of low-dimensional electron systems that can not be observed
in bulk materials. The EPR and the optically detected electrophonon resonance (ODEPR)
provide useful information on relative transport properties of semiconductors, such as the
scattering mechanism of carriers, including the effective mass, the energy difference between
electric subband levels, and the electron-phonon interactions [2]. The two-photon absorption is
a nonlinear process in which tow photons of identical or different frequencies are simultaneously
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absorbed by the same species exciting the molecule from one state to a higher energy electronic
state. In materials with an elastic arrangement of atoms or molecules there exist phonons
(quanta of lattice vibration), this process may involve the absorption and/or emission phonons.
It is a nonlinear process and is different considerably from the one-photon absorption process
which is related linearly to the intensity of light. The confine phonon causes the increase
of electron-phonon scattering rates [3, 4] and modifies the phonon density of states [5]. The
confine phonon effect is shown to be important whenever confinement lengths are smaller than
the phonon coherence length [3] and should be taken into account in order to obtain realistic
estimates for electron-phonon interaction in low-dimensional structures [7]. There are several
confined phonon mode models due to different lattice dynamics boundary conditions in low-
dimensional structures, such as the Huang-Zhu model (both electric potential and polarization
have nodes at the interfaces), the slab mode model (when the electric potential has nodes at the
interface and the in-plane component of phonon wave vector is much larger than its quantized
one) and the guided mode model (the opposite limit as the slab mode) [6, 12]. However,
the HZ model has received wide acceptance and best describes and been in good agreement
with experimental results [14]. The FWHM is well-known as a good tool for investigating the
scattering mechanisms of carriers. Hence, it can be used to probe electron-phonon scattering
processes. The FWHM is defined as the profile of curves describing the dependence of the
absorption power on the phonon energy or frequency [8]. The FWHM has been measured in
various kinds of semiconductors, such as quantum wells [9], quantum wires [10], and quantum
dots [11]. These results show that the FWHM has a weak dependence on temperature and
has a strong dependence on the sample size. However, in these studies, the FWHM was
investigated based on the interaction of electrons and bulk phonons. In the case of confined
phonon, many works have been reported to clarify the effect of different phonon models on the
electron-phonon scattering rates [12], free carrier absorption [13], energy loss rate of hot electrons
[14], localized phonon-assisted cyclotron resonance [15], [16], self-energy of confined polaron
[17], electron-phonon interaction energies [18], optically detected electron-phonon resonance
[19], optically detected magneto-phonon resonance [20]. So that, the absorption FWHM in
a parabolic quantum well due to confined optical phonon-electron interaction has not been fully
considered in previously published reports. Recently, our group has proposed a method, called
the profile method. This method can be used to computationally obtain the FWHM from graphs
of the absorption power [21], we used this method to determine the cyclotron resonance FWHM
in cylindrical quantum wires [22], the effect of phonon confinement on the optically detected
electrophonon resonance FWHM in GaAs/AlAs quantum wires [23, 24], the effect of phonon
confinement on the optically detected magneto phonon resonance FWHM in quantum wells [20],
and the confine optical-phonon-assisted cyclotron resonance in quantum wells via two-photon
absorption process [25]. The study of two-photon absorption process has been admitted to be
important for in-depth understanding the transient response of semiconductors excited by an
electromagnetic field. Especially, in applied optics, two-photon absorption in semiconductors
has been suggested as a replacement nonlinear process for autocorrelation measurements [26].
Therefore, the two-photon absorption process has been examined in several works. Bristow et al.
[27] have measured the degenerate two-photon absorption and Kerr coefficient of bulk Si. The
linear and nonlinear optical response via two-photon absorption of asymmetric GaAs/GaAlAs
quantum wells [28], in multiple quantum wells [29], in a GaAs quantum wires [30], confined
optical-phonon-assisted cyclotron resonance in quantum wells via two-photon absorption process
[25], and in a GaAs/AlGaAs single quantum dot [31] have also been presented. However, the two-
photon absorption process by electrons scattered by confine phonons in a parabolic quantum
well has not been fully considered in previously published reports. So, the effect of phonon
confinement in a parabolic quantum well as well as multi-photon processes need to be considered.

