Optimality conditions for non-Lipschitz vector
problems with inclusion constraints
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Abstract. We use the concept of approximation introduced by D.T Luc et al. [1] as
generalized derivative for non-Lipschitz vector functions to consider vector problems
with non-Lipschitz data under inclusion constraints. Some calculus of approximations
are presented. A necessary optimality condition, type of KKT condition, for local
efficient solutions of the problems is established under an assumption on regularity.
Applications and numerical examples are also given.
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1 Introduction

Several problems in optimization, variational analysis and other fields of mathematics
concern generalized equations of the form

0€ F(z), (1)

where F' : X =2 Y is a set-valued map and X,Y are normed spaces. For instant, a
inclusion constraint of the form

g(z) € K, (2)
where g : X =Y and K C Y , can be rewritten as (1) if we set

A more typical example is a constraint system of equalities/inequalities

{gi(x)gO, 1=1,...,n.

where g;, h; : X — R. We can rewrite (3) as (1) by setting

g = (917"'7gn7h'17"' 7hk)

K = Ri X {ORk}

F(z) :=g(x) + K.
Vector optimization problems with inclusion constraint (1) have been studied by sev-
eral authors (see, [5], [2], [3], [6]). In [5 ], objective functions are assumed locally

Lipschitz. Second order optimality conditions are considered in [2], [3], [6].
In this paper we consider the vector problem

min f(x) s.t. 0 € F(z), (P)
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where f : X — R™ is a non-Lipschitz vector function. We shall use the concept of
approximation introduced in [1] as generalized derivatives to investigate the problem.
In the next section we recall some properties of locally Lipschitz set-valued maps. The
definition and some calculus of approximation are presented in Section 3. Section 4
is devoted for establishing a necessary optimality condition, type of KKT’s condition,
for local efficient solution to (P). Applications and examples are also given.

Let X be a normed space and let A C X. We denote by Bx, Sx, clA4, coA the
closed unit ball in X, the unit sphere in X, the closure of A and the convex hull of
A, respectively.

2 Preliminaries

In this section we assume that X,Y are Hilbert spaces and F' : X = Y is a locally
Lipschitz set-valued map with nonempty, closed and convex values. We recall that F’
is said to be locally Lipschitz at £ € X if there exist a neighborhood U of Z and a
positive number « satisfying

F(ml) C F(l‘z) + CYBy(O, ||£L’1 — LL’QH)7 Vaqi,zo € U.

The distant function of F' is defined by
di(@) = inf{lly] : y € F()}, Ve € X.

It is a continuous function since F' is locally Lipschitz. Let x € X be arbitrary. Set

Yp(z) :={y" €Y":| sup (y",y) < +oo}

yEF (x)
Yii={y eY*:| sup (y,y) < +o0, Vo € X},
YyEF ()

where Y is the topological dual space of Y.

Lemma 2.1 Y;(z) is not depend on z.

Proof. Let x € X be arbitrary. Set
S:={r'eX : Yi)=Yi(2)}

We note that in a Hilbert space the image of any ball under a continuous linear
functional is bounded. Then S is open since F' is locally Lipschitz. Also by the
locally Lipschitz assumption of F', every cluster point of S is contained in S. Hence
S is closed. Obviously S # (. Hence, S = X since every normed space is connected.
]

So we have Y7 = Yji(x), Vo € X. Note that Y}} is a convex cone. For y* € Y},
define a support function of F' by the rule

Cr(y*,z) :== sup (y*,y), Ve € X.
yEF ()

Since F' is locally Lipschitz it can be verified that Cr(y*,.) is locally Lipschitz, too.
We say that F' has the Cl-property ( [5]) if the set-valued map (y*,z) € Yix X —
OCr(y*,z) C X* is u.s.c, where X*,Y* are endowed Wlth the weak*- topology and

X with the strong topology, that is, if z,, - = in X, y EN y* in Y5, WS * with
x) € 0Cp(yk,zy), then z* € 8Cp(y ,x). ( Where 0Cr(y*, x) denotes the Clarke
generalized gradient of the support function Cr(y*,.) at x. )

We now recall and establish some useful properties of the distant function and
support functions of F'.



