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A B S T R A C T

We investigate the combined effects of hydrostatic pressure, Al-concentration, temperature, and
well-width parameter on the magneto-optical absorption properties (MOAPs) of a hyperbolic-
type quantum well (HTQW). The results covered all possible processes: both phonon absorption
and emission as well as both one- and two-photon. Our results show that the MOAPs of the
HTQW significantly depend on the pressure, the Al-concentration, the temperature, and the well-
width. We also suggest two new expressions for the dependence of the full-width at half-max-
imum on the pressure and concentration which need an experimental study to evaluate their
validity. Our study provides a systematic results of the combined effects of pressure, Al-con-
centration, temperature, electron-phonon scattering, and the two-photon absorption on the
nonlinear optical properties of such two-dimensional semiconductors, which would be useful for
the applications in photonic devices.

1. Introduction

Nonlinear optical absorption properties (NOAP) of low-dimensional systems, including the magneto-optical absorption properties
(MOAPs), are the most widely studied phenomena over the past few decades. Interest in NOAP originates in their potential appli-
cations in electro-optical modulators [1], from mid-infrared to the submillimeter laser amplifiers [2], and infrared photo-detectors
[3,4]. The nonlinear magneto-optical response is demonstrated to be strongly influenced by the quantum well states [5]. The optical
absorption coefficients (OAC) and refractive index changes (RIC) have been studied in wide range such as in spherical quantum dots
[6,7], spherical dome shells [8], quantum rings [9], double quantum wells [10], cylindrical quantum well wire [11], and quantum
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wells [12–14]. Results show that the OAC and the RIC in these semiconductor systems significantly depend on the geometric structure
of the system, the temperature, and the applied external electric and magnetic fields.

The two-photon absorption (2PA) is one unique type of the nonlinear processes. Since 2PA measurements can provide new
information on the electronic states in semiconducting materials [15], study about the 2PA helps us to deeply understand the nature
of nonlinear processes in both theory and experiment [16]. That is the reason why it is one of the most attractive subjects in recent
years. Shimizu et al. [17] developed a general theory for 2PA spectra, which can be applied for semiconductors with an arbitrary
dimension. Recently, when calculating the 2PA transition energy and oscillator strength in PbS quantum dots (QDs) Padilha et al.
[18] demonstrated that the 2PA process increases with increasing quantum confinement because of the special band structure of PbS.
The 2PA induced photoluminescence in CsPbBr3 QDs has also been investigated at a wide range of temperature [19]. Spector [20]
presented theoretical of 2PA for quasi-one and two-dimensional quantum-well structures and found that the absorption coefficient in
these systems is larger than that in the bulk materials. The 2PA is also widely investigated in QDs with different materials [21–25]
and in quantum wells [26]. In a previous work [27], we investigated the MOAPs in a hyperbolic-type quantum well (HTQW) excited
by the 2PA process. The effects of temperature, magnetic field, and the well-width on the magneto-optical absorption coefficient
(MOAC) and the full-width at half-maximum (FWHM) were studied. However, how the combined effects of the pressure, tempera-
ture, and Al-concentration on the MOAC and the FWHM in HTQW perform still remains unclear.

Because of their direct influence on the basic parameters in GaAs/GaAlAs low-dimensional systems such as the confining potential
[28–30], the electron effective mass [31–33], the dielectric constants [34–39], and the Γ− X mixing phenomenon [31,40–42], the
combined effects of hydrostatic pressure, Al-concentration, and temperature directly affect the electronic and therefore the optical
properties. The hydrostatic pressure dependent OAC and RIC in a quantum well with different well-shapes have been studied by
Ozturk and Sökmen [28]. Welber et al. [29] investigated the effect of these parameters on the direct energy gap of GaAs semi-
conductor. A combined effect of these parameters on the g-factor [31,32] in quantum wells has also been investigated. For the optical
properties, a simultaneous effect of the pressure, the concentration, and the temperature on the linear and nonlinear OACs has been
studied widely in quantum rings [9,33], in QDs [36,43], and in quantum wells [38,44–46]. However, these combined effects on the
nonlinear MOAPs of the HTQW are still open.

