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On the set of divisors with zero geometric defect

By Dinh Tuan Huynh at Bonn and Duc-Viet Vu at Cologne

Abstract. Let f : C — X be a transcendental holomorphic curve into a complex pro-
jective manifold X. Let L be a very ample line bundle on X. Let s be a very generic holomor-
phic section of L and D the zero divisor given by s. We prove that the geometric defect of D
(defect of truncation 1) with respect to f is zero. We also prove that f almost misses general
enough analytic subsets on X of codimension 2.

1. Introduction

Let X be a compact Kdhler manifold and D an effective divisor in X. Let f : C — X
be a holomorphic curve such that f(C) ¢ SuppD. In Nevanlinna’s theory, we are interested in
understanding how often f(C) intersects D.

Denote by L the line bundle generated by D. Let D, be the disk of radius r centered at the
origin in C. Based on the exhaustion C = J,., D,, we will count the number of intersection
points between f(ID,) and D, which is finite. Precisely, taking the k-truncated degrees of the
divisor f* D on disks by

W@ D)= min{k ord; f*D} (& > 0).

z€D;

the truncated counting tunction of f at level k with respect to D is then defined by taking the
logarithmic average

(k]
rn.(t,D)
N}k](r, D) := / L 4y (r > 1).

1 t

When k = oo, we write nz(r, D), Ny (r, D) instead of nj[roo] (r,D), N }Oo] (r, D). These func-
tions count the number of points in f(ID,) N D, taking into account the multiplicity. On the
other hand, when k& = 1, the function nj[,l](r, D) gives us the number of points in f(D,) N D
as a set. We then call N }”(r, D) the geometric counting function of f with respectto D.
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For every smooth (1, 1)-form 1 on X, we put

treni= [ 5[ e,

Observe that if 7, n" are two smooth closed (1, 1)-forms in the same cohomology class, then
Ty(r,n) = Tr(r,n') + O(1) as r — oo by the Lelong—Jensen formula. It follows that given
a smooth Chern form wj, of L, the characteristic function of f with respect to L given by

Tf(r, L) = Tf (}’, a)L)

is well-defined up to a bounded term as r — oc.
By the First Main Theorem [14, Theorem 2.3.31], there holds

NP (. D) < Np(r. D) < Ty (r. L) + O(1).

On the other side, in the Second Main Theorem, one tries to establish a lower bound
for counting functions. Many such type of estimates are based on the work of Cartan [4]. Let
X =P"andlet f : C — P” be an entire holomorphic curve whose image is not contained in
any hyperplane. Denote by Tr (r) the characteristic function of f with respect to the hyperplane
bundle of P". Let { H; }1<j <4 be a family of ¢ > n + 2 hyperplanes in P” in general position,
i.e., any collection of n + 1 members in this family has empty intersection. Then the classical
Cartan’s Second Main Theorem states that

q
(1.1) (¢ —n—1Ty(r) < Y N Hy) + 0Qlog Ty () + log )
j=1

for r outside a set of finite Lebesgue measure on R.

An important problem in Nevanlinna’s theory is to decrease the truncation level in (1.1) as
low as possible. When n = 2, the truncation level 2 is optimal as showed by an example in [10].
However, it was conjectured that (1.1) still holds for N }1](r, Hj) in place of N }n] (r, Hj), pro-
vided that f is algebraically non-degenerate, i.e., f(C) is not contained in any proper algebraic
subset of X . This conjecture is widely open. Note that in the context of abelian or semi-abelian
varieties, such a Second Main Theorem-type estimate with the optimal truncation level 1 has
been established in [15, 16, 19]. The reader is referred to [10, 13, 14, 17] and references therein
for more information.

Recall that the defect of D with respect to f is defined as

Ny (r, D))

3r(D) := lyglogf(l — 7, D)

For k € N*, the defect of truncation k of D, which is denoted by 65 (D), is then defined in
a similar way with N }k](r, D) in place of N¢(r, D). We call 8}1](0) the geometric defect of
D. 1t is trivial that

0 <87(D) <84(D) <8l (D) <1

for k > 1. A divisor with zero geometric defect roughly signifies that the logarithmic average
growth of the cardinality of the set f(ID,) N D is the same as that of the area of f(ID,) as
r — o0. In the other extreme case where §7 (D) = 1, the logarithmic average of the cardinality
of the set f(ID,) N D counted with multiplicity is negligible with respect to the area of (D).
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Observe that a direct consequence of (1.1) is that for X = P and for very generic hyper-
plane D in P", we have 8}[("] (D) = 0, see Lemma 4.7 below. The goal of this paper is to prove
the following stronger statement which serves as an evidence supporting the above conjecture.

Theorem 1.1. Let X be a complex projective manifold and L a very ample line bundle
on X. Let E be the space of holomorphic sections of L. Let f : C — X be a transcendental
holomorphic curve. Then for every effective divisor D of L outside a countable union of proper
algebraic subsets of P(E), we have 5}1] (D) =0.

We underline that the feature of Theorem 1.1 is the truncation 1 of the defect. By a recent
result in [3], for every integer d greater than an explicit number depending on n and for
a generic divisor D of L9, we have 8}1](D) < 1—1: see also [12] for a weaker estimate.
We also notice that Theorem 1.1 is sharp in the case where n = 1 by a result of Drasin [9].

Recall that every effective divisor D of L is the zero divisor of a holomorphic section
of L which is naturally identified with a complex line passing through the origin of E. Hence,
we can view D as a point in P(E). Note that we do not require that f is algebraically non-
degenerate and Theorem 1.1 is clear if f is a non-constant rational curve because the image of
f is an algebraic curve in X. By using a basis of E, we can embed X into a projective space
and the problem can be reduced to the case where X = P” and L is the hyperplane bundle.
But this reduction does not make the problem easier.

Consider now an analytic subset V' of X. By using local basis of the sheaf of ideals of
holomorphic functions defining V', we can also define the counting function Nz (r, V') even if
codim V' > 2, see [14, Section 2.4.1] for details. Here is our second main result.

Theorem 1.2. Let Z be a complex manifold. Let X be a compact Kdhler manifold and
w a Kiihler form on X. Let f : C — X be a transcendental holomorphic curve. Let 'V be
a complex smooth submanifold of X x Z of codimension s > 2. Denote by p1, p» the natural
projections from X x Z to X, Z, respectively. Assume that the restriction py -y of p1 to 'V
is a submersion and the restriction py v of pa to 'V is a surjection. Then for any a outside
a countable union of proper analytic subsets of Z, we have

Ny(r, V.
(12) iming 2 Ya) _
r—oo Tr(r,w)

where V,; := p1(V N (X x {a})).