Lemma 2.2 ([5, Proposition 3.1]) Assume that F has the Cl-property. If dp(z) > 0,
then there exists y* € Y N S5 such that

ddp(x) C —0CEr(y*, x).
dF(IL') = 7CF(y*,I).

Lemma 2.3 Let € X be arbitrary. If {y}} C Yz, yi w y*, then
Cr(y*,z) <limsupCr(y., T).
n—oo
Proof. By the definition of support functions, one can find a sequence {y,,} C F(Z)
with
m— 00
Since

lim <yfr*mym> = <Z/*7ym>, vm

n—roo
one can choose a subsequence {y;, },, such that

*  —

m—o0

which implies

Cr(y*,z) <limsupCr(y,, ,=) < limsupCr(y,,7).

m—o0 n—oo
]
Lemma 2.4 Forevery z € X,y* € Y}, there exists a neighborhood U of z satisfying
Cr(y*,2) <Cr(y" @) +ally*|llz — 2, ve € U,
where « is a Lipschitz constant of F' at .

Proof. Since F' is locally Lipschitz at Z there exist a neighborhood U of T and a
positive number « satisfying

F(z) C F(x) + a|lz — Z||By, Yz € U.
Let y € F(Z) is arbitrary. One can find ¢’ € F(z),u € By such that
y=y +olz— 3.

Therefore,
Wy =" y) +alz— 2|y, v
< Cr(y", o) + oflz — 2|y
which implies
Cr(y",z) < Cr(y", z) + ally*[lllz — z|.

3 Approximation

Assume that X,Y are normed spaces. Let {A,},cn be a sequence of subsets of Y.
We say that {A,} converges to {0}, denoted A,, — 0, if
Ye>0,dN: n> N = A, C By(0,¢).

Let Z,u € X. A sequence {z,} C X is said to converge to Z in the direction u,
denoted x,, —, T, if

It, 1 0, u, — u such that z,, = = + t,u,, Vn.
Let r : X = Y. We say that r has limit 0 as x converges to 0 in direction u, denoted

lim r(z) =0, if

T—,,0



Vi{z,} C X, 2, 5,0 = 7(z,) = {0}.

Denote by L(X,Y) the space of continuous linear mappings from X to Y. For A C
L(X,Y), y*€Y* and x € X, set A(x) := {a(x) :a € A}, (y* 0 A)(x) := y*[A(z)].

Let f: X - Y and T € X. The following definition of approximation is a version
of [1, Definition 3.1] with a minor change.

Definition 3.1 A nonempty subset A;(z) C L(X,Y) is called an approximation of

f at & € X if for every direction u # 0, there exists a set-valued map r, : X =» Y

with limoru(x) = 0, such that for every sequence {z,} C X converging to T in the
T—>y

direction u,

f(xn) € () + Ap(T) (20 — T) + |20 — Z[ru(en

for n sufficiently large.

K

The concept of approximation was first given by Jourani and Thibault [7] in a
stronger form. It requires that

f(x) e f(@) + Ap (@) (z — &) + ||z — 2'||r(2, 27),

where r(z,2') — 0 as z,2” — Z. Allali and Amahroq [ 8] gives a weaker definition
by taking 2’ = T in the above relation. It is clear from the above definitions that
an approximation in the sense of Jourani and Thibault is an approximation in the
sense of Allali and Amahroq, which, in its turn, is an approximation in the sense of
Definition 3.1. However, the converse is not true in general as shown in [1]. The
definition by Jourani and Thibault evokes the idea of strict derivatives and is very
useful in the study of metric regularity and stability properties, while Definition 3.1
is more sensitive to behavior of the function in directions and so it allows to treat
certain questions such as existence conditions for a larger class of problems.

