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A B S T R A C T

Monoatomic lattice of boron atoms (borophene), a new low-dimensional material shows promising physical and chemical properties. Recently, on the most stable
borophene, metal 𝛽12-borophene, electronic phase transition from metal-to-semimetal and metal-to-semiconductor in the presence of perpendicular electric field
and dilute charged impurity is found, respectively. From this point, in this paper, we study the magnetic properties of the electric field and charged impurity
induced 𝛽12-borophene. Particularly, we have calculated Pauli spin paramagnetic susceptibility (PSPS) quantity using the five-band tight-binding Hamiltonian and
the Green’s function approach for different interaction-dependent models. The charged impurity and perpendicular electric field effects on the susceptibility of
𝛽12-borophene show that the ‘‘pristine’’ PSPS of inversion symmetric model in 𝛽12-borophene is larger than the homogeneous model as well as the Dirac fermions
contribute to the total PSPS more than triplet fermions. Further, we found out that the dilute charged impurity does not influence PSPS of the principle system
significantly at all temperatures and it decreases slightly with impurity concentration and scattering potential. On the other hand, electric field-induced PSPS
results in an increasing (decreasing) trend for PSPS at very low (intermediate and high) temperatures. Our findings pave the way for the industrial practical
applications.

1. Introduction

Following the successful synthesizing of the two-dimensional (2D)
boron sheet, namely borophene, on an Ag substrate [1,2], many inter-
ests have been drawn to group III elements [3–7]. Elemental boron has
placed at the boundary between metals and non-metals in the periodic
table possessing rich chemistry. The electron shell configuration of
boron with three valence electrons and its flexibility to adopt different
hybridizations lead to forming complex B-B bondings ranging from
two-center-two electron to seven-center-two electron bonds, therefore,
various boron allotropes exist in all-dimensions [8–12]. Unlike bulk
boron systems that behave as a semiconductor, 2D structures of boron
which have been experimentally synthesized including striped, 𝛽12,
𝜒3, and honeycomb phases have metallic phase. Borophene illustrates
special physical properties, for instance, investigation of the mechanical
properties of striped borophene with buckling height of 0.91 Å shows
highly anisotropic feature, so that the value of critical strains are
8% and 15% along the a-direction and b-direction, respectively [13].
Also, the extraordinary features of borophene such as high mechani-
cal anisotropy properties [1], novel magnetism and electronic phase
transition [14] make it a promising candidate for the future design of
nano-electronic devices [15,16].
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Recently, many theoretical calculations are done aiming at the
study of borophene physical properties including electronic, optical,
lattice thermal conductivity, mechanical, superconducting and phonon
dispersion properties, since synthesizing borophene under the strict ex-
perimental conditions has carried out slowly and difficulty [13,17–21].
On the basis of density functional theory (DFT) analysis, L. Adamska
et al. [22] pointed out that the optical absorbance and electronic
band structure of 𝛽12 and 𝛿6 can be tuned in the presence of few
percents of strain. Also, the authors have reported that applying strains
up to 6% can modify band structure, the in-plane anisotropy of the
complex dielectric function and eventually the optical absorption of
both the above-mentioned structures without any electronic phase
transition. On the other hand, Zhang et al. [23] have predicted the
great potential of two 𝛽12 and 𝜒3 phases of borophene for Li-ion
and Na-ion batteries technologies with extremely high power density.
Also, B. peng et al. [24] has investigated the electronic, optical, and
thermodynamic features of striped borophene using DFT calculations,
exhibiting striped borophene possesses high optical transparency and
electrical conductivity, which increase its applications in photovoltaics
and flexible electronics industry.