In this work, we will focus on the combined-effect of these parameters on the linear and nonlinear MOAPs of an HTQW. The 2PA
and the electron-longitude optical (LO) phonon scattering have been taken into account. The MOAPs are studied via surveying the
MOAC and the FWHM. Our study provides a systematic result of the combined effects of hydrostatic pressure, Al-concentration,
temperature, electron–phonon scattering, and the 2PA process on the optical properties of such two-dimensional semiconductors.

2. Theoretical framework

2.1. Basic formalism

We start with the Al-concentration (s), hydrostatic pressure (P), and temperature (T) dependent confining potential in the z-
direction of a GaAs/Ga1−sAlsAs HTQW, which is given as follows [47,48]
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where η is a parameter controlling the well-width, s is the Al-concentration in the barrier material, and [28–30]
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Here Qc=0.6 is the fraction of the band gap discontinuity [31], and
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In this equation, E s P T( , , )g
i is the conduction band energy gap function at i-point (i= Γ, X), which is read as follows
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where the values of these parameters are listed in Table 1 of Ref. [45]. The quantity S0= 250meV is a fitted parameter [40]. The
quantities P1= P1(s, T) and P2= P2(s, T), respectively, are the cross-over pressure between E s P T( , , )g

X and E s P T( , , )g
Γ and between

E s P T( , , )g
X and E P T(0, , )g

Γ . For example, at s=0.3 and T=77 K, the corresponding values of P1(s, T) and P2(s, T) are 9.1 kbar and
44.6 kbar, respectively.

In the effective mass approximation, the Hamiltonian of an electron in an HTQW under the above-cited parameters and in the
presence of a uniform magnetic field B=(0, 0, B) is given by
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where p and e are, respectively, the momentum operator and the absolute charge of a conduction electron, and A=(0, Bx, 0) is the
vector potential in the symmetric gauge. The expression of P- and T-dependent electron effective mass m*(s, P, T) is given as follows
[31–33]
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where me being the free electron mass, Λ(s)= (28900− 6290s) meV is the inter-band matrix element, Δ(s)= (341− 66s) meV is the
valence-band spin-orbit splitting, and δ(s)=−3.935+ 0.488s+4.938s2 is a parameter associated with the remote-band effects. The
electron eigenfunctions and eigenvalues are [49]
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Here, N denotes the Landau level (LL)-index, ψN(x− x0) is the Nth normalized harmonic-oscillator function centered at = −x α kc y0
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1/2 being the magnetic length and ωc= eB/m*(s, P, T); ky and Ly are the y-direction electron wave vector

and normalized length, respectively. The components of the wave-functions in the z-direction and the eigenvalues are [47,48]
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where n=0, 1, 2, …, is the electronic subband index, =β m s P T U s P T η[ * ( , , ) ( , , )/2ℏ ]0
2 2 1/2 which has the unit of m−2,

= +α η β(16 1) /24 2 1/2 being a dimensionless quantity, and 1F1 refer to the confluent hypergeometric functions. A0= 2α/2+1β(α+1)/2/
(Γ(α+1))1/2 and A1=A0(α+1)1/2 are the normalization constants for the two first states.

2.2. The magneto-optical absorption coefficient

In order to study the MOAPs of the HTQW, one needs to have the expression of the MOAC, which is expressed as [50]
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where V0 is the volume of the system, I0 is the optical intensity, ℏΩ is the photon energy, and fλ= fN,n ( =″ ″ ″f fλ N n, ) is the electron
distribution function for the initial (final) state. The transition matrix element per unit area for the three particles interaction
(electron, photon, phonon) is given as follows by the Born's second-order golden rule [51], including the k-photon absorption process
[52,53]
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where λ′ is an intermediate/virtual state, the upper (plus) and lower (minus) signs stand for, respectively, the emission and ab-
sorption of a LO-phonon of wave vector q=(q⊥, qz) and of energy ℏω0, and α0 is the dressing parameter. Eq. (13) describes the
transition of an electron between the initial state λ and the final state λ″ occurring first by absorption k-photons of energy ℏΩ to
transfer from state λ to state λ′ and then the subsequent absorption (minus sign) or emission (plus sign) of a LO-phonon of energy ℏω0

to transfer to state λ″.
The matrix element for the electron-phonon scattering is expressed by [54]
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with = ⊥u α q /2c
2 2 and ′

″− ′L u( )N
N N being the associated Laguerre polynomials where N″≥N′, and ϵ0 is the permittivity of the vacuum.