We note that the Clarke generalized gradient locally Lipschitz functions on Ban-
nach spaces, by [9], is an approximation in the sense of Allali and Amahroq. Hence,
it is also an approximation in the sense of Definition 3.1. Now we establish some basic
calculus for approximations which will be needed in the sequel. The next two lemmas
are immediate from Definition 3.1.

Lemma 3.1 Let f,g: X — Y. If f,g admit Af( z), Aq(Z), respectlvely7 as approxi-
mations at Z € X, then f+g, (f,g) admit A¢(Z)+Ay(Z), Af(Z) x Ay(Z), respectively,
as approximations at T (where (f, g)(z) := (f(z), ( ))).

Lemma 3.2 Let f: X — Y. If A;(Z) is an approximation of f at & € X, then, for
every y* € Y*, y* o Ay(Z) is an approximation of y* o f at Z.

For a set-valued map r: X = Y, we set
M, (x) :=sup{||z|]| : z€r(x)}, Vo € X.

Lemma 3.3 Let f : X - Y, g : Y — R. Assume that Af(Z) is an bounded
approximation of f at € X and g is differentiable at § := f(Z). Then Dg(y)o As(Z)
is an approximation of g o f at T.

Proof. Since g is differentiable at § we have the following representation

9() =9@) +Dg(@)(y —9) + ly — 9lls(y — 9),

where s : Y — R satisfies lir%s(z) = 0. Let u € X \ {0} be arbitrary. By assumption
z—r
one can find a set-valued map 7, : X — Y with limor(sc) = 0 such that for every
T
sequence &, —, T, we have

f(zn) € f(7) + Af(j)(xn = 7) + [|on — Zru(zn — 7),



for n sufficiently large. Denote

M = sup{|[¢]| : ¢ € Ap(2)}.
We have

glf (@n)] = glf (2)] + Dg()[f (xn) — F@)] + 1 f(2n) = F(@)[s[f (xn) — f(2)]

€ glf (@) + Dg(@)[As(T)(xn — Z) + |20 — Tllru(zs — T)]+
+ 1f (zn) = F(@)|s

= g0 f(z) +[Dg(y) 0 Ap(2)](xn — ) + ||lzn = Z[|[[Dg(7) 0 ru](xn — T)+
+ lf(2n) = f(2)

C go f(z)+[Dg(y) o Afl(T)(zn — 7) + [lon — Z[[Dg(y) o rul(xn — )+
+ llon = 2(|[0, M + M., (20 — 2)]s[f (xn) — f(2)]

= g0 [(7) +[Dg(y) o Ap (@) (wn — T) + |0 — Zl|ry, (w0 — ),

3]

(
(
(
(

where,
ru(@) == Dg(y) o ru(z) + [0, M + M, ()]s (z)
with §'(z) := s[f(z + Z) — f(Z)]. It can be verified that limor;(x) = 0. The lemma
Ty

is proved. m
Let f1, fo: X — R. For every x € X, put

h(z) := max{fi(x), fa(z)}

and

J(x) :={i | fi(z) = h(z)}.

Lemma 3.4 Assume that fi, f> is continuous at Z € X. If Ay (Z) and Ay, (Z) are
approximations of f; and fy at Z, respectively , then

4@ = 0 AL@)

is an approximation of h at T

Proof. Let u € X \ {0} be arbitrary. By the definition of approximation, there
exist maps 7,5, : X = R with limoru(x) =0, 1imosu(x) = 0 such that for every
T—>y Ty

sequence {x,} C X converging to Z in the direction u, one has

fi(@n) € f1(@) + Ay, (T) (20 — Z) + |20 — Z|ru(zn — T) (4)

falan) € fo(Z) + Ay, (T) (2 — T) + |20 — Z[[su(zn — T) (5)

for n sufficiently large. One of the following cases holds.
i) J(z) = {1,2}. Set t,(x) = ry(x) Us,(z), Ve € X. From (4) and (5) one has

han) € W) + (Ap, (2) U Ap, (7)) (20 = Z) + [lon — Zl|tu (e, — T)

for n sufficiently large. Since lim t,(x) =0, Af, (Z) U Ay, (Z) is an approximate of h

4,0
at .
ii) J(z) = {1}. Since f1, fo are continuous at z, we have fi(z,) > fa(x,) for n
sufficiently large. It implies that

h(zy) € h(Z) + Af, (Z)(xn, — T) + |20 — Z||ru(zn — T).