El

Observe that the fiber of p, v ata pointa € Z is V,. Since p» is surjective and proper,
the set of critical values of p, is a proper analytic subset of Z and for every a outside this set,
we see that V, is of codimension s in X and 'V is transverse to X x {a}. Hence 'V is essentially
a family of analytic subsets of codimension s > 2 in X . The above result roughly says that for
an analytic subset V' of codimension 2 general enough, then

N (rV
iminf L V)
r—oo Tr(r,w)

9’

i.e., f almost misses such V.

A simple example to which we can apply Theorem 1.2 is when X = P”, Z is the space of
projective subspaces of codimension s > 2 of X and 'V is the family of subspaces of codimen-
sion s of P™ which is viewed as a submanifold of P” x Z. Even in this situation, it seems that
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the conclusion of the above theorem is still new. Note that when X is an abelian or semi-abelian
variety, by the results of Noguchi-Winkelmann-Yamanoi [15, 16, 19], one has

N V
liminf —— f(r )
r—00 Tf (r, a))

for every analytic set V' of codimension > 2 in X.

We would like to make some comments about our strategy to prove main results. The
proof of Theorem 1.2 consists of two main steps. In the first step, we look at a Nevanlinna’s
d-closed current S of bidimension (1, 1) associated to f and study the intersection of S
with V,. Since S is of bi-dimension (1, 1) and 'V, is of codimension at least 2 in X, one is
tempted to expect that the formal intersection “S A 'V, should be zero. Here, the crucial point
is that one needs to interpret this intersection in a proper sense. In our proof, this will be done
by using the theory of density currents coined recently by Dinh and Sibony in [8]. Roughly
speaking, we will prove that for very generic a € Z (i.e., for a outside a countable union of
proper analytic subsets of Z), modulo natural identifications, one has

(1.3) S AWVa]” ="pIS AVIA[X x{a}]” = “(pTS A[V]) A X x{a}]” =

where for an analytic set V', we denote by [V] the current of integration along V. Here the
intersection of currents in the last equalities will be understood in the sense of density currents.

The first equality of (1.3) follows from the fact that V, is naturally identified with
VY N (X x{a}). The second one comes from a general fact about the associativity of density
currents (see Theorem 2.4). Intuitively, the last equality of (1.3) is true due to the fact that
the bi-degree of the current “(p}S A [V]) A [X x {a}]” is strictly greater than the dimension
of the ambient space X x Z, thanks to the assumption that V is of codimension at least 2.
Nevertheless, to make the last argument rigorously, we need to prove a result concerning the
intersection of a current with generic fibers of a submersion which is of independent interest
(see Theorem 2.3).

In the second step, we will finish the proof by relating the current “S A [V,]” with the
right-hand side of (1.2). This will be done by considering the blowup of X along V,. Note that
in this step, we need to work with dd®-closed (not necessarily d-closed) Nevanlinna’s current
associated to the lift of f to the last blowup.

The proof of Theorem 1.1 goes first by lifting f, D to a curve f and an analytic sub-
set D of codimension 2 in the projectivization P(TX) of the tangent bundle TX of X. The
intersection of f\ and D encodes the points where f is tangent to D. This is an idea inspired
by [5, 7]. The characteristic function of f and that of f are comparable by the lemma on
logarithmic derivative or McQuillan’s tautological inequality. This fact permits us to use the
characteristic function of f instead of that of f.

When D runs over the set P(E) of divisors, D forms a smooth family V of analytic
subsets of codimension 2 in P(TX). The last family can be seen as a smooth submanifold of
codimension 2 in P(TX) x ]P’(E ). This allows us to use Theorem 1.2 for f and V to obtain
“S'A [D]” = 0 for very generic D.Thisisa key in our proof This property together with some
direct computations on the blowup of P(TX) along D gives the desired equality.

The paper is organized as follows. In Section 2, we present preparatory results about
density currents which will be needed for our proofs of main theorems. We prove Theorems 1.2
and 1.1 in Sections 3 and 4, respectively.
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2. Density currents

In this section, we will prove several results concerning density currents which are crucial
for our proofs of main results. Firstly, we need to recall some known facts about the density
currents proved in [8], see also [18] for some simplifications.

Let Y be a compact Kihler manifold. Let V' be a smooth submanifold of dimension £
of Y. Let [V] be the current of integration along V. Let T be a positive closed current of
bi-degree (p, p) in Y. Assume that 7 has no mass on V. We denote by {7} and {V'} the
cohomology class of T and [V], respectively. Denote by 7 : E — V the normal bundle of V'
inY and E := P(E & C) the projective compactification of E. The hypersurface at infinity
Hy = E \ E of E is naturally isomorphic to P(E) as fiber bundles over V. We also have
a canonical projection 7o : E \ V — Hoo.

A smooth diffeomorphism 7 from an open subset U of Y to an open neighborhood of V' in
E is called admissible if t is the identity map on V' N U and the restriction of its differential d t
to E|yny is the identity map. By [8, Lemma 4.2], there exists an admissible map 7 : U — E
such that U is a tubular neighborhood of V. In general, such a 7 is not holomorphic.

For A € C*, let Ay : E — E be the multiplication by A on fibers of E. Let T be an
admissible map defining on a tubular neighborhood of V. By [8], the family of closed currents
(A))«7«T has a uniformly bounded mass on compact sets of £. Any limit current of this
family in E is called a tangent current to T along V. Such a current is a positive closed current
invariant by A, and can be extended to a current in E. Tangent currents are independent of t,
this means that if R := limy,— 0 (4 An)* 741" 1s a tangent current, then for every admissible map
v : U’ — E, we also have R = limy—o0(4;,,)«7,T on 7~ (U’ N V). This property allows
us crucial flexibility in choosing admissible maps when we need to estimate tangent currents in
practice. Thus if we work locally, then after trivializing E, the admissible map in the definition
of tangent currents can be chosen to be the identity.

In general, the tangent currents to 7" along V' are not unique but their cohomology classes
in E are unique. That unique class is denote by V' (T") and called the rotal tangent class to T
along V. Let hz be the Chern class of the dual of the tautological line bundle of E, respec-
tively. We can write " (7') uniquely as

min{f,k—p—1} .
= Y wtg ahE D,
J=max{0,{—p}

where k; is a cohomology class in H £=7£=J (v, which is called the j th component of k' (T').