Here we focus on 𝛽12-borophene phase which is the most stable
geometry thermodynamically, mechanically and dynamically [25]. In
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Fig. 1. Top view of the atomic structure of 𝛽12-borophene sheet. The red rectangle
shows the unit cell of 𝛽12-borophene with five boron atoms. The lattice basis vectors
are given by 𝑎1 and 𝑎2. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

the work by Le et al. [26], it is reported that the electric phase of
𝛽12-borophene can be tuned via electric field and charged impurity, so
that charged impurity induced 𝛽12-borophene behaves as a semimetal
at high scattering potentials as well as applying electric field opens
a band gap in 𝛽12-borophene and it behaves like a semiconductor.
In the present work, with the purpose of exploring novel magnetic
properties of 𝛽12-borophene, we seek to theoretically deal with the
magnetic properties of the perpendicular electric field- and impurity-
infected 𝛽12-borophene corresponding to semiconductor and semimetal
phase, respectively. To do so, we use the tight-binding Hamiltonian
model, the Green’s function approach and the Born approximation in
our numerical calculations.

The setup of the paper is as follows. Section 2 describes the ge-
ometric structure and tight-binding Hamiltonian of 𝛽12-borophene as
well as the electronic band structure of all considered models. Also,
the formulation of magnetic susceptibility using the electronic density
of states (DOS) is presented. The perturbed Green’s function of 𝛽12-
borophene in the presence of dilute charged impurity as well as the cor-
responding results for the magnetic susceptibility of impurity-infected
𝛽12-borophene are investigated in Section 3. The biased Hamiltonian
and magnetic susceptibility of 𝛽12-borophene is brought in Section 4.
Finally, Section 5 concludes.

2. Theoretical formulation

2.1. Hamiltonian model for pristine 𝛽12-borophene

It is useful to understand the lattice structure and hybridization
of atomic orbitals in 𝛽12-borophene, before going to its tight-binding
details. Fig. 1 presents the atomic structure and the unit cell of 𝛽12-
borophene. As can be seen from the figure, the red rectangle shows
the unit cell of 𝛽12-borophene, consisting of five boron atoms including
a, b, c, d, and e atoms which are located at different sites in the unit
cell. Different bonds of boron atoms lead to different on-site potentials
for boron atoms in the unit cell. Also, 𝑎1 and 𝑎2 are the lattice basis
vectors given by 𝑎1 =

√

3𝑙�̂�𝑥 and 𝑎2 = 3𝑙�̂�𝑦, where 𝑙 ≃ 1.69 Å denotes
the distance between B-B atom. According to findings in Ref. [23], the
values of lattice parameters of the 𝛽12-borophene are 2.926 Å and 5.068
Å for |𝑎1| and |𝑎2|, respectively. Also, the first Brillouin zone (FBZ)
of 𝛽12-borophene is a rectangle which is characterized by the lattice
parameters −𝜋∕𝑎1 ≤ 𝑘𝑥 ≤ 𝜋∕𝑎1, and −𝜋∕𝑎2 ≤ 𝑘𝑦 ≤ 𝜋∕𝑎2 along the 𝑥
and 𝑦 directions, respectively [27]. Using a convention shift, the area
of Brillouin zone along 𝑥 direction can be rewritten as 0 ≤ 𝑘𝑥 ≤ 2𝜋∕𝑎1.

From the lattice of 𝛽12-borophene, two mirror symmetries 𝑀𝑥 and 𝑀𝑦
with respect to the 𝑥 and 𝑦 axes, respectively, are present and because
of these two, an inversion symmetry operator 𝐼 =𝑀𝑥𝑀𝑦 appears with
respect to the center of the honeycomb, i.e. c atom.

It is well known that the 𝑝𝑧 orbitals form 𝜋 bands near the Fermi
level and the Dirac cones locate at K points in graphene [24,28–30].
Similar to graphene, the 𝛽12-borophene sheet also has an atomically
flat structure and the 𝑠, 𝑝𝑥, and 𝑝𝑦 orbitals make a 𝑠𝑝2 hybridization
contributing to the 𝜎 bands which are far from the Fermi level, thus,
the bands near the Fermi level are owing to the 𝑝𝑧 orbital of the boron
atoms corresponding to 𝜋 bonds, in agreement with recent experiments
and first-principles calculations [31,32]. From this point, we formulate
the effective Hamiltonian of 𝛽12-borophene only in terms of the 𝑝𝑧
orbital in the real space as