Hence Ay, (Z) is an approximate of h at Z.

iii) J(z) = {2}. Analogously, we have Ay, (Z) is an approximate of h at . The
lemma is proved. m

Let ¢ : X — R.



Lemma 3.5 Assume that X is a reflexive space. If Z € X is a local minimum of ¢
and ¢ admits Ay (Z) as an approximation at z, then

0 € cl coAy(Z).

Proof. Suppose on the contrary that 0 ¢ cl coA,(Z). Since X is reflexive, by using
the strong separation Theorem, one can find a vector u € X \ {0} and a positive
number € satisfying

(", u) < —e, Vo™ € Ay(Z).

Corresponding to the direction u, there exists a set-valued map r, : X = R with
limoru (z) = 0 such that for every sequence x,, —, T, one has
Ty

flzn) € f(T) + Ap(Z) (20 — Z) + |20 — Z|ru(zn — Z)
for sufficiently large n. Since x,, := T + %u —u X, We get

€

nl[f(zn) = f(2)] € Ag(2)(u) + uflrulzn — 7) C (=00, —5]

for sufficiently large n. We have a contradiction. m

4 Optimality condition

In this section we assume that X,Y are Hilbert spaces and that R™ is ordered by a
closed, convex cone C which is not a subspace. We denote by C’ the polar cone of C,
that is,

C':={z"eR™ : (z*,¢) >0, Vce C}.

Let f: X - R™ and let F: X = Y be locally Lipschitz with Y} is weak*-closed.
We consider the problem
min f(z) s.t. 0 € F(x). (P)

Set
S={reX : 0€Fx)}

We recall that a vector Z € S is called a local efficient solution of Problem (P) if there
exist a neighborhood V' of Z such that

reSNV = f(z) ¢ f(z) — (C\ (CnNn-=0C)).

Problem (P) is said to be regular at a feasible point Z (see, [5]) if there exist a
neighborhood U of Z and positive numbers 6§,y such that for every z € U,y* €
Y5, z* € 0Cr(y*, z), there exists n € Bx (0, ) satisfying

Cr(y", o) + (=, n) > |y (6)

Firstly, we establish some results which will be used in the proof of the main result
of the section. Let A C R™ be a nonempty set. Consider the support function of A

s(A,z) := sup(a, ).
acA

For each x € R™ we set
I(z):={ac A : {(a,z)=5s(A, )}

Proposition 4.1 Assume that A is compact. Then s(A4,.) is differentiable at z €
R™ if and only if I(Z) is a singleton. In this case,

Vs(A4,.)(Z)=a

with a is the unique element of I(Z).



Proof. Since A is compact, I(z) # (), Vz and s(A4,.) is a convex function with the do-
main is R™, consequently, s(A,.) is locally Lipschitz on R™. Hence, by Rademacher’s
Theorem, s(A,.) is differentiable almost everywhere (in the sense of Lebesgue mea-
sure) on R™. Denote by M the set of all points at which s(A,.) is differentiable.

For the ’only if’ part, assume that s(A,.) is differentiable at Z. Let a € I(Z) and
v € R™ be arbitrary. We have

_ . s(A,z 4 tv) — s(A, )
(Vs(A4, )(T),v) = ltlfg ;

sup(a, T + tv) — (a, Z)

_ limaeA

t10 t
> lim (@, z+tv) — (a,7)
A t

= (a,v).
This implies a = Vs(A,.)(Z). Hence,
I(z) = {Vs(4, .)(7)}.