The quantity χ*(s, P, T) is defined as follows
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where χ∞(s, P, T) and χ0(s, P, T) are the P-, s-, and T-dependent high- and low-frequency dielectric constants, respectively. They are
given by χ∞(s, P, T)= 10.89− 2.73s and χ0(s, P, T)= χ0(0, P, T)− 3.12s [34,35], where the P- and T-dependent low-frequency
dielectric constant is [36–39]
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with σ1= 12.47, σ2= 13.18, μ=1.73× 10−3 kbar−1, ν1= 9.4×10−5 K−1, ν2= 20.4×10−5 K−1, T1= 75.6 K, and T2= 300 K.
The matrix element for electron-photon interaction is [55]
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where n is the polarized vector of the electromagnetic radiation, which is assumed to be linearly polarized along the x-axis, and
� = 〈 ′ 〉′ λ λr| |λ λ, , with r being the position vector.

After making the necessary calculations we obtain the following expression for the MOAC
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with c being the speed of light, n0 being the refractive index, = −″ ″E E EΔ N n N n, , being the energy separation, and = + ±±N N 0.5 0.5ω ω
with = − −[ ]N e 1ω

ω k Tℏ / 1B0 being the Bose distribution function in which ℏω0= (36.25+ 1.83s+17.12s2− 5.11s3) meV is the LO-
phonon energy [34].

3. Discussion of results

For the numerical evaluation, we use the following characteristics: ne=3×1016 cm−3, n0= 3.2, α0= 7.5 nm, and B=10 T
[27,34,44,56]. The following results are calculated in the extreme quantum limit, i.e., we only study the transition from the initial
state with N=0 and n=0 to the final state with N″=1 and n″=1.

Fig. 1(a) shows the energy separation as a function of hydrostatic pressure for two distinct values of the Al-concentration, the
temperature, and the η-well-width parameter. The solid (black) curve is plotted at s=0.3, T=77 K, and η=10 nm, while for the
other curves, there is only one quantity changed in compared to the solid one. For example, for the dashed (blue) curve, only the
temperature is changed to T=300 K while all other parameters are kept fixed. The energy separation is shown as a decreasing
function of the pressure but with different rates: the energy separation lessens gradually in the range of P < P1 and then ΔE quickly
drops when the pressure passes over the folding point P1 and keeps decreasing. This behavior of the ΔE is in agreement with that
reported in quantum rings [33] as well as in quantum wells [28,45], and can be explained as follows. We can see from Eq. (9)
including Eq. (11) that the energy separation depends on the pressure through the confining potential U0(s, P, T) and the electron
effective mass m*(s, P, T). In the range of P < P1, the confining potential is unchanged. Therefore, for the given parameters, the
reduction with pressure of energy separation is mainly the result of effective mass increasing. In the range of P1 < P≤ P2, the
increase of the electron effective mass still keeps reducing the energy separation, but the ΔE is now additionally dropped by the
reduction of the confining potential when the pressure increases. Consequently, the energy separation drops quickly with the
pressure. Besides, the discontinuity of the energy separation comes from the discontinuity of the confining potential U0(s, P, T) with
the pressure (see Eq. (2)). The interrupt point occurs at P= P1(s, T) which is independent from the η-parameter but shifts to the
higher pressure region with the increase of the temperature and with the decrease of the concentration. In addition, we also see from
Fig. 1(a) that the energy separation rises with temperature but reduces with η-parameter. The enhancement of the ΔE with Al-
concentration is shown more clearly in Fig. 1(b).

The variation of the energy separation as functions of the concentration, s, for two fixed values of T, η, P is shown in Fig. 1(b). We
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can see that the energy separation increases nonlinearly with Al-concentration, which is opposite to that in quantum rings [33] and in
quantum wells [46,57], but is in agreement with that in other types of quantum wells [28,45]. With the increase of Al-concentration,
there is a rivalry between the two processes: the enhancement of electron effective mass m*(s, P, T) leads to the decrease of energy
separation, while the increase of confining potential U0(s, P, T) results in the increase of the ΔE. This result reveals that the effect of
the increase of confinement potential on the behavior of the energy separation is dominant in comparison with the effect of the
decrease of the electron effective mass.