Let T1,..., T, be positive closed currents on Y. Let 77 ® --- ® T}, be the tensor cur-
rent of T1,..., T, on Y™, A density current associated to T1,..., Ty, is a tangent current
of T1 ® -+ ® Ty, along the diagonal A, := {(y,...,y) : y € Y} of Y™ If there is a unique
density current 7o to T, ..., T;, and T = m,,, S for some positive closed current S on A,,,
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where m,, : Ea,, — Ay is the projection from the normal bundle E»,,, then we say that the
Dinh—Sibony product Ty A - -+ A Ty, is well-defined and put 77 A --- A Ty, 1= S.

Consider a particular case where T7 := T and T3 := [V]. Observing that we have natural
identifications T(Y2) ~ TY x TY between vector bundles, where TY is the tangent bundle of
Y and A~ Y.Since V C Y & A, there is a canonical inclusion : from TV to (TY x {0})|a
which is a subbundle of T(Y ?)|a. Further, let F be the image of :(TV) in the normal bundle
EA=T(Y?)/TA.Put Ay :={(y,y) € Y2:y € V}.Let Ea y be the restriction of EA to Ay .
Observing that F is a subbundle of Ea y of rank £ and the natural map

V:Eay/F—E=TY/TV

is an isomorphism. Let py : EA,y — Ea v/ F be the natural projection. The following result
tells us that a density current associated to 7', [V] corresponds naturally to a tangent current
of T along V.

Lemma 2.1 ([8, Lemma 5.4] or [18, Lemma 2.3]). If T is a tangent current of T
along V, then the current pj,V* Tog is a tangent current of T ® [V] along A. Conversely, every

tangent current of T ® [V] along A can be written as py, W* Too for some tangent current Too
of T along V.

We present below some more properties of tangent currents which will be used in the
sequel. Let o : Y — Y be the blowup along V of Y and V=01 (V) the exceptional hyper-
surface. Recall that V is naturally biholomorphic to P (E).

Letog : E — E be the blowup along V' of E The projection 7 induces naturally a vec-
tor bundle prOJectlon 7 from Etoo EI(V) Let E be the projective compactlﬁcatlon of the
vector bundle E. The map 7 can be extended to a projection 7z : E — aEl (V). We also
denote by o its natural extens10n from E — E. The vector bundle g E—>o El (V)i is nat-
urally identified with the normal bundle of V in Y. Hence we can 1dent1fy o El (V) with V and
use E as the normal bundle of V in Y.

Recall that since Y is Kihler, so is Y. If codim V > 2, let @y, be a smooth Chern form
of the line bundle O (— V) whose restriction to each fiber of V a P(E) is strictly positive,
otherwise we simply put @y, := 0. By rescaling the form w if necessary, we can assume that
®:=0*w + wp > 0.

Observe that the hypersurface at infinity H 0 of E 18 b1h010m0rphlc to that of E via o E-
We use 7o to denote the natural prO]CCthH from E \ V to Hoo Since the rank of £ over_ v
is 1, we can extend 7, to a projection from E to H . Thus, V is naturally identified with H
which is 1n turn naturally identified with Heo.

Let T be the pull- back of the current T’ on Y \ 14 by GlY\V The mass of 7 is finite
by [6]. We thus can extend T trivially through V to a current on Y.

For any positive current S on Heuo, the positive current 7%, S has a finite mass on E \ V.
Hence we can extend it trivially through V. Denote also by % S this extension. Since

Moo = oo © (UElfj\ﬁ)_l,

we can check that
7258 = (0« 0 (7oo)*S.

By the last formula, the map 7%, induces natural maps on the cohomology groups and 7%, is
continuous. For a cohomology class « in X, we denote by «|y the restriction of & to V.
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Let Ts, be a tangent current to 7" along V. We can check directly that there exists a tan-
gent current 7 to 7" along V satisfying

T = (GE)*TOO

We have the following important property.

Proposition 2.2 ([8]). The current Tog is V -conic, i.e., A} Too = Too for every A € C*.
Equivalently, there exists a positive closed current Seo on Hso such that

TOO = 'T[:OSOO‘
Moreover, we have
2.1) V(1) = w2 {Soo} = 72 ({Too} — (V).

where recall that we identified V with ﬁoo and ﬁoo with Heo.

We are going to present the first main result of this section concerning the density currents
associated to a current and slices of a given submersion. Recall that the mass of a current S of
order 0 on a manifold M is given by

[Sllac:=sup [{S, P},
I®@ll,0=<1
where the supremum is taken over all smooth differential forms ® on M. From now on, the
notations <, 2 are used to indicate <, > modulo a multiplicative constant, respectively.

Let W be a compact Kdhler manifold and let 7y : ¥ — W be a holomorphic submer-
sion. Put Yy := nﬁ,l (0) for every 6 € W. Let Ey be the normal bundle of Yy in Y and let
p(E,) - P(Eg) — Yp be the natural projection. Let m := dim W and ¢ := dim Yy, which is
independent of 6.

Theorem 2.3. There exists a subset A of W which is a countable union of proper
analytic subsets of W such that for any 0 ¢ A, the component ng (T) of the total tangent
class to T along Yy is zero for any j > £ — p. In particular, if p > £, then the tangent current
to T along Yy is zero, or equivalently T A [Yg] = 0.

Proof. Let w be a Kdhler form on Y. For j > max{{ — p, 0}, the current
Tj = (rw)«(T A )

is positive closed of bidegree (s,s) in W, where s := p+ j —£. If j > £ — p, then s > 1.
Let 4, be the set of & € W such that v(7}, ) > 0. Observing that +A; is a countable union of
proper analytic subsets of W by Siu’s semi-continuity theorem if j > £ — p. Set

A = U A
Jj>max{{—p+1,0}

Let 0p ¢ +. Thus forany j > £ — p + 1, one has v(7}, 6p) = 0.