For the ’if’ part, assume that I(Z) is a singleton and its unique element is denoted
by a. Firstly, we show that the set-valued map I : x — I(z) is uw.s.c. at Z. Indeed,
suppose on the contrary then one can find a number € > 0 and a sequence {z,}
converging to Z such that

I(zn) € B(a,e).

Let a,, € I(z,) \ B(a,¢€). Since A is compact, we may assume that a,, — a, for some
a € A with a # a. Since {(an,x,) > (@, x,), taking the limit, we have (a,Z) > (@, Z).
Hence, (a,z) = s(A,Z) which implies a = a. We get a contradiction.

Now, let {z,,} C M such that x, — Z, Vs(4,.)(x,) — z*, for some z* € R™.
From the proof of the ’only if* part, we have I(z,) = {Vs(4,.)(x,)}. Then the upper
semicontinuity of I at & implies 2* = @, and consequently, 0s(4,.)(Z) = {a} = I(Z).
Therefore s(A4,.) is differentiable at Z and Vs(A,.)(Z) = a. The proof is complete. ®

Let a € R™. We define a set-valued map @ : X = R"™ as follows.

O(z) = f(z) +a+C.
Lemma 4.1 We have
do(z) = [s(C' N Bgm,.) o (f + a)](z),Vx € X.
If dg(x) > 0, then there exists a unique element z* € C’ N Bgm such that
do () = (2%, f(z) + a).
Furthermore, ||2*|| = 1.

Proof. Firstly, we prove that, for every = € X,

do(r) =  max —— y:gl&)@ Y)- (7)

Indeed, since ®(z) is closed and convex, there exists a unique element g € ®(z) such
that de(x) = ||g|| and
.9) 2 (9.9), ¥y € (x). (8)

For every y* € —C' N Bgm, we have

—sup (y*,y) = inf (—y*,y) < (—y".7) < ||yl = do(x).
yed(z) yed(x)



Therefore

de(z) > ma — su Y. 9
ofr) > | max y@}(ﬁﬂ@ y) (9)

If 0 € ®(x), then by choosing y* =0 € —C’ N Bgm, we have

de(x) = — sup (y*,y). (10)
yed(w)
(9) and (10) imply (7). .
If 0 ¢ ®(x), then by taking (8) into account and choosing §* = —”% —C'NSgm,
we have
Hence
de(x) = — sup (F*,y). (11)
yeD(z)

(9) and (11) imply (7).
For every y* € —C’ N Bgm, one has

sup (y*,y) = (y", f(z) + a) (12)

yeP(x)

which together (7) give

do(0) = __mx (", f(2) + @) = [s(C" 1 B, ) o (] + 0)](0).
Now we consider the case when dg(z) > 0, or equivalently, 0 ¢ ®(x). From (11)
and (12) one has

de(z) = — sup (7*,y) = (2", f(z) +a)

ye®(z)
with 2* = —g* = H% € C'NSgm. Suppose that we have y* € C’'N Bgm also satisfying
de(x) = (y*, f(x) + a) = — sup (—y",y) = inf (y",y).
yed(x) yeD(w)
Then 7
" 9) = de(z) = (5=, 9)
lll’

which implies -
* y o
(y* — =, 9) > 0.
19l

Set ¢ = y* — % We have

v

1>y = fle+ 24 H2 lell? + 1l - ||2+2< Hg”>21+||0||2~

Hence, ¢ = 0 which implies y* = z*. =

Lemma 4.2 Let 7 € X. If dq>( ) > 0 and f admits Af( Z) as a bounded approxima-
tion at Z, then there exists z* € C/ N Sgm such that z* o A;(Z) is an approximation

of de at T, where z* o Ap(Z) := {(2*,€(.)) : £ € Af(T)} .
Proof. By Lemma 4.1,

de = [s(C" N Bgm,.)o (f + a)]
and there exists a unique element 2* € C' N Brm satisfying

s(C" N Brm, f(x) +a) = (z*, f(z) + a).



Moreover, ||z*|| = 1. By Proposition 4.1, the support function s(C’ N Bgm,.) is differ-
entiable at § = f(Z) + a and

VS(C, N B]Rm, )(g) = z*.