̂(0) =
∑

𝑖
𝜀𝑖𝑓

†
𝑖 𝑓𝑖 +

∑

𝑖,𝑗
𝑡𝑖𝑗𝑓

†
𝑖 𝑓𝑗 + H.c. , (1)

where 𝑓 can be each of the {�̂�, �̂�, 𝑐, 𝑑, or 𝑒} atoms in the unit cell. Also,
𝜀𝑖 refers to the on-site energy for electrons at the 𝑖th site of the lattice.
The coefficient 𝑡𝑖𝑗 is the hopping parameter between nearest-neighbor
atomic sites 𝑖 and 𝑗. The Hamiltonian in the real space can be easily
transferred to the momentum space using the Fourier transformation
in which the annihilation and creation operators read as

𝑓𝑖 =
1

√

𝑁𝑎

∑

�⃗�

𝑒−𝑖�⃗�.r⃗𝑖𝑓�⃗� , 𝑓 †
𝑖 = 1

√

𝑁𝑎

∑

�⃗�

𝑒+𝑖�⃗�.r⃗𝑖𝑓 †
�⃗�
, (2)

where 𝑁𝑎 and r⃗𝑖 are the number of atoms and the position vector of 𝑖th
unit cell, respectively. Then the Hamiltonian can be expressed in the
matrix form of

̂�⃗� =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑎𝑎 𝑎𝑏 𝑎𝑐 𝑎𝑑 𝑎𝑒

𝑏𝑎 𝑏𝑏 𝑏𝑐 𝑏𝑑 𝑏𝑒

𝑐𝑎 𝑐𝑏 𝑐𝑐 𝑐𝑑 𝑐𝑒

𝑑𝑎 𝑑𝑏 𝑑𝑐 𝑑𝑑 𝑑𝑒

𝑒𝑎 𝑒𝑏 𝑒𝑐 𝑒𝑑 𝑒𝑒

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (3)

The elements of these matrices are described as follows:

𝑎𝑎 =
1
𝑁

𝑁
∑

𝑛′=1

5
∑

𝑛=1
∫ 𝑑𝐫𝑒−𝑖�⃗�.(𝐑

𝑎
𝑛−𝐑

𝑎
𝑛′
)

×
[

𝜙∗
�⃗�
(𝐫 − 𝐑𝑎𝑛′ )�⃗�𝜙�⃗�(𝐫 − 𝐑𝑎𝑛)

]

≈
{

0, 𝑛 ≠ 𝑛′

𝜀𝑎, 𝑛 = 𝑛′
.

(4)

The integral in Eq. (4) only survives for 𝑛 = 𝑛′, otherwise, it is zero,
which means that there is no hopping between electrons of the same
atoms in different unit cells. In a similar way, the same results hold
for the elements 𝑏𝑏,𝑐𝑐 ,𝑑𝑑 , and 𝑒𝑒. The major interaction between
nearest neighbors is obtained by the off-diagonal elements 𝑖𝑗 . The
element 𝑎𝑏 is calculated as

𝑎𝑏 ≈ 𝑡𝑎𝑏𝑔�⃗� , 𝑎𝑐 ≈ 𝑡𝑎𝑐𝑓�⃗� . (5)

In 𝑎𝑏 relation, the summations indices 𝑛 and 𝑛′ shown in Eq. (4)
run over the all a and b sublattices in the crystal, respectively. One
can carry out the summation over all the atoms in the crystal (𝑛′ =
1, 2, .., N) and at each step it sums over the five nearest neighbor
atoms b (𝑛 = 1, 2, 3, 4, 5) by considering only the effects of nearest-
neighbor interaction. By repeating these calculations 𝑏𝑎 and 𝑐𝑎 can
be obtained as

𝑏𝑎 = ∗
𝑎𝑏 = 𝑡𝑎𝑏𝑔

∗
�⃗�

, 𝑐𝑎 = ∗
𝑎𝑐 = 𝑡𝑎𝑐𝑓

∗
�⃗�
. (6)