Fig. 2(a) shows the ℏΩ-dependence of the MOAC for three different values of pressure. Four resonant peaks in each curve are
labeled consecutively from “(1)” to “(4)” for P=10 kbar (black solid curve), for example. These peaks are generated by the resonant

Fig. 1. Hydrostatic pressure (a) and Al-concentration (b) dependence of energy separation, ΔE. In each panel four setups of the parameters have
been considered.

Fig. 2. Photon energy dependence of the MOAC for different values of hydrostatic pressure (a), Al-concentration (b), temperature (c), and η-
parameter (d). The inset shows the P-dependencies of the higher-energy-peak position (the peak labeled by (4) in black curve) and the factor D (right
vertical axis).
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transition of electrons between the initial state and the final state by absorbing one- (k=1) or two-photon (k=2) followed by the
absorption or the emission of one LO-phonon, which satisfies the resonance conditions

= ± =k E ω kℏΩ Δ ℏ , 1, 2.0 (27)

In Fig. 2(a), the peaks “(1)” and “(3)” describe the phonon absorption [corresponding the minus sign in Eq. (27)] while the peaks
“(2)” and “(4)” describe the phonon emission [corresponding the plus sign in Eq. (27)]. The intensities of peaks “(2)” and “(4)” are
much more than those of peaks “(1)” and “(3)”. This implies that the phonon emission process is dominant in comparison with the
phonon absorption. Besides, the result also reveals that the intensities due to the 2PA process (peaks “(1)” and “(3)”) are smaller but
comparable to those of the one-photon ones (peaks “(2)” and “(4)”). The values of the 2PA-peaks (in the case of P=10 kbar, for
example) are about 46% and 50% of those of the one-photon peaks for the phonon emission and the phonon absorption, respectively.
These rates are equivalent to those reported in a special symmetric quantum well [58], which suggest that the 2PA process has a
significant contribution to the total process and should not be ignored in inquiring the optical properties of such two-dimensional
quantum wells.

For the influence of the hydrostatic pressure on the MOAC, we can see from Fig. 2(a) that the raise of pressure pushes the peak
positions to the lower energy region (red-shift) and makes the change in peak values. The red-shift behavior is clearly illustrated in
the inset, which shows that the peak positions reduce with the increasing pressure. Note that the peak positions are determined by Eq.
(27). Because the phonon energy is independent from the pressure, the effect of pressure on the peak positions is totally through the
energy separation ΔE. Therefore, the red-shift behavior is the result of the reducing ΔE when the pressure increases as shown in
Fig. 1(a). This result is in good agreement with that reported in a square quantum well [45]. Now we turn our attention to discuss the
influence of the pressure on the peak values. We can see that the pressure dependence of the peak values is non-monotonic, which
results from the dependence of the factor D on the pressure as shown clearly in the inset. With the increase of pressure, the D-factor
first increases, reaches its maximum at P=17.03 kbar, and then begins to drop quickly with increasing pressure.

In Fig. 2(b) we show the ℏΩ-dependent MOAC for different values of s-parameter. The result shows that with the increase of Al-
concentration the MOAC reduces in the intensity and shifts their peak positions to the higher energy side (blue-shift), agreeing with
previous study [45]. We can see from Eq. (27) that the peak positions are determined by the energy separation and the phonon
energy. Since both the ΔE and ℏω0 increase with the concentration, the blue-shift behavior of the peaks due to phonon absorption is
clear. For the peaks due to phonon emission, there is a competition between ΔE and ℏω0 when the concentration increases. The blue-
shift behavior of these peaks reveals that the increase of the energy separation is dominant in comparison with that of the LO-phonon
energy. For the peaks intensity, note that the peaks intensity is proportional with the factor D. It can be seen from the inset that when
the concentration increases, the factor D increases first, reaches its maximum value at s=0.21 and then begins to decrease with
increasing concentration. This result explains the reduction of the peaks value when the concentration increases from s=0.2 to 0.4
as shown in Fig. 2(b).