Consider a tangent current R to 7" along Yy, , i.e., R = limy—o0(Ay, )« 7+ T, where 7 is
an admissible map from a tubular neighborhood of Yy, to Eg,. Let jo be the maximal j such
that KJYG (T) # 0. Note that by a bi-degree reason, we have jo > max{0,{ — p}.
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Suppose that jo > £— p because otherwise we have nothing to prove. Recall that K; Yo (T)
is a class in H¢/t—J (Yg,)- It follows that the mass of the positive closed current

e * 0
Rj, :=RA Tp(E4) P8,

is strictly positive, where wg is the restriction of @ to Yy. Moreover, since R is Yg-conic, so
is Rj,. Thus, the mass of Rj, on E is bounded by a constant times the mass of R, on every
open tubular neighborhood of Yy, see [8, Lemma 3.16]. Hence there exists a local chart U
on Y such that

where we identified U with a local chart of Eg,.

From now on we work locally on U and without loss of generality, we can assume that
U =U; xU of Y and (x,0) the coordinate system on U such that Yo, N U = {6 = 0}.
Hence U, is a local chart of W centered at 6y and x is a local coordinate system on Yy. We can
identify Ey with U; x C™ and A, is given by the multiplication (x, 8) — (x, A6). Denote by
A’y the multiplication 6 + A6 in C™, one sees that A} o my = 7w o 4,.

The natural projection 7y, : Uy x Uy — Uy is the restriction of wp (g, to n]g(lEg)(Ul).
Denote by idy the identity map on U. Observe that idy is an admissible map by our identifi-
cation of Eg with Uy x C™. On U; x C™, we get

2.3) R = lim (A, )«(idy)«T = lim (A, )«T.
n—>0o0 n—>0o0

For each j > { — p, recall that T; is a current on W of bi-degree (s, s) with s > 1. We then
have

Q24 v(T},00) 2 limsup | (43)«Tj v, = limsup [[(4})«(xw)«(T A @))|v,
A

—>00 A—>00

= limsup || (mw)«((A2)+T A 77y, w90)||U2.

A—>00

Let ww be a Kéhler form on W. Observe that
w < wg, + ow.

It follows that for  := dimY — (p + Jjo), one has

(4207 A 75,007} S imsup S [ s[4 A s

A—00 A—o0 L
r
S (Tjsr60) =0
r’=0
by (2.4) and our choice of 6y. This together with (2.3) and (2.2) gives a contradiction. Hence
jo < £ — p. Tt follows that jo = £ — p. We also deduce that if p > £, then the tangent current
R is zero. This finishes the proof. O

The next two results concerns the associativity of density currents: given currents 7', R, S
such that 7" A R is well-defined and (T A R) A S is well-defined, is T A R A S well-defined
and equal to (7" A R) A S? We are not able to answer this question in general but we can show
that this is the case in some situations which are enough for our applications later.
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Theorem 2.4. Let Ry, Ry be positive closed currents of bi-degree (p1, p1), (p2, p2),
respectively on Y such that the Dinh—Sibony product T := R{ A Ry is well-defined. Assume
that p := p1 + pa > L. Then there exists a subset 4 of W which is a countable union of proper
analytic subsets of W such that for any 0 ¢ A, we have Ry A Ry A [Yg] = 0.

Proof. Note that we proved in Theorem 2.3 that (Ry A Rp) A [Yg] =T A [Yg] = Ofor 6
outside a countable union of proper analytic subsets of Z. Our desired assertion does not follow
directly from the last property because in general we do not know whether Ry A Ry A [Yp] is
well-defined and equal to (Ry A R3) A [Yy].

Let Az be the diagonal of Y3 which is the set of (y,y,y) for y € Y. Let E3 be the
normal bundle of Az in Y3. Let 4 2,3 be the multiplication by A along fibers of E3. Let A be
the diagonal of Y2 and E the normal bundle of A in Y2. Let A, be the multiplication by A
along fibers of E. Let g be the projection from E to A.

Let T}, 4; be the currents and the set given in the proof of Theorem 2.3 for j > 0. Since
p > £, the set »4; is a countable union of proper analytic subsets of W. The desired assertion
is a direct consequence of the following inequality:

(2.5) limsup [|(4,,3)«(R1 ® Rz ® [Yo]| < ) v(T;.6)

A—>00 >0

for 6 € W. Indeed, if 6 & 4 := ;- +;, then the right-hand side of the above inequality is
zero, which implies that the density current associated to Ry, R», Yy is zero.

Let us now prove inequality (2.5). To this end, let 6y € W. From now on, we work locally
near Yg,. Let U = Uy x U, be alocal chart near Yy, with the coordinates y = (x, ) such that
0o = 0 and my (x,0) = 6. We obtain induced coordinates (y, y’,y”) on U3 C Y3, where
y/ — (x/’ 9/), y// — (x//’ 9//)‘ Put

)7/ — ()E,,é/) = y/ —y, )7// — ()E”, é//) — yu —y.
Then (y, 3, §") are new local coordinates on U3 and
As={i'=§" =0} A={ =0}

Identify E3 over A3NU3 with U x C24MY and E with U x C4™Y | The multiplication A 3 is
givenby (y. 5. J") > (y. 4y, A7") and 4, is given by (v, ') = (v, 4)"). Let &(y. y', 3") be
a positive test form with compact support. Let 73 be the change of coordinates from (y, y’, y”)
to (y,y’, ") and 1 the change of coordinates from (y, y’) to (y, y'). Put

05 :=((42,3)%(13)x(R1 ® Rz ® [Yg,]). P(». 7. 7).

which is equal to

<f*<R1 & Ry). By AT A = ). —w)>

{x"€Yg,}

- <r*(R1 ® R»), Oy, AF, &, —A9)>.

{;C//E(Cz}

It follows that
0x1 = (Ry, D),
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where

Rj := (A3)+«x(R1 ® R2), @;(y,5',0):= / O(y, 7', %", =10).
{;C//e(cé}

Observe that

q
(3. 7.60) S D Q(x. 7) A wipy (A6)
j=0
for some positive integer g, where wy is a Kihler form on W and 2; are positive test forms
with compact supports. Put Ry ; := (7w )«(7E)«(Rj A 2 (x, 7). This implies that

(2.6) 01 5 (Rp, Qj(x, ) A 0y, (A0)) = (Ry j, 0y (A6));

recall here that we identified A with Y and the bracket is computed over U,. By the hypothesis
that
lim Ry =ng(R1 A Ry) =nyT,
A—00

we get

(2.7 AILH;O Ry, = (ww)«(T A (mE)«Q)).