In the present work, we investigate effect of confined phonons on the FWHM of the LODEPR
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and NLODEPR peaks in a parabolic GaAs quantum well. The dependence of the FWHM of the
LODEPR and NLODEPR peaks on the well’s confinement frequency and temperature of system
are obtained. The results of the present work are fairly different from the previous theoretical
results because the confine LO phonon described by Huang-Zhu model are considered detail, and
the results are compared with the corresponding calculations for bulk phonon model. The paper
is organized as follows. In Section 2, we introduce Huang-Zhu model of phonon confinement
in a parabolic quantum well. Calculations of analytical expression of the absorption power in
a parabolic quantum well due to confine and bulk LO phonon modes are presented in Section
3. The graphical dependence of the absorption power on the photon energy in the parabolic
GaAs quantum well is shown in Section 4. From this dependence, we obtain the dependence
of the FWHM of the LODEPR and NLODEPR peaks on temperature and well’s confinement
frequency for both bulk and confine phonon model. Finally, remarks and conclusions are shown
in Section 5.

2. Huang-Zhu model of phonon confinement in parabolic quantum well
We consider a single parabolic quantum well structure, the one-electron eigenfunction, |α〉 =
Ψk⊥,n, is given by [2]

Ψk⊥,n =
1√
LxLy

exp(i~k⊥~r⊥)ϕn(z), (1)

where Lx, Ly are specimen dimension in x, y-direction; ~k⊥ = (kx, ky) and ~r⊥ = (x, y) are the
wave vector and position vector of a conduction electron in the (x, y) plane, respectively; ϕn(z)
is the electron wave function in z-direction as determined by the parabolic potential V (z),
V (z) = m∗ω2

zz
2/2. The corresponding electron wave function and energy eigenvalues, E

n,~k⊥
are

given by [2]

ϕn(z) =
1√

2nn!
√
πaz

exp(− z2

2a2
z

)Hn(
z

az
), (2)

E
n,~k⊥

=
h̄2k2
⊥

2m∗
+ (n+

1

2
)h̄ωz, (3)

where n = 0, 1, 2, · · · is the electric subband quantum number; m∗ and ωz are the effective mass
of an electron and well’s confinement frequency, respectively. In this case ϕn(z) is given by [2]

ϕn(z) =
1√

2nn!
√
πaz

exp(− z2

2a2
z

)Hn(
z

az
), (4)

with az = (h̄/(m∗ωz))
1/2, and Hn are Hermite polynomials of order n.

The matrix element for electron-confined phonon interaction in parabolic quantum well in
the extreme quantum limits can be written as [32]

|〈i|He−ph|f〉|2 =
e2h̄ωLOχ

∗

2ε0V0
|V ν
mθ(q⊥)|2|Gν,mθni,nf

|2δ
kf⊥,k

i
⊥±q⊥

, (5)

where the overlap integral, Gmφni,nf , is given

Gmφni,nf =

∫ ∞
−∞

ϕ∗nf (z)umφ(z)ϕni(z)dz, (6)

where χ∗ = (χ−1
∞ − χ−1

0 ) with χ∞ and χ0 are the high and static-frequency dielectric constants,
respectively; ε0 is the vacuum dielectric constants, and V0 = SLz is the volume of the system;
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uHZmφ (z) is the parallel component of the displacement vector of m−th phonon mode in the
direction of the spatial confinement for the HZ model (HZ) [33]; φ are the even (−) and odd
(+) HZ model phonons. In the next section, we will use the HZ model to calculate the optical
absorption power in parabolic quantum well. For this model, uHZmφ (z), is given by

uHZm+(z) = sin (
µmπz

Lz
) +

cmz

Lz
, m = 3, 5, 7, · · · , (7)

uHZm−(z) = cos (
µmπz

Lz
)− (−1)m/2, m = 2, 4, 6, · · · , (8)

with µm are successive solutions of the equation

tan(
µmπ

2
) =

µmπ

2
, m− 1 < µm < m, (9)

and cm are given by

cm = −2 sin(
µmπ

2
). (10)