To study the temperature influence on magneto-optical properties of the HTQW, in Fig. 2(c) we show the ℏΩ dependent MOAC for
different values of T. Unlike in previous work [27], in the present work, the temperature affects either the peak positions or the peak
values. It is seen that when the temperature increases a slight blue-shift in the position is found but the change of the peak intensity
due to phonon emission is non-monotonic. The peak intensity first decreases, reaching its minimum value at T=200 K, and then
begins to bounce increasing with the increase in temperature. The slight blue-shift behavior is cause of the slight increase of the ΔE
with temperature [see Fig. 1(a) and (b)]. Meanwhile, the change peak intensity is illustrated by the change of D-factor with the
temperature as shown in the inset. In addition, in comparison with the phonon emission peaks, the temperature effect on the phonon
absorption ones is much stronger, which is consistent with previous works [27,58].

In Fig. 2(d), we show the ℏΩ-dependent MOAC for different values of η-parameter. The result showed that when the value of the η-
parameter is large the MOAC peaks shift to the lower energies region and their intensities show a non-monotonic behavior: first
increase and then decrease with the η-parameter. The red-shift trend results from the decrease of the ΔE with the η-parameter as
shown in Fig. 1(a) and (b). This trend is also clearly illustrated in the inset where a reduction behavior of the peak positions with the
increase of the η-parameter is observed. Meanwhile, since the peak intensities are associated with the D-factor. It is seen from the
inset that when the η-parameter increase the D-factor first increases, reaching its maximum values at η=12.09 nm, and then reduces
with the further increase of η. This feature of the peak intensities is different from that reported in previous work [27]. From the
results in Fig. 2 we can conclude that the characteristics of the resonant peaks are changed significantly by including the effects of
pressure, concentration, and temperature.

In Fig. 3 we present our results for the FWHM corresponding to the peaks obtained in Fig. 2. Each panel in Fig. 3 has the same
parameters as the corresponding panel in Fig. 2. The P-dependent FWHM is shown in Fig. 3(a). Unlike in the previous works
[45,46,57], where only the phonon emission process is studied, the results in present study cover all possible processes: both phonon
absorption and emission as well as both one- and two-photon. In all four cases, the FWHM dresses as a monotonically decreasing
function of pressure. This reveals that when the pressure increases the electron-phonon interaction decreases. This result comes from
the fact that with the increase of the pressure the well-shape becomes broader, leading to the reduction of the quantum confinement
effect, and so does the electron–phonon interaction. Since till P=30 kbar the size of quantum wells changes less than 1%, the size of
the quantum well does not depend on the hydrostatic pressure, therefore, in this work, we are not considering the fractional change of
the volume with the hydrostatic pressure.

The P-dependent FWHM can be quantitatively analysed by using a fitted expression as follows

= + +P α β P γ PFWHM( ) ,P P P
2 (28)
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where αP, βP, and γP are the fitted parameters obtained from a fit of the FWHM to each line in Fig. 3(a) using Eq. (28). The result of
these fitted parameters is indicated in the Table 1, and the fitted results from Eq. (28) are displayed by the red solid curves in
Fig. 3(a). The perfect fit between them means that the nonlinear fit in Eq. (28) is a good expression to describe the dependence of the
FWHM on the pressure. Although there is currently no experimental data to support this prediction, we hope that this result would be
verified by an experimental study in the future.

Besides the cause of the reduction in the intensity and the blue-shift behavior of the absorption peak, the increase of concentration
is also the cause of the enhancement of the FWHM. Fig. 3(b) displays the dependence of the FWHM on the concentration for
altogether four processes. It is observed that the FWHM increases with the concentration for all processes. This implies that the higher
concentration is the stronger the electron-phonon interaction is. In addition, we can see that the values of FWHM in the present work
is bigger than those in other types of quantum well [45,46,57]. To have a more accurate result we suggest an analytic expression
describing the concentration dependence of the FWHM as follows

= + +s α β s γ sFWHM( ) ,s s s
2 (29)

where αs, βs, and γs are the fitted parameters whose values are listed in the Tab. 1 . A fitting result is illustrated by the solid lines in
Fig. 3(b). The good fit between them shows that Eq. (29) is a sufficient expression to describe the dependence of the FWHM on the
concentration and it is needed to test by experimental work in the future.