For any positive closed current S of bi-dimension (/, j) on U, and every constant € > 0,
put . .
V(8. 60.€) := e (S, Ljjg|<e} @iy )-

where 1p denotes the characteristic function of a set B. Since we are working on U,, we
can take ww to be the standard Kéhler form on C™. The function v(S, 0y, €) decreases to
the Lelong number v(S, 6y) as € — 0. Let €¢ be a strictly positive constant. Without loss of
generality, we can assume that U, is contained in the unit ball in C™. A direct computation
shows that _

(Ra.;. @l (A)) < cv(Ry ;. 60, c]AI™") < cv(Ry . 6o, €0)

for |A| big enough and some constant ¢ > 0 independent of A. This combined with (2.7) and
(2.6) yields that

m
limsup Q0 < Zlimsup V(Ry,j,00.€0)

A—>00 j [ele)

< v((ﬂw)*(T/\(ﬂE)*Qj),Qo,ZEO)

s

~
Il
[=)

for every €9 > 0. Letting €9 — 0 in the last inequality gives

limsup Q) < Z v(Tj,00).

So (2.5) follows. This finishes the proof. O
Lemma 2.5. Let Y be a compact Kihler manifold and T a positive closed current

onY. Let V1, Vs be two smooth complex submanifolds of Y. Assume that V1 is transverse to
Vo If T A V1] A[Va] =0, then T A [V N V3] = 0.
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Proof. Let Az = {(x,x,x) : x € Y} be the diagonal of Y 3. Let E3 be the normal bundle
of Az in Y 3. We work locally. Let x = (x1, x2, x") be a local coordinate system on a local
chart U = Uy x Uy x U’ of Y such that V; N U = {x; = 0} for j = 1, 2. We obtain induced
coordinates (x,y,z)on U3 C Y3, where y = (y1.y2.)'), z = (21. 22, 2').

Let{; =dimV; for j = 1,2and k := dimY. Put

X=F,%,%)=x-z, §=0Gnbi)=y-z
Observe that (%, 7,z) are new local coordinates on U and Aj is given by the equations
% = 7 = 0. Identify E3 over A3 N U3 with U x C2*. Let 7 be the identity map from U3
to U x C2k_ The fiberwise multiplication A; by A on the normal bundle of Az in Y3 is given
by (X, y,z) — (AX,A¥, z). On the other hand, the normal bundle of V; N V5 in Y can be iden-
tified with U’ x Ct1+27k and the fiberwise multiplication A, by A on the normal bundle of
Vi N VainY is given by (x1, x2, x") = (Ax1, Axz, x7).
Let ®(X, 7, z) be a smooth form with compact support on U x C2K. We have

(Asm(Ni] @ V2] © T), @)
= ("] ® V2] ® T. ®(A%. A7, 2))

= <T(Z),/ / CD(—AZl,A)Ez,)k;C/,/\fl, —)&Zz, kf/,2)>
(x2,x)€VT J(¥1,¥)€V2

= <T(Z),/ q’(—AZl,fz,i',fl,—lZz,f’,Z)>
-5525;/7)71 7.)7/

= <T(Z), / (D(—AZl, 552, )E,, )71, —)LZz, )7,, 0, 0, Z/)> + 0(|)&|_1),
X2,X,31,)’

where O(|A|!) is a current of mass < |A|™! as A — oo because (A4;)«7 is of uniformly
bounded mass on compact subsets of U’ x chittak,

Letting A — oo in the last equality, we get a density current associated to [V1], [V2], T in
the left-hand side and a tangent current to 7" along V; N V5 in the right-hand side. The desired
assertion thus follows. |

In the above proof, we actually proved that there is a natural one-to-one correspondence
between the set of tangent currents to 7" along V1 N V, and the set of density currents associated
to T, [V1], [V2]. But the conclusion of Lemma 2.5 is enough for our purpose later.

3. Proof of Theorem 1.2

For every submanifold Z of a manifold ¥ with smooth boundary, denote by [Z] the
current of integration along Z. Let i, be the Haar measure on the boundary 0D, of D,.. Direct
computations show that

o [T dt
(3.1 dd T[Dt] =y — 11}
1
recall d¢ := %(5 —0)anddd‘ = #aé.
Let X,Z,V, p1,v,w, f be as in the statement of Theorem 1.2. Put

_ rdt
S, ::crlf < fil,
1
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where ¢, := T¢(r, w). We have the following equality:

Ny(r.D)

=1 ,dd®S,),

where [D] := dd°¢p + w, which is known as the First Main Theorem in Nevanlinna’s theory.
Using (3.1), we get
dd°Sy = ;" fapr — ¢t fapa,

which implies that
[dd°S,|| < ¢t

It follows that every limit current of the family (S;),egr+ as r — oo is dd-closed. It is a well-
known fact that at least such a limit current is d-closed. Let (r;)ren be a sequence of pos-
itive real numbers converging to oo such that S, converges to a positive closed current S
as k — oo.

Since p; v is a submersion, the pull-back pivS is a well-defined current on V. Here is
an interpretation of the last current in terms of density currents.

Lemma 3.1. The Dinh-Sibony product (pyS) A [V] of py S and [V] is well-defined and
equal to pT .

Proof. We need only work locally near V. Let U = U; xU, x U3 be alocal chart of X xZ
and let (x1, x2, x3) be its coordinate system such that V = {x3 = 0}, p1(x1, x2, x3) = x1 and
P1,v(x1,x2) = x1. Identify the normal bundle of 'V over U with Uy x U x C*. We have
Ap(x1,x2,x3) = (x1,x2,Ax3). Let @ be a test function with compact support in U. Observe
that

(A2)s(p1S). ) = <S(x1>, @(xl,xz,xx3)>

X2,X3

= <S(X1), CD(X1,X2,/\X3)>,

X2,X3

which is equal to
<S(x1),/ q’(xl,xz,x3)> = (7" p S, D),
x2,X3

where 7 is the natural projection from the normal bundle of 'V to V. This finishes the proof. O
Let X; := X x{a}fora € Z.

Proposition 3.2. There exists a countable union 4 of proper analytic subsets of Z such
that for a € Z \ A, we have that 'V, is smooth and

S AV, =0.