Hence, by Lemma 3.3 and Lemma 3.1, z* 0 A¢(Z) is an approximation of de at z. ®
Define
o) = flx)+C, Vz € X.

Lemma 4.3 If f is continuous, then so is dg.

Proof. Suppose to the contrary that dy is not continuous. Then there exist T € X,
€ > 0 and a sequence {z,} C X such that

Tp — T
dg(zn) ¢ dg(T) + (—€,€), Vn.

Without loss of generality, we may assume one of the following cases holds.
i) dy(zn) < dg(Z) —€, Vn. Since C is closed and convex, for every n, one can find
a point ¢, € C satisfying

f(xn) 4+ cn € Brm(0,dy(Z) — €). (13)
It can be verified that
[Ban ((2), 5) + €11 Bam (0,dy(@) — €) = 0.
By the continuity of f, there exists x,, such that
f(ea) € Ban ((2). 3).
Hence,

f(xn) +cn §é Bgm (07d¢(i) - 6)

which contradicts (13).
ii) dy(Z) < dy(xn) — €, Vn. Analogously, we also get a contradiction. The lemma
is proved. m
Assumption 1 : 3¢ > 0: U coAy(z) is relatively compact.
r€Bx (T,€)
Assumption 2 : coAy is closed at Z, i.e., if z, — &, w} — w* with w} € coA(z,),
then w* € coA; (7).

Theorem 4.1 Assume that F' has the Cl-property and f is continuous. Suppose
that f admits an approximation Ay(z) at every z in a neighborhood of Z € X which
fulfills Assumptions 1,2. If Z is a local efficient solution of (P)and (P) is regular at z,
then there exist z* € C”\ {0}, y* € Y} such that

0 € z*ocods(z) — OCk(y*,.)(T)
Cp(y*,f) =0.

Proof. Our proof is similar to the ones used in [10] and [5]. Since C is not a
subspace, one can find ¢ € C' with ||c|| =1 and

c¢ —C. (14)

For every x € X, define



We see that hy,(z) < L + in)f(hn(:r). By Lemma 4.3, dg,, is continuous and hence, h,
zE
is too. Then by Ekeland’s Variational Principle one can find z,, € X such that

o 2l < =
ho(2n) < hp(z) + ﬁ”a:n z||, Vo € X.

Therefore x,, is a minimum of the function h, (z) + % |z — z||. By Lemma 3.5 and
Lemma 3.3,

1
0 €clco[Ap, (x,) + %BX*].
Taking Lemma 3.4 into account, there exist w, € X* A\, € [0,1] such that w, — 0
and

1

\/EBX* )
where, A\, = 0 if dp(z,) > dg, (2,) and A, = 1 if dp(zy,) < dy, (5,,)-

Note that h,(z,) > 0, otherwise f(z,) — f(Z) + ¢ € —C,dp(z,) = 0. Then
0 € F(x,) ( since F(x,) is closed ) and by the assumption on Z, f(Z) — f(z,) € —C.
This implies ¢ € —C which contradicts (14).

By Lemma 2.2 and Lemma 4.2, there exist 2 € C' N Sgm,yk € YN (Sy- U{0})
such that

Wy, € ApcoAq, (zn) + (1= An)0dp(zn) +

1
Wy, € Apzy, 0 C0Af(2n) — (1 — Xp)0CF(yy, £n) + —=DBx-~. (15)
n

f
dF(xn) = 7CF(y;knxn)' (16)
We may assume that A\, — A € [0,1],2} — 2{ € C' N Sgm and that
Yn = Yo € Vi (17)

(since {y;} is bounded and Y7} is weak*-closed). Letting n — oo, by Assumptions 1,2
and by the Cl-property of F', we have

0 € z"ocody(z) —OCR(y", T),

where

=Xy eyt =(1- Ny € Yp. (18)
We shall show that A > 0, then consequently, z* # 0. Indeed, from (15), for every n,
we can find z7,, € coAf(xy), 25, € OCFr(y), xn), 23, € Bx- satisfying