3. Analytical results for optical absorption power in a parabolic quantum well
Nonlinear absorption power with the HZ model of confined phonon in parabolic quantum well
can be written as follows:

PNLn(ω) =
E2

0

2
Re{σNLn(ω)}, (11)

where E0 and ω are amplitude and frequency of external electric field; Re{σNLn(ω)} is the real
part of the optical conductivity tensor, σNLn(ω), which is expressed in the lowest-order nonlinear
form by

σNLn(ω) = σij(ω) +
∑
k

σijk(ω)Ek(ω), (12)

where the Latin symbols i, j and k stand for x, y and z components of the Cartesian coordinates;
σij(ω) being the linear conductivity tensor; σijk(ω) being the component of the nonlinear
conductivity tensor.

From Eq. (12) we obtain

Re{σNLn(ω)} = Re{σzz(ω)}+Re{σzzz(ω)Ez(ω)}. (13)

In Eq. (13), the first and the second term correspond to the linear and nonlinear terms of
the conductivity tensor, given as follows, respectively; Ez(ω) being the component of external
electric field applied along the z-direction.

Re{σzz(ω)} = e
∑
α,β

(z)αβ(jz)βα
(fα − fβ)Bαβ

0 (ω)

(h̄ω − Eαβ)2 + [Bαβ
0 (ω)]2

, (14)

where e being the electric charge of electron,

Re{σzzz(ω)} = e2
∑
α,β

N0

{∑
γ(−N1)[(h̄ω − Eβα)B1(2ω) +B0(ω)(2h̄ω − Eβγ)]

+
∑
δN2[(h̄ω − Eβα)B2(2ω) +B0(ω)(2h̄ω − Eδα)]

}
, (15)

where

N0 =
(z)αβ(fβ − fα)

(h̄ω − Eβα)2 + [B0(ω)]2
, (16)
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N1 = − i(z)γα(jz)βγ
(2h̄ω − Eβγ)2 + [B1(2ω)]2

, (17)

N2 = − i(z)βδ(jz)δα
(2h̄ω − Eδα)2 + [B2(2ω)]2

, (18)

(z)αβ = az

(√
nβ + 1

2
δnα,nβ+1 +

√
nβ
2
δnα,nβ−1

)
δk⊥β ,k⊥α , (19)

(jz)βα =
ieh̄

m∗az

(√
nα
2
δnβ ,nα−1 −

√
nα + 1

2
δnβ ,nα+1

)
δk⊥β ,k⊥α , (20)

fα and fβ are the Fermi-Dirac distribution function of the electron at state |α〉 and |β〉,

Bαβ
0 (ω) = (21)

C0

∑
nη

∑
m,φ=±

{
2m∗k21+|G

HZ,mφ
nαnη |2

h̄2|k1+|(amφk21++
bmφ

L2
z

)
[(1 +Nq)fβ(1− fη,k1+)−Nqfη,k1+(1− fβ)]

+
2m∗k21−|G

HZ,mφ
nαnη |2

h̄2|k1−|(amφk21−+
bmφ

L2
z

)
[Nqfβ(1− fη,k1−)− (1 +Nq)fη,k1−(1− fβ)]

+
2m∗k22+|G

HZ,mφ
nβnη

|2

h̄2|k2+|(amφk22++
bmφ

L2
z

)
[(1 +Nq)fη,k2+(1− fα)−Nqfα(1− fη,k2+)]

+
2m∗k22−|G

HZ,mφ
nβnη

|2

h̄2|k2−|(amφk22−+
bmφ

L2
z

)
[Nqfη,k2−(1− fα)− (1 +Nq)fα(1− fη,k2−)]

}
, (22)