The 𝑓�⃗� and 𝑔�⃗� are the geometrical factors which both are obtained as

𝑔�⃗� = 2𝑒𝑖𝑎1𝑘𝑦∕2
√

3𝑐𝑜𝑠(𝑎1𝑘𝑥∕2) , 𝑓�⃗� = 𝑒𝑖𝑎1𝑘𝑦∕2
√

3 . (7)
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Fig. 2. (Color online) Electronic band structure of 𝛽12-borophene for (a) homogeneous, (b) inversion symmetric and (c) inversion nonsymmetric model. 𝐾,𝐾 ′ show two Dirac
fermions, 𝑋 and 𝑀 correspond to the triplet fermions and 𝛬 and 𝛬′ form three-band crossing points.

Furthermore, other off-diagonal elements can be obtained in the same
way. Consequently, we obtain

̂�⃗� =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜀𝑎 𝑡𝑎𝑏𝑔�⃗� 𝑡𝑎𝑐𝑓 ∗
�⃗�

0 𝑡𝑎𝑒𝑓�⃗�
𝑡𝑎𝑏𝑔∗�⃗�

𝜀𝑏 𝑡𝑏𝑐𝑔�⃗� 𝑡𝑏𝑑𝑓 ∗
�⃗�

0
𝑡𝑎𝑐𝑓�⃗� 𝑡𝑏𝑐𝑔∗�⃗�

𝜀𝑐 𝑡𝑐𝑑𝑔�⃗� 𝑡𝑐𝑒𝑓 ∗
�⃗�

0 𝑡𝑏𝑑𝑓�⃗� 𝑡𝑐𝑔∗�⃗�
𝜀𝑑 𝑡𝑑𝑒𝑔�⃗�

𝑡𝑎𝑒𝑓 ∗
�⃗�

0 𝑡𝑐𝑒𝑓�⃗� 𝑡𝑑𝑒𝑔∗�⃗�
𝜀𝑒

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (8)

Table 1 shows the values of the hopping parameter obtained from
DFT knowledge [31]. Actually, an effective Dirac theory for general
parameters are derived in Ref. [27] to confirm the first-principle
calculations of the Ref. [31]. Depending on the interaction between
boron atoms and Ag atoms in the sublayer, there are three models for
𝛽12-borophene including homogeneous model, inversion nonsymmetric
model, and inversion symmetric model. In the homogeneous model, all
hopping parameters set to −2 eV as well as the on-site potentials are
equal to zero. In inversion symmetric model, the on-site energies are
given by

𝜀𝑎 = 𝜀𝑑 = 0.196 eV, 𝜀𝑏 = 𝜀𝑒 = 0.058 eV, 𝜀𝑐 = 0.845 eV. (9)

In the case of inversion nonsymmetric model, Ag atoms effects lead to
inversion symmetry breaking of the lattice structure, thus, the values
of on-site potentials are given by

𝜀𝑎 = 𝜀𝑒 = 0.196 eV, 𝜀𝑏 = 𝜀𝑑 = 0.058 eV, 𝜀𝑐 = 0.845 eV. (10)

When the 𝛽12-borophene is placed on a Ag(111) substrate, it has
been shown that a long-range modulation, yielding an electronic per-
turbation, arising from the lattice mismatch gives rise to a moiré
pattern [31], simulating by varying the on-site energy over a super-
lattice period in their tight-binding model. By this, the Dirac fermions
become gapped in the inversion nonsymmetric model, implying that
the inversion symmetry breaking occurs.