1
Wy, = Apznxy, — (1 — )5, + —=1a5,. (19)
n

f
By regularity, for n sufficiently large, there exists &, € d Bx such that
Cr(Yn> Tn) + (03, &n) = - (20)
(19) and (20) imply
* * 1 * *
<)‘nznx1n + —F=T3n — wn’§n> > (1 - )‘n)(ly - CF(yn’ QTn))

NG

Taking (16) into account, we have

Az — W En) + %é > (1= A)(y + dp(an). (21)

By Assumption 1, 3n > 0 such that ||z7,| < 7, for n sufficiently large. Then from
(21) one has

Al > (w1, 0) — %é + (1= An)(3 + dp ().

10



Since lim dp(x,) = dp(Z) = 0, letting n — oo gives

n—oo
And = (1= A)y
which implies
>-1 s
nd 4+

Finally, by combining Lemma 2.3, Lemma 2.4 and (16) we have

Cr(y*,z) <limsupCr((1 — A\p)ys, Z) < lim (—(1 — Ap)dp(z,)) = 0.

n—00 n—00

Since 0 € F(Z) the converse inequality is obvious. Hence, Cr(y*,Z) = 0. The proof
is complete. m
A special case of Theorem 4.1 when Y is finitely dimensional is remarkable.

Theorem 4.2 Suppose that the assumptions of Theorem 4.1 are fulfilled and that
Y is finitely dimensional. If Z is a local efficient solution of (P), then there exist
z* e O’ y* € Yp with (2%, y*) # (0,0) such that

0 € z*ocods(Z) — OCF(y*,.)(T)
CF<y*, i’) =0.
If, in addition, (P) is regular at Z, then z* # 0.

Proof. The proof is the same as the one of Theorem 4.1 with some notices as
follows.
+ The expression (17)

v v € VE
in the proof of Theorem 4.1 is replaced by
Yn = Yo € Yi N (Sy- U{0})

since ¥ € Y7 N (Sy~ U{0}) and Y* is finitely dimensional.
+ If y§ =0, then A = 1.
+ Then from equalities (18)

=X 5elCyt =01-Ny; €Yy

(where z§ € Sgm) we deduce (z*,y*) # (0,0). m

We now present some applications of Theorem 4.2 to non-Lipschitz vector prob-
lems with constraints (2) or (3). Firstly, consider the following problem

min f(z) s.t. g(x) € K, (P)

where f : R® — R™ and ¢g : R® — R! is a locally Lipschitz vector function and
K c R is a closed convex cone. Set

F(z) :=g(zx) — K, Yo € R".
We can verified that

Yi =K'
Cr(y*,z) = (y*,g(x)), Ve e R",y* € K',

where K is the polar cone of K. Since 9Cr(y*,x) = y*0dg(z), F has the Cl-property.
Then we have immediately from Theorem 4.1.
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Corollary 4.1 Assume that f is continuous. Suppose that f admits an approxi-
mation Af(x) at every x in a neighborhood of Z € X such that Assumptions 1,2 are
fulfilled. If Z is a local efficient solution of (P’), then there exist z* € C’,y* € K’ with
(z*,y*) # (0,0) such that

0 € 2z*ocoAs(Z) — y* o 0g(Z)

(y",9(z)) = 0.
If, in addition, (P’) is regular at &, then z* # 0.

Next, we consider the following problem

gz(x) < Oa 1= 17 ey

] (P//)
hij(z) =0, j=1,...k,

min f(x) s.t. {

where f : R! — R™ is a non-Lipschitz vector function and g;,h; : X — R are locally
Lipschitz functions. Set

K = Ri X {Ok}
o(2) = (91(@), ..., gn (@), P (@), ..., hye(2))
F(z) = o) + K,

where R} is the nonnegative orthant cone of R", 0y is the origin of RE. Then ¢, F
are locally Lipschitz. We can see that the inclusion constraint 0 € F'(x) is equivalent
to the system of equality /inequality constraints

9i(x) <0, i=1,..,n
hi(w) =0, j=1,...k.