Bαβγ
1 (2ω) =

C0

∑
nη

∑
m,φ=±

{
2m∗k23+|G

HZ,mφ
nγnη |2

h̄2|k3+|(amφk23++
bmφ

L2
z

)
[Nqfη,k3+(1− fβ)− (1 +Nq)fβ(1− fη,k3+)]

+
2m∗k23+|G

HZ,mφ
nγnη |2

h̄2|k3+|(amφk23++
bmφ

L2
z

)
[(1 +Nq)fα(1− fη,k3+)−Nqfη,k3+(1− fα)]

+
2m∗k23−|G

HZ,mφ
nγnη |2

h̄2|k3−|(amφk23−+
bmφ

L2
z

)
[Nqfα(1− fη,k3−)− (1 +Nq)fη,k3−(1− fα)]

+
2m∗k23−|G

HZ,mφ
nγnη |2

h̄2|k3−|(amφk23−+
bmφ

L2
z

)
[(1 +Nq)fη,k3−(1− fβ)−Nqfβ(1− fη,k3−)]

+
2m∗k24−|G

HZ,mφ
nηnβ

|2

h̄2|k4−|(amφk24−+
bmφ

L2
z

)
[Nqfη,k4−(1− fα)− (1 +Nq)fα(1− fη,k4−)]

+
2m∗k24+|G

HZ,mφ
nηnβ

|2

h̄2|k4+|(amφk24++
bmφ

L2
z

)
[(1 +Nq)fη,k4+(1− fα)−Nqfα(1− fη,k4+)]

}
, (23)

Bαβδ
2 (2ω) =

C0

∑
nη

∑
m,φ=±

{
2m∗k25+|G

HZ,mφ
nηnδ

|2

h̄2|k5+|(amφk25++
bmφ

L2
z

)
[(1 +Nq)fη,k5+(1− fβ)−Nqfβ(1− fη,k5+)]
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+
2m∗k25+|G

HZ,mφ
nηnδ

|2

h̄2|k5+|(amφk25++
bmφ

L2
z

)
[Nqfα(1− fη,k5+)− (1 +Nq)fη,k5+(1− fα)]

+
2m∗k25−|G

HZ,mφ
nηnδ

|2

h̄2|k5−|(amφk25−+
bmφ

L2
z

)
[(1 +Nq)fα(1− fη,k5−)−Nqfη,k5−(1− fα)]

+
2m∗k25−|G

HZ,mφ
nηnδ

|2

h̄2|k5−|(amφk25−+
bmφ

L2
z

)
[Nqfη,k5−(1− fβ)− (1 +Nq)fβ(1− fη,k5−)]

+
2m∗k26−|G

HZ,mφ
nαnη |2

h̄2|k6−|(amφk26−+
bmφ

L2
z

)
[(1 +Nq)fη,k6−(1− fβ)−Nqfβ(1− fη,k6−)]

+
2m∗k26+|G

HZ,mφ
nαnη |2

h̄2|k6+|(amφk26++
bmφ

L2
z

)
[(1 +Nq)fβ(1− fη,k6+)−Nqfη,k6+(1− fβ)]

}
, (24)

with

C0 =
πe2h̄ωLOχ

∗

2ε0V0(fα − fβ)
, (25)

Nq is the Planck distribution function for a confined phonon at the state |q〉 = |m, q⊥〉,

k1± = { − 2m∗

h̄2 [(nη − nβ)h̄ωz + h̄ω ± h̄ωm,q⊥LO ]}1/2,

k2± = {2m∗

h̄2 [(nα − nη)h̄ωz + h̄ω ± h̄ωm,q⊥LO ]}1/2,

k3± = {2m∗

h̄2 [(nβ − nη)h̄ωz − 2h̄ω ∓ h̄ωm,q⊥LO ]}1/2,

k4± = {2m∗

h̄2 [(nγ − nη)h̄ωz + 2h̄ω ± h̄ωm,q⊥LO ]}1/2,

k5± = {2m∗

h̄2 [(nα − nη)h̄ωz + 2h̄ω ± h̄ωm,q⊥LO ]}1/2,

k6± = {2m∗

h̄2 [(nδ − nη)h̄ωz − 2h̄ω ∓ h̄ωm,q⊥LO ]}1/2.