Now, by diagonalizing the Hamiltonian in Eq. (8), we can nu-
merically obtain the electronic band structure of 𝛽12-borophene for
all three models, as shown in Fig. 2. The Fermi level is set to zero.
From the figure, we can see that the conduction and valence bands
touch each other at the Fermi energy, as a result of this, all three
models have a metallic phase. Also, six high-symmetry points which
play key roles in our numerical calculations, are shown in the band
structure diagram of homogeneous model: 𝐾(2𝜋∕3𝑎1, 0), 𝐾 ′(−2𝜋∕31, 0)
as two Dirac fermions, 𝑋(𝜋∕𝑎1, 0) and 𝑀(𝜋∕𝑎1,−𝜋∕𝑎2) corresponding
to the triplet fermions, and 𝛬(𝜋∕3𝑎1, 𝜋∕𝑎2) and 𝛬′(−𝜋∕3𝑎1, 𝜋∕𝑎2) that
form three-band crossing points. We would like to comment why we
get 10 bands in the band structures. From the coordinates of six high-
symmetry points, it is clear that the value of 𝑘𝑦 is zero for 𝐾,𝐾 ′ and
𝑋 points, while 𝑀,𝛬 and 𝛬′ are appeared in 𝑘𝑦 = 𝜋∕𝑎2. Therefore, in
order to have all six high-symmetry points in a 2D band structure, we
have plotted the band structure of 𝛽12-borophene as a function of 𝑘𝑥
for these two 𝑘𝑦s and for each of them we have 5 bands, as a results of

Table 1
Hopping energies for inversion symmetric and inversion nonsymmetric
models.
Source: Taken from Ref [31].

Hopping energy Value [eV] Hopping energy Value [eV]

𝑡𝑎𝑏 = 𝑡𝑑𝑒 −2.04 𝑡𝑎𝑐 = 𝑡𝑐𝑒 −1.79
𝑡𝑎𝑒 −2.12 𝑡𝑏𝑐 = 𝑡𝑐𝑑 −1.84
𝑡𝑏𝑑 −1.91

this, we have 10 bands in general. At a closer glance, it can be found
that removing the c atoms from the structure of the 𝛽12-borophene
makes a honeycomb structure like graphene. Therefore, it is expected to
𝛽12-borophene possesses massless Dirac fermions, however, in Fig. 2(c)
massive Dirac points are observed for inversion nonsymmetric model.
For this reason, we will only focus on the results of the homogeneous
and inversion symmetric models in which the massless Dirac fermions
are taking a role in the metallic phase of the lattice.

2.2. Pauli spin paramagnetic susceptibility

It is a known fact that magnetic materials show an internal magneti-
zation () under an external magnetic field (𝐻), as a perturbation, as
well as magnetic susceptibility 𝜒 is the ratio of this induced magnetiza-
tion to the applied magnetic field strength. Depending on the behavior
of materials under the external magnetic field, these divided into three
main groups including antiferromagnetic (AFM), paramagnetic (PM)
and ferromagnetic (FM).

Pauli spin paramagnetic susceptibility is a valid model for most
paramagnetic metals with free electrons. In this model, it is supposed
that the conduction electrons should be free as well as applying the
external magnetic field creates an imbalance between electrons with an
opposite spin which leads to a low magnetization in the same direction
as the applied field. PSPS of a material 𝜒 , can be calculated in terms of
DOS using () = −(1∕𝜋𝑁𝑎)

∑

�⃗�∈𝐹𝐵𝑍
∑5
𝛼=1 Im𝐺𝛼𝛼(�⃗�, ) [𝑁𝑎 = 5 is the

number of atoms per unit cell, see Appendix A for more details]. First
of all, the magnetization density reads [33–36]

 =
𝜇𝙱
2 ∫

∞

−∞
()𝑑

[

𝑓 ( − 𝜇𝙱𝐻) − 𝑓 ( + 𝜇𝙱𝐻)
]

, (11)

where the Fermi–Dirac distribution function is given by 𝑓 ( , 𝑇 ) =
1∕[𝑒∕𝑘B𝑇 +1]. 𝑘B is the Boltzmann constant and 𝜇𝐵 is the Bohr magne-
ton. Then, we have [see Appendix B for more details]

 = 𝜇2
𝙱
𝐻 ∫

∞

−∞
()−𝜕𝑓 ( , 𝑇 )

𝜕
𝑑 , (12)

in which the PSPS can be written as

𝜒(𝑇 ) = 𝜇2
𝙱 ∫

∞

−∞
()[−𝜕𝑓 ( , 𝑇 )]𝑑 . (13)

Evidently, the PSPS of the clean and perturbed system can be com-
puted by replacing clean or perturbed (). This quantity is eminently
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Fig. 3. (Color online) PSPS of homogeneous and inversion symmetric models of
𝛽12-borophene as a function of absolute temperature.

suitable to classify solid materials based on their magnetic properties.
In the following, we deal with the PSPS of electric field and charged
impurity induced 𝛽12-borophene.