We have

Yi=-K' = (-R}) xR
Crly" z) = (" ¢(z)), Vy" € Yr

n k
OCk(y*,x) = y* 0 0p(x) C Y yidgi(x) + > iy ;0h;(Z), Vy* € Y,z € R,
=1

j=1
where y* = (37, ..., 4, 1) Since the Clarke generalized Jacobian 0¢ is closed at any

point, it can verified that F has the Cl-property. For every feasible solution x of
Problem (P”) and y* € Y}, we have

Cr(y*a) =0 (", ¢(z)) =0 & Zyi‘gi(f) =0.

Then the following corollary is immediate from Theorem 4.2.
Corollary 4.2 Assume thatf is continuous. Suppose that f admits an approxima-
tion Ay(x) at every x in a neighborhood of Z € X such that Assumptions 1,2 are

fulfilled. If Z is a local efficient solution of (P”), then there exist z* € C’, A1, ..., A, >
0, p1..., i € R not all zero such that

n k
0 € 2z*0cods(Z)+ > XN0gi(T) + D pu;0h;(7),
i=1 =
;)\igi@) = 0.

If, in addition, (P”) is regular at Z, then z* # 0.
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If f is locally Lipschitz, then the Clarke generalized Jacobian df(z) is also an ap-
proximation and Assumptions 1,2 are satisfied. Then from Corollary 4.2 we have

Corollary 4.3 Assume that f is locally Lipschitz. If Z is a local efficient solution
of (P”), then there exist z* € C', A1,...,A\p >0, p1..., ur € R not all zero such that

n k
0€z*0df(z)+ > XNdgi(Z)+ > pjoh;(z),
i=1 j=1
Z:l)\igi(j) =0.
If, in addition, (P”) is regular at Z, then z* # 0.

Example 4.1 Let H be a Hilbert space with a countable base {e; : i =1,2,..}
satisfying
1,i=j
€;,€5) = -7
=1 127
For a € H, set
bo(7) := (a,z), Vz € H.

Define functions f = (fi, f2) : H = R?, g: H — R as follows. For every z = Y t;e;,

i=1
[t1], t1 <1
filz) =14+t -1, 1<t;<2
1+ 4%, t > 2
fg(ai) = tl

g(z) = Jl|* 1.

Then we can verify that

{ber } 0<t; <1
{tpe, : t€[0,400)}, t;1 =1

Ap () = (57— %}, 1<t <2
h {160}, > 2
{~er }s t1 <0
{tpe, : te[-1,1]}, t1 =0,

Ap, () = {¢e, }

are approximations of fi, fo at x, respectively. Hence, by Lemma 3.1 we have

{(¢617¢61)}7 0<ti <1
{(tde,,de,) : tE[0,400)}, t1 =1

_ _ {(\/%(bemqﬁe])}? 1<t <2
A = AR ARD 2 Lo o), t>2
{(_¢)€1a¢61)}a tl <0
{(t¢€17¢el) 1 te [*1,1]}’ tl =0

is an approximation of f at x. We see that Assumptions 1,2 are fulfilled at every
o0
x = Y tie; with t; # 1. The function ¢ is locally Lipschitz and differentiable with
i=1
the derivative Dg(x) = 2¢,.
Assume that R? is ordered by the cone Ri. We consider the problem

min f(x) s.t. g(z) < 0. (Py)
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Noting that F(x) := g(x) + Ry has the Cl-property and (P;) is regular at every z.
Solving the system

g9(x) <0
2 € RI\ {0}, 3A>0 : 0€2*ocodys(x) + ADg(x)
Ag(z) =0

we obtain the solution set
S = {CE = Ztiei : tl é 0} ﬁBH(O,].)
i=1

which contain all candidates for a local efficient solution of Problem (P;). Moreover,
by computing we see that actually S coincides with the set of all local efficient solution
of Problem (Py).
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