In Fig. 3(c), we depict the temperature dependent FWHM for all four processes. The FWHM is observed to increase with the
increase in temperature but with different rules for different phonon processes. In the case of phonon emission, the FWHM is
proportional to Nω while a Nω

1/2-dependent rule of the FWHM is found in the case of phonon absorption. It can be seen from Fig. 3(c),
FWHM broadens monotonously with the increase of temperature, which can be frequently described using the following expression

= +T α β NFWHM( ) ,T T ω (30)

where the fitted parameters αT and βT stand for the balanced and thermal broadening parts of FWHM, respectively [59–61]. In the

Fig. 3. Dependence of FWHM on hydrostatic pressure (a), Al-concentration (b), temperature (d), and η-parameter (d). The full and empty symbols,
respectively, refer to the one- and two-photon resonances. Squares and circles are for phonon emission and absorption, respectively.

Table 1
The fitted results of parameters αi, βi and γi (i= P, s).

Parameters Line Line Line Line

αP (meV) 23.47 5.86 1.75 0.44
βP (meV kbar−1) −0.098 −0.025 −0.007 −0.002
γP (meV kbar−2) −0.003 −0.001 −0.0002 −0.0001
αs (meV) 16.33 4.07 1.05 0.26
βs (meV) 27.09 6.78 2.45 0.61
γs (meV) −24.10 −6.04 −1.37 −0.34
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case of phonon absorption, the corresponding expression is =T γ NFWHM( ) T ω
1/2. The fitted results for αT, βT, and γT are listed in

Table 2 and performed in Fig. 3(c) by the red solid curves, which fit well with the FWHM data obtained from the numerical
calculations (square and circle dots). The obtained values here of the fitted parameters are changed completely in comparison with
those reported in the previous work [27] where the effects of the pressure and the concentration are neglected. While stable parts, αT,
here are somewhat smaller, the thermal broadening parts, βT, are larger than those of previous work [27]. This complex result comes
from the opposite effect of the pressure and the concentration: while the increase of the pressure results in a decrease of the FWHM
[see Fig. 3(a)], the enhanced concentration is the cause of a reverse trend of the FWHM [see Fig. 3(b)].

Finally, the variation of the FWHM with the η-parameter for certain values of P, T, and s is presented in Fig. 3(d). The FWHM is
found to decrease with the increase of the η-parameter, being in agreement with previous finding [27]. Since the η-parameter stands
for the quantum well-width, the reduction of the FWHMmeans that the probability of electron-phonon interaction decreases with the
well-width. The η-dependent FWHM can be read

= + + −η α β η γ ηFWHM( ) ,η η η
1 (31)

where the η-parameter is measured in the unit of nm, αη, βη, and γη are the fitted parameters. The fitted results in Eq. (31) with the
fitted parameters listed in Table 2 are presented in Fig. 3(d) by the red solid curves. We can see that Eq. (31) is a good expression to
describe the η-dependence of the FWHM. Unfortunately, there are currently not any experimental data to support this suggestion. We
hope that this result would be verified in the near future.

4. Conclusion

We have discussed theoretically the effects of the hydrostatic pressure, Al-concentration, and temperature on the MOAPs of the
HTQW by studying the MOAC and the FWHM. Our results cover four possible processes: both phonon absorption and emission as well
as both one- and two-photon. The results showed that the MOAPs of the HTQW significantly depend on the hydrostatic pressure, the
Al-concentration, the temperature, and the η-parameter. (i) The increased pressure leads to the decrease of the energy separation, the
red-shift behavior of the MOAC peaks, and the reduction of the FWHM. (ii) When the Al-concentration increases, the energy se-
paration increases, the MOAC peaks show a blue-shift and a reduction in the intensity, and the FWHM is enhanced. (iii) The increased
temperature results in the slight enhancement of the energy separation, leading to a slight blue-shift of the MOAC peaks, and the
increase of the FWHM. The influence of the temperature on the resonant peak intensity is non-monotonic: lower temperature values
induce a reduction while for higher temperature values the peak intensity is enhanced. (iv) The increase of the η-parameter leads to
the red-shift of the MOAC peaks and the drop of the FWHM.

We also found that the phonon emission process occurs stronger than that of the phonon absorption especially in the range of
lower temperatures. At the room-temperature, the phonon absorption process is still weaker but almost asymptotic to the emission
one. In both cases of phonon processes, the two-photon absorption is always weaker but comparable with the one-photon absorption.
In addition, we also found two analytical expressions for the dependence of the FWHM on the hydrostatic pressure and the Al-
concentration as shown in Eqs. (28) and (29). These results are new and need an experimental study to examine their validity in the
future.
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