It is appropriate to remind a brief review of magnetic materials.
In FM materials, the dipole moments of atoms or ions strongly cou-
pled to each other separately with parallel magnetization. Not only
under an applied magnetic field, but also in the absence of magnetic
field, atoms or ions in FM materials affect on each other and try to
parallel their magnetic moments because of the exchange coupling
forces between the spin of different atoms and ions. Also, there is a
critical temperature so-called Curie temperature 𝑇𝐶 above which the
permanent magnetic properties have vanished. In addition, PM is a
weakly form of magnetic properties of the material. In these material
atoms or ions have separately permanent magnetic moments and in
the presence of an external magnetic field, an internal magnetic fields
form in the direction of the applied magnetic field. In AFM material,
there are two or more sublattices that are magnetized in opposite
directions. Similar to FM materials AFM materials become PM above
a critical temperature namely Neel temperature 𝑇𝑁 which is obtained
from the peak of the susceptibility. The value of PSPS is maximum at
𝑇 = 𝑇𝑁 and reduces by increasing in 𝑇 . It should be noted that we set
values of physical constants 𝜇𝐵 and 𝑘𝐵 to unity in order to simplify the
numerical calculations. Let us focus on the pristine results of PSPS in
𝛽12-borophene.

Fig. 3 presents the pristine PSPS curve of 𝛽12-borophene for both
homogeneous and inversion symmetric models as a function of temper-
ature. From the figure, we can see the PSPS curves for both mentioned
models first increase and then after reaching a maximum value de-
crease, therefore, these models have the AFM phase. Also, on the
basis of DFT calculations, in Ref. [14], the authors have addressed
the magnetic properties of striped borophene nanoribbons, finding
the anisotropic quasi-planar geometric structure of striped borophene
nanoribbon. Further, it has been found that the edge states are largely
govern to its electronic and magnetic properties, so that striped
borophene nanoribbons are non-magnetic along 𝑥-direction, while they
behave as an AFM or FM depending on the ribbon width along 𝑦-
direction, which is almost in agreement with our results. However, the
value of 𝑇𝑁 is not the same for both models and the inversion sym-
metric model has a little less 𝑇𝑁 in comparison with the homogeneous
model. Besides, as highlighted in the inset panel, we can find that the
height of 𝜒 in the inversion symmetric model is more than one in the
homogeneous model. The physical reason behind it is the existence of
a direct relation between DOS and PSPS [see Eq. (13)]. Also, according
to the band structure dispersion diagrams, which are shown in Fig. 1,
the concavity of bands in the inversion symmetric model is more than
homogeneous one, as a result of this the inversion symmetric model has

Fig. 4. (Color online) Susceptibility of high-symmetry points in the FBZ of 𝛽12-
borophene for (a) homogeneous and (b) inversion symmetric model when the thermal
energy induced to the system is increased.

more degenerated states than homogeneous model leading to higher
value for DOS and eventually higher PSPS. This, in turn, means that
the interaction between the boron atoms and the substrate atoms in
homogeneous model is stronger than the inversion symmetric model
because the system is less sensitive to the external magnetic field and
the spins in the case of homogeneous model are not interested as much
as the inversion symmetric one in responding to the magnetic field.