4. Numerical results and Discussion
To clarify the obtained results we numerically evaluate the absorption power, P (ω), for a specific
GaAs/AlAs parabolic quantum well. The absorption power is considered to be a function of
the photon energy. The parameters used in our computational evaluation are as follows [34]:
χ∞ = 10.9, χ0 = 12.9,m∗ = 0.067×m0 (m0 being the mass of free electron), h̄ω0 = 36.25 meV,
E0 = 5.0 × 106 Vm−1. The following conclusions are obtained in the extreme quantum limit,
and assuming that only the lowest subbands are occupied by the electrons: nα = 1, nβ = 2 for
confined electron.

Fig. 1a) shows the dependence of the nonlinear absorption power on the photon energy for
bulk phonons (solid curve), confined phonons described by the HZ model (dashed curve). The
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Figure 1. a) Dependence of the nonlinear absorption power in a parabolic quantum well on the
photon energy for two different models of phonon: bulk phonons (the solid curve) and confined
phonons (the dashed curve). Here, T = 300 K, and ωz = 0.6ωLO. Fig. b) is at the 2c peak
(nonlinear) and 1c peak (linear) in Fig. a).

result is calculated for a parabolic quantum well, at T = 300 K and ωz = 0.6ωLO. There are six
peaks in each curve:

- The first peak (2a) correspond to the value h̄ω = 10.875 meV, which satisfies the condition
2h̄ω = Eβ − Eα. This condition implies that an electron in the nα = 0 can move to nβ = 1 by
absorbing two photons with energy h̄ω. This is the condition for direct transitions.

- The second peak (2b) correspond to the value h̄ω = 18.125 meV, which satisfies the condition
2h̄ω = h̄ωLO. This condition implies that nα = nβ. This is the condition for intrasubband
transitions.

- The third peak (1a) correspond to the value h̄ω = 21.75 meV, which satisfies the condition
h̄ω = Eβ − Eα. This condition implies that an electron in the nα = 0 can move to nβ = 1 by
absorbing a photon with energy h̄ω. This is the condition for direct transitions.

- The forth peak (2c) correspond to the value h̄ω = 29.00 meV, which satisfies the condition
2h̄ω = Eβ − Eα + h̄ωLO. This condition implies that an electron in the nα = 0 can move to
nβ = 1 by absorbing two photons with energy h̄ω along with emitting a phonon with the energy
h̄ωLO. This is the condition for nonlinear optically detected electrophonon resonance.

- The fifth peak (1b) correspond to the value h̄ω = 36.25 meV, which satisfies the condition
h̄ω = h̄ωLO. This condition implies that nα = nβ. This is the condition for intrasubband
transitions.

- The sixth peak (1c) correspond to the value h̄ω = 58.00 meV, which satisfies the condition
h̄ω = Eβ − Eα + h̄ωLO. This condition implies that an electron in the nα = 0 can move to
nβ = 1 by absorbing a photon with energy h̄ω along with emitting a phonon with the energy
h̄ωLO. This is the condition for optically detected electrophonon resonance.

The third (1a), fifth (1b), sixth (1c) peaks correspond to the one-photon (linear) absorption
processes. The other peaks correspond to the two-photon (nonlinear) absorption processes.

Fig. 1b) shows that the dependence of the nonlinear absorption power in a parabolic quantum
well on the photon energy for two different models of phonon at the 2c peak (nonlinear) and 1c
peak (linear) in 1a): bulk phonons (the solid curve) and confined phonons (the dashed curve).