Proof. Put V! :=V N X, and recall that V, = p1('V}). Then, it follows from Theo-
rem 2.4 and Lemma 3.1 that for a outside a countable union # of proper analytic sets of Z
the Dinh—Sibony product (p}S) A [V] A [X,] is zero because the bi-degree of (p}S) A [V] is
dimX — 14 s > dim X = dim X,. Using the comment right after Theorem 1.2, by enlarg-
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ing + if necessary, one can assume that 'V is transverse to X, for a & +4. This together with
Lemma 2.5 yields
(PTS) A [Val = pIS A[VN Xa] =0

for such a. Combining this and the fact that density currents associated to S, [V,] are naturally
identified with those associated to p{S and [V}], we obtain

SA[Va] =0

for a ¢ 4. This finishes the proof. |

From now on, fix an a € Z \ . For simplicity, we write V' for V,. Let p : X — X be
the blowup of X along V. Denote by V the exceptional hypersurface of V. Let f be the lift of
ftoX; wethenhavepof = f.

Lemma 3.3. There exists a Kiihler form & on X such that
Tf(r, ®) < Ty (r,w) + O(1).
Proof. See [11, Observation 2.5.1] for a proof. O

Let §r be the pull-back of S, by p. Let S be the strict transform of S by p. We have
- _ rdt -
S, =c; 1[ Tf*[]D)t].
1

Using this and Lemma 3.3 yields that any limit current S’ of the sequence (S,k) is a dd®-closed
positive current on X . This combined with the fact that Srk — S outside V gives

§'=5+5"

where S” is a dd®-closed positive current of bi-dimension (1, 1) supported on V. Hence, by
a support theorem of Bassanelli [1], S” is a dd°-closed current on V.

Note that since X is Kihler, so is X. By the dd°-Lemma, for every closed smooth
(n—1,n —1)-form & on V, where n := dim X, the quantity (S”, &) depends only on the
cohomology class of &. This combined with Serre’s duality shows that the cohomology class
{S"V of S” in H-1(V) is well-defined.

Let 7 be a closed form in the cohomology class of [V]. Recall that V is naturally iso-
morphic to the fiber bundle P(F), where F is the normal bundle of V' in X. Denote by
np(F) - P(F) — V the natural projection. The restriction of the cohomology class of [17] to
V' is the opposite of the Chern class W@, (1) of the line bundle Op(F)(1) which is the dual
of the tautological line bundle of P (F').

Lemma 3.4. We have

lim (S,..n) = 0.
k—o00

We emphasize that the above lemma is not a direct consequence of the (semi-)continuity
of total tangent classes given in [8, Theorem 4.11] because S} is not closed.
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Proof. By the First Main Theorem, we have

N#rV) o(1)
f
32 L < (5, ,
which yields
(3.3) liminf(S,, ,n) > 0.
k—o00

By Proposition 3.2 and (2.1), we obtain that {S’ } ~— n = 0. To simplify the notation, we assume
limg_, 00 Sy, = S’. Thus,

(3.4) klin;o(Srk,n> =(S.n) + (5", n)
=(S",n)
- /17{5//}/\({‘7”17)
— _[{S/’}Awgp(p)(l).
|4

On the other hand, since
S+ pxS" = puS + puS" = Jim pxSp, = Jim Sy, =,
we get pxS” = 0. Since S” is supported on V ~ P (F), we obtain
(3.5) (rp(r))«S" = 0.
By Leray’s decomposition (see [2]), we can write
{S"} = TR (pyko + TR (pyK1 = ©Op( 1)
where «; is a cohomology class of bidimension (j, j) on V for j = 0, 1. By (3.5), we obtain
K1 = (mp(F))+ 8"} = {(p(r))«S"} = 0.

This implies that {§”} = p (ko It follows particularly that ko > 0. Combining this with
(3.4) gives

lim (S, ,n) = — T Ko A @ = —ko < 0.
k—>00< Tk 7]) /];’(F) P(F) 0 0]])(]:)(1) 0=
This together with (3.3) implies the desired equality. O

Recall n = dim X . Write
FV1=)"v, 7 bz,
z

where J; is the Dirac mass at z. Recall that V' is smooth. We define v, 7y as follows. Put
vy i=0if z ¢ f~Y(V). Consider now z € f~1(V). Let U be a local chart around f(z)
on X and x = (xq,...,x,) a coordinate system on U such that V ={x; =0:1<j <s}.
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Write f = (f1,.... fn) in these local coordinates. Let v, f be the smallest number among
the multiplicities of z in the zero divisors of f] forl<j <sonf _I(U ). This definition is
independent of the choice of local coordinates. Recall that Ny (r, V) is the counting function
of f with respect to the divisor ), v, ry8; on C.

Lemma 3.5. We have

(36) vZ,f,V = vz,f,‘;

and

Nz, V) = Ne(r, V).

Proof. The second desired equality is a direct consequence of the first one. We prove
now the first one. Observe that f~1(V) = f_1(17) because p o f = fand p~L(V)=V.
Hence it is enough to prove (3.6) for z € f~1(V). Consider zg € f~1(V).

Let (U, x) be a local chart around f(zo) such that V ={x; =0:1 < j <s}. Write
S = (f1,..., fn) as above. Denote by v, ¢, the multiplicity of z in the zero divisor of f;
on f~Y(U) for1 < j <s. We have

Voo, £V = gligs{vzo,f,-}-

1<j

Let us now recall how to construct the blowup X along V on U. Let U= o L(U). Let
w = [wy, ..., ws] € PS7!. The set U is the submanifold of U x P*~! given by the equations

XjWy = XgWj

for 1 < j,£ <s. Observe that f(z) = (f@).1f1(2)..... fs(2)]) € U x P! for z such that
f(z)eU.

The set U can be covered by s standard local charts which we will describe as follows.
Let Uj be the subset of U consisting of (x, [w]) with w; = land |lwg| <cforl <€ # j <s,
where ¢ is a constant big enough. For ¢ big enough, the local charts U i cover U. Since the
role of U i 1s the same, we now consider only U, . The natural induced coordinates on U, ¢ are

(x,w1,...,ws—1) and f = (f, f—;,...,%) on f~1(Us). Hence, we have

Ji
s

on f_l(Us) for1 < j < s — 1. The hypersurface Vis given by xg = O on Us. We deduce that
if f(zo) € Uy, then we must have

<c

UZO!f;V = vZO;fS = VZO’J;’I?'
This finishes the proof. |

End of proof of Theorem 1.2. Leta € Z \ 4 as above. By Lemmas 3.4, 3.5 and (3.2),
we get

Nr(rV Ne(re. V. N #(rk, Va)
0 < timinf L0V s N Vo) g B Fa)
r—>00 Tf(r, a)) k—o0 Tf(rk,a)) k—>o0 Tf(l’k,a))

This finishes the proof. |
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4. Proof of Theorem 1.1

Let X, L, f, E be as in the statement of Theorem 1.1. By using a basis of E, we obtain an
embedding from X to a complex projective space. So from now on, we can assume X = P”
and L is the hyperplane line bundle of X . This reduction is not essential but it simplifies some
computations.