As mentioned before, the total metallic electronic phase of 𝛽12-
borophene stems from the low-energy Dirac points, i.e. 𝐾 and 𝐾 ′

points. By this, a higher PSPS is expected in the 𝜒 plots independent
of the model, as confirmed in Fig. 4. Particularly, the contribution
of different momenta in the total PSPS of the system is studied in
the following to see what the contribution order of high symmetry
points in the FBZ is in the entire response of the lattice to the external
magnetic field. In other words, the interband transition contributions
to the total response of the system are clarified, which helps to figure
out how the electronic phase of the system can be influenced by the
magnetic doping. As explained before as well as addressed in the work
of Ezawa [27], the inversion symmetric model is the best model close
to the experiment. Thus, the AFM phase of the system should be seen in
the inversion symmetric model, not in the homogeneous one. Shortly,
we would stress that the results are in a good agreement with the
graphene ones, as expected.

Fig. 4 illustrates the PSPS of the high symmetry points in the FBZ of
𝛽12-borophene including 𝐾,𝐾 ′, 𝑋,𝑀,𝛬, and 𝛬′ points for the (a) homo-
geneous and (b) inversion symmetric model. Fig. 4(a) confirms clearly
the expected non-AFM phase of the system when the homogeneous
model is responsible for the dynamics of carriers, whereas Fig. 4(b)
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shows that the 𝐾 and 𝐾 ′ points mostly contribute to the total AFM
phase of the system, in agreement with expectations above-explained.
It is clear that the PSPS of 𝐾 and 𝐾 ′ as well as 𝛬 and 𝛬′ show the
same behaviors, for both models, while the PSPS of the 𝑋 and 𝑀 points
behave similarly to each other only in the homogeneous model. Also,
in panel (a) we observe that the susceptibility of 𝐾 and 𝐾 ′ behaves as a
PM, whereas the PSPS of these points exhibits AFM phase in inversion
symmetric model. In addition, the PSPS of 𝛬 and 𝛬′ points shows AFM
phase for both models, but with differences that the height of 𝜒 in the
homogeneous model (a) is more than inversion symmetric model (b) as
well as the 𝑇𝑁 shifts to lower values in (b) model in comparison with
(a). In the case of PSPS of 𝑋 and 𝑀 points, we can see that they behave
as an AFM but they do not show exactly similar behaviors because as
illustrated in Fig. 2(b) they do not have same electronic band dispersion
and two bands cross each other at 𝑋 point whereas triplet fermions
emerge at 𝑀 point. Thereby, the Dirac fermions and triplet fermions do
not contribute similarly to the total system dynamics. Such behaviors
are also seen in other 2D materials [37,38].

As mentioned before, charged impurity induced 𝛽12-borophene be-
haves as a semimetal as well as the electric phase of 𝛽12-borophene
changes from metal to semiconductor when an electric field is ap-
plied [26]. For this reason, in the following, we will study the PSPS
of metal, semimetal and semiconductor 𝛽12-borophene for two homoge-
neous and inversion symmetric models in the presence of dilute charged
impurity (Section 3) and electric field (Section 4).

3. Impurity infected 𝜷𝟏𝟐-borophene

In this section, we address the effects of charged dilute impurity
with different concentrations 𝑛𝑖 and scattering potential 𝜈𝑖 on the PSPS
of 𝛽12-borophene. It is worthwhile noting that, substituting Hamiltonian
of 𝛽12-borophene in the below equation gives us the clean Green’s
function of correlated electronic waves or orbitals in the system

�̂�(0)(�⃗�, ) =
[

( + 𝚒𝜂)�̂� − ̂�⃗�

]−1
. (14)

where 𝜂 = 5 meV is the broadening factor of correlated electronic
waves. Moreover, summing over the imaginary part of the Green’s
function matrix reaches the clean DOS of 𝛽12-borophene

(0)() = −1
𝜋𝑁𝑎

∑

�⃗�∈𝐹𝐵𝑍

5
∑

𝛼=1
Im𝐺(0)

𝛼𝛼 (�⃗�, ). (15)

where 𝛼 implies the sublattices.
Aiming at the investigation of the dilute charged impurity and its

impacts on the magnetic properties of 𝛽12-borophene, we formulate
the perturbed DOS of the system using the Born approximation in the
scattering theory and T-matrix [39]. The impurities are doped randomly
to the system and just the values of their concentration and scattering
potential play role in our computations. In the Born approximation,
the electron–impurity interaction can be included in the self-energy,
𝛴(𝐩, ), which is calculated as