Fig. 3 shows that the FWHM of the LODEPR and NLODEPR peaks increases with increasing
temperature in both models of phonon. This can interpret that at high temperatures the quantity
of LO-phonons linear increase with increasing temperature (Nq ∼ kBT/h̄ωLO) and the electron-
optical phonon interaction is dominant. Thus, when the temperature increases as the increasing
FWHM, because FWHM is proportional to the possibility of electrophonon scattering. This is
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Figure 2. Dependence of the nonlinear absorption power in a parabolic quantum well on the
photon energy for two different models of phonon with different values of temperature at the
linear peak (Fig. a)) and nonlinear peak (Fig. b)).
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Figure 3. Dependence of the FWHM of the LODEPR and NLODEPR peaks on the
temperature for two different models of phonon. The filled triangles and filled circles curves
correspond to the case of bulk phonons and confined phonons for the linear absorption processes,
respectively; the filled rectangles and filled squares curves correspond to the case of bulk phonons
and confined phonons for the nonlinear absorption processes, respectively. Here, ωz = 0.6ωLO.

also seen the FWHM of the LODEPR and NLODEPR peaks in the case of confined phonons
varies faster and has a larger value than the bulk one. This is because when phonons are confined
the probability electron-phonon scattering is increased. Beside, the FWHM of the NLODEPR
peak is about one order of value smaller than the linear one. This result can interpret that the
contribution of two photons absorption processes to the optical absorption probability in the
system is smaller than one photon absorption processes.

Fig. 4b) shows that the FWHM of the LODEPR and NLODEPR peaks increases with
increasing well’s confinement frequency for both models of the phonon. This can interpret
that when the well’s confinement frequency increases as the increasing possibility of the electron-
phonon scattering, because FWHM is proportional to the possibility of electrophonon scattering.
Furthermore, the FWHM of the LODEPR and NLODEPR peaks for the confined phonon case
varies faster and has a larger value than it does for the bulk phonon case, and when ωz/ωLO > 0.2,
the effect of confined phonon is important in study the FWHM. Physically, this is reasonable
because when phonons are confined the probability electron-phonon scattering is increased.
Furthermore, the FWHM of the NLODEPR peak is about one order of value smaller than the
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Figure 4. a) Dependence of the nonlinear absorption power in a parabolic quantum well on the
photon energy with different values of the well’s confinement frequency for confined phonon.
b) Dependence of the FWHM of the LODEPR and NLODEPR peaks on the well’s confinement
frequency for two different models of phonon. The filled triangles and filled circles curves
correspond to the case of bulk phonons and confined phonons for the linear absorption processes,
respectively; the filled rectangles and filled squares curves correspond to the case of bulk phonons
and confined phonons for the nonlinear absorption processes, respectively. Here, T = 300 K.

linear one. This result can interpret that the contribution of two photons absorption processes to
the optical absorption probability in the system is smaller than one photon absorption processes.
In addition, in the large range of the confinement frequency, the effect of phonons confinement
play an important role and cannot be neglected in study the FWHM of the LODEPR and
NLODEPR peaks.

5. Conclusions
We have calculated analytical expressions for the nonlinear absorption power in parabolic GaAs
quantum well due to confined electrons and confined LO-phonons interaction. From the graphs of
the nonlinear absorption power, we obtained the FWHM of the LODEPR and NLODEPR peaks
as a profile of curves. Computational results show that in the cases of both bulk and confined
phonons, the FWHM of the LODEPR and NLODEPR peaks increases with temperature and
confinement frequency. Furthermore, the FWHM of the LODEPR and NLODEPR peaks for
the confined phonon case has a larger value and varies faster than it does for the bulk phonon
case when temperature and well’s confinement frequency increase. In addition, the FWHM of
the NLODEPR peak is about one order of value smaller than the linear one. Thus, in the large
range of the confinement frequency (ωz/ωLO > 0.2), the effect of phonon confinement plays an
important role and cannot be neglected in reaching the FWHM of the LODEPR and NLODEPR
peaks. This results is the same as that obtained in a two-dimensional system of other studies
which is verified by theory [12] and experiments [35].
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