Consider first the case where n > > 2. LetTX be the tangent bundle of X. Let X=P (TX )
be the projectivization of TX and 7 : X — X the natural projection. Let f be the lift of f to X
defined by f (z) :=(f(2),[f (Z)]) where f " is the derivative of f and z € C. Hence f is
an entire curve in X. We also have Sr, ¢, for f as Sy, ¢y for f.

Let O ¢ (1) be the dual of the tautological line bundle of X. Let ® be a Kihler form on
X such that 0=+ 0o ) where c is a strictly positive constant and wg _ <) is a smooth
Chern form of O (1) Whose restriction to each fiber of 7 is strictly positive. Recall the follow-
ing equality.

Lemma 4.1. We have
4.1) Tf(r, w) =Tr(r,o) + o(T(r,w))

as r — oo outside a set of finite Lebesgue measure of R.

Proof. The desired assertion is equivalent to the equality

T7(r, 05(1) = o(Ty (r,)).

This is the tautological inequality of McQuillan [13] which is in fact a consequence of the
lemma on logarithmic derivative. For the readers’ convenience, we briefly recall how to prove it.
Let (x;) be a partition of unity of X subordinated to a finite covering (U;) of X, where
U; are local charts on X. Trivialize X ~ Uj x P”~1 on Uj. Let x; = (xj1,...,Xjn) be the
coordinates on U;. Write f(z) = (fj1, ..., fin) accordingly for z € f~1(U;). Put

n
hj(xj.v) =y (x) Y gl
I=1
where [v] € P*~!. Thus & := ) ; hj is a Hermitian metric on O ¢ (1). This combined with the
Lelong—Jensen formula gives

T Opax() = [ 0 Y 11 Lol s + O

Standard estimates in proofs of the lemma on logarithmic derivatives (see [14, Lemma 4.7.1])
show that the last integral is o(T7 (r, w)) as r — oo outside a set of finite Lebesgue measure.
This finishes the proof. O

We fix a sequence I := = (r;) € R™ converging to oo such that Srk converges to a closed
positive current S ask — oo and (4.1) holds for r = ry. Fora = (ayg. ...,an) € C*T1\ {0},
put og4(x) = Z;'l=0 ajxj, where x = [xo:...:x,] € X =P". Ide/r\ltlfy P(E) with P via
a <> 04. Denote by D, the hyperplane generated by o,. Let 7; : X x P(E) be the natural
projections to its components for j = 1, 2.
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Let D, be the set of (x,[v)) € X for x € Dg and v € Ty X \ {0} tangent to D,. Let U
be a local chart of X over which L is trivial. We identify o; with functions on U and do; with
1-forms on U (hence a function on TU). Put

Hy = {(x,[v],[a]) € X x P" : g4(x) = 0}

and N
Hyy = {(x.[v].[a]) € (X|y) x P" : (doa(x),v) = 0}.

Let U’ be another local chart similar to U. Trivialize L on U’. Let ¢, be the trivializa-
tion of o, on U’. We have o, = go, for some nowhere vanishing holomorphic function g
on U NU’ which is independent of a. Thus do, = d(go,) = dgo, + gdo,. We deduce
that Hy N Hy,y = Hy N Hy ys on J/‘[\l_l(T(U N U")). Gluing H; N Ha y together, we obtain
a well-defined analytic subset V of X x P(FE).

Let p; v be the restriction of p; to 'V for j = 1,2. We have:

Lemma 4.2. The set 'V is a smooth submanifold of codimension 2 of X x P(E), the
map p,y is a submersion and the fiber of p, v ata € P(E) is Dq.

Proof. The fact that the fiber of p, v ata € P(FE) is 5:1 is clear from the construction.
It is sufficient to check the remaining desired assertions for x = [x¢ : ... : x5] in a local chart
of X = IP". Hence, consider the local chart U := {x € P" : xo = 1}. We see that

n n
V= {ao + Zajxj = O,Zajvj 20}.
j=1 j=1

For x, [v] fixed, these two defining equations of V give two hyperplanes in IP(£) which are
transverse to each other because n > 2. So 'V is smooth. Let W}, be the local chart of P(E)
containing [a] with aj, = 1. Consider first the case where jo # 0. Observing that 'V is the set
of (x, [v], [a]) such that x;, = —ao — >~ a;x; and vj, = =3 ;. a;vj. Sothemap p1 v
can be identified with the map

(ao,...,ajo_l,aj0+1,...,an, [vl,...,vjo_l,vj0+1,...,vn],xl,...,xjo_l,Xj0+1,...,xn)
= (xl,...,x]b_l,—ao — E anj,ijH,...,xn),
J#Jjo

which is of maximal rank. The case where jo = 1 is treated similarly by observing that we
have (ai,...,an) # 0if (x, [v],[a]) € V and ap = 1. This finishes the proof. i

Lemma 4.2 combined with Proposition 3.2 applied to X in place of X and Z := P(F)
gives the following:

Corollary 4.3. There exists a countable union A of proper analytic subsets of P(E)
such that for a € P(E) \ 4, we have that

S A [Dg] = 0.

From now on fix a € P(E) \ + and write D, D for Dy, Dy to simplify the notation. Let
p: X — X be the blowup of X along D. Let D be the exceptional divisor of that blowup.
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Lift f to a curve f in X. Let @ be a Kiihler form on X such that
T~(r @) < TA(r )+ O(1),

see Lemma 3.3. Let S, be the pull-back of S, by p. Let S be the strict transform of S by p. Let
n be a closed form in the cohomology class of D. By Lemma 3.4 applied to S.D, we get

4.2) lim (S,,..n) = 0.
k—o00

Lemma 4.4. We have
(¢, dd°S;) = (¢p.dd°S,) + ¢ O(1)

asr — oQ.

Proof.  Since ¢ 5 is a potential of D, we get
o5 (%) — logdist(%, D)| < 1.

Thus

lim (logdist(x, D),dd‘S,,) =0

k—o00
Using the fact that (7 o p)(D) = D gives

[log dist(%, D) — log dist(xr o p(¥), D)| < 1.
We also have (7 o p)« S, = S, because f is a lift of f to X . Recall that the mass of dd¢S,
is O(1)c, ! as r — oo. It follows that
(log dist(¥, D), dd"S,, ) = (logdist(x, D), ( 0 p)xdd®S,,. ) + O(1)c; !

which is equal to (logdist(x, D),dd" Sy, ) + O(1)c; ! as r — oo. The proof is finished. m]

Write
(D] = ZvZfD827 F*[D] = ZV F.p0z

For zeC, letv = b be the multlphclty of z with respect to f D as in the setting of
Lemma 3.5. Applylng (3.6) to f D, D, we obtain v
In a local coordinates (U, x) of X, write

f(@) = (/i@)..... fn(2)).

Let f ! be the derivative of f; for 1 < j <n. For zg € C, let vy, ¢/ be the smallest non-
negatlve integer such that (z — zg) ™ f (z) for 1 < j < n are holomorphic functions which
are not simultaneously zero at zg. This deﬁnltlon is independent of the choice of local charts.
Thus the current Ry := ), ¢ Vz, 78z, is well-defined. Observe that the support of fi Ry
consists of at most a countable number of points.

z,f,D

z.f.D

Lemma 4.5. For z € Supp f*D, we have
(43) UZ’.faD - 1 = vZ,f,ﬁ + Vz’f/ = 1)Z,_]F,ﬁ + Vzaf/'
Consequently, for D with D N Supp f« Ry = @, there holds
~ ~ 1
N7(r, D) = N (r, D) = Ny (r, D) - N, D).
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Since Supp fx Ry is an at most countable set, the set of D for which D N Supp fx Ry # @
is a countable union of hyperplanes in P (E).

Proof. We already proved the second inequality of (4.3). It remains to prove the first
one. Consider now zg € Supp f*[D]. Thus v, rp > 1.

Let (U, x) be a local chart around f(zg) such that x = (x1,...,x,) and D = {x; = 0}.
We then obtain an induced coordinate system (x,v) on TX |y = U x C" and D is given by
x1 = v = 0 there. Write f = (f1,..., f») in these coordinates. Hence f*[D] is the divisor
generated by f1 on f~!(U). In these coordinates, we have P(TU) = U x P"1,

Put f":=(f{..... f,). We have f (£.[f'D) € U x P"~1 which is a holomorphic
curve. Without loss of generality, since (z — zg) ™ "Z0-/" f (z) is not zero at the same time at zg
for 1 < j <n, we can assume that (z — zg)~ 20" f, (Z) is not zero at z = zo.

Using standard local charts on P”~!, we can cover U x P”*~! by a finite number of local
charts. Let U be the local chart with v, = 1. So the coordinates on U are (X, v1,...,0p—1)
and D is still given by x; = v; = 0. In these coordinates,

/
f”

Observe that the order of g1 at zg is (vz,, £,p — 1 = vz, £7) < vz, f,p- Thus,

fz(f,gl,...,gn_l), where g; 1= 1<j<n-1

vzo,f,ﬁ = Vzo,f,D —1- vZo,f"
So (4.3) follows. This finishes the proof. O
Proposition 4.6. For D with D N Supp fx Ry = @, we have

N[l](r D) 1)
f ’ 43 (1)
1= Ty (r, ) (Sr. ) Ty (r, o) v -

Proof.  Starting from the First Main Theorem and using Lemma 4.1, we get

Ny D) _ (Sr.n) + (¢5,dd°Sy)
Tr(rw) 0D
= (S, 1) + {¢p.dd*S,) + O[Ty (r, )] " (use Lemma 4.4)
- Ng¢(r, D o(1
= (S;,n) + L -1+ ;) (use First Main Theorem)
Ty (r,w) Ty (r,w)
A (1]
- Nz(r, D) + Ng=(r, D) o(1
= (S;.n) + f 24 -1+ # (use Lemma 4.5),
Ty (r,w) Ty (r,w)
which yields the desired equality. |

End of the proof of Theorem 1.1 when n > 2. Recall that we reduced the problem to the
case where X = P” and L is the hyperplane line bundle. We also have fixed a hyperplane D
on X such that the tangent current of S along D is zero and SuppD N Supp fx Ry = &. We had
also shown that the set of such D contains the complement of a countable union of proper
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analytic subsets of P(E). By Proposition 4.6 and (4.2), one gets

Ty (re. @) = NF(rie. D) = o(Ty (rg.. ))

as k — oo. Hence 8}1](D) = 0. This finishes the proof. m

Finally, to finish the proof of Theorem 1.1, we treat the remaining case where n = 1, i.e.,
X = P!, In this case, Theorem 1.1 is a direct consequence of the following general result.

Lemma 4.7. Let f : C — P" be a non-constant holomorphic curve. Then there exists
a countable union A of proper linear subspaces of the space of hyperplanes of P"* such that
for any hyperplane D &€ A, we have

¥ (D) = 0.

Proof. Without loss of generality, we can assume that f is linearly non-degenerate
because otherwise we can consider the smallest linear subspace of P” containing f(C). Let
(D; )Jq~=1 be a family of hyperplanes in general position. By Cartan’s Second Main Theorem [4],
we get the following defect relation:

q
(4.4) > sy <n+1.
J

For any positive number k, set Ay := {D : S}n] (D) > %} It is clear that the desired equality
holds true for all D ¢ | J7=; . Thus the problem reduces to proving that for each integer
number k, the set 4y is contained in a countable union of proper linear subspaces of P”.

Suppose on the contrary that this is not the case for some k. For any positive integer ¢,
we now construct a family of hyperplanes {D; }1<j<4 C A in general position in P”.

We first taking a divisor Do € 4y \ {0} and consider the linear subspace &g of E gener-
ated by Dy. Since & is a proper linear subspace of P, it follows that Ay \ & is nonempty.
Take Dy € Ay \ &y and let &; be the vector space generated by Dg, D1. Again since & is
a linear space, #j \ &1 is not empty and we can pick in this set a hyperplane D». Tterating this
process, we obtain at the (g 4 1)st step a family {D; }o<j<q C A, of ¢ + 1 divisors in general
position in P”. Applying (4.4) to this family gives

q

1> -=.
n—+ =

Letting ¢ — o0 yields a contradiction. This finishes the proof. O
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