�̂�(𝐩, ) = 𝑛𝑖𝜈𝑖
⎡

⎢

⎢

⎣

1 −
𝜈𝑖
𝑁𝑎

∑

�⃗�∈𝐹𝐵𝑍

�̂�(0)(�⃗�, )
⎤

⎥

⎥

⎦

−1

, (16)

where p is the quantum wave-vector induced from the impurities to
the Dirac and triplet fermions of 𝛽12-borophene. However, for the
isotropic scattering effects like what we have in our system, this self-
energy depends only on the energy, not momenta. From this point,
the perturbed Green’s function can be obtained through the Dyson
equation [39]

�̂�(�⃗�, ) = �̂�(0)(�⃗�, )
[

1 − �̂�(0)(�⃗�, )�̂�()
]−1

(17)

By this, simply, the electronic perturbed DOS is calculated using inter-
acting Green’s function matrix:

() = −1
𝜋𝑁𝑎

∑

�⃗�∈𝐹𝐵𝑍

5
∑

𝛼=1
Im𝐺𝛼𝛼(�⃗�, ). (18)

leading to the impurity scattering effects on the electronic features of
𝛽12-borophene.

Before anything, it would be nice to clarify some numerical notes,
which are necessary to be polished. In our numerical calculations we
have 𝑛𝑖 = 𝑁𝑖∕𝑁𝑢𝑐 , in which 𝑁𝑖, 𝑁𝑢𝑐 refer to the number of impurity
atoms and unit cells, respectively. Besides, we have performed the
numerical calculations for 1000 × 1000 unit cells to obey the validity
limit of T-matrix approximation for dilute regimes. Therefore, 𝑛𝑖 =
20% means that 20% of all unit cells considered above is infected by
impurity atoms only, for this reason, we would call it a dilute impurity
compared to such a huge unit cell.

The temperature-dependent curves of the PSPS of 𝛽12-borophene for
both homogeneous (a, c) and inversion symmetric (b, d) models in
the absence and presence of dilute charged impurity are exhibited in
Fig. 5. Panel (a) and (b) are drawn under the condition that the value
of scattering potential is set to 0.1 eV while the impurity concentration
increases. Also, in panels (c) and (d), the impurity concentration is fixed
at 10% for different scattering potentials. From these panels, it can be
understood that the AFM phase of 𝛽12-borophene for both homogeneous
and inversion symmetric models remains constant even in the presence
of dilute charged impurity. This means that the dilute regime does not
work well for changing the magnetic phase of the principle system and
the distribution of electronic orbitals is robust in the presence of such
dilute perturbations. However, the inset panels show that an increase
in the impurity concentration or scattering potential leads to a slow
change in the height of 𝜒 and 𝑇𝑁 . From panels (a) and (b) we can see
that the maximum value of 𝜒 reduces by increasing in the 𝑛𝑖 as well as
the 𝑇𝑁 already do not change in the homogeneous model, while in the
case of inversion symmetric one it moves to higher temperatures when
impurity concentration is equal to 5%. Furthermore, as shown in panels
(c) and (d) any significant change is observed in the Neel temperature
by increasing the scattering potential of charged impurities.

In a nutshell, there is no significant alteration in the response func-
tion of the system when it is subjected to the dilute charged impurities
and the inset panels for fairly low and intermediate thermal energies
report that there is no order for the trends when the impurity concen-
tration or scattering potentials is increased similar to the graphene and
most of the other 2D materials.

4. Biased 𝜷𝟏𝟐-borophene

Let us consider another perturbation, which changes the electronic
phase of the system significantly [26], i.e. the electric field. Applying
bias voltage is one of the common methods for tuning the band gap
of 2D materials [40–42]. In Ref. [26], it is found that 𝛽12-borophene
suffers from a metal-to-𝑝-doped semiconductor phase transition under
a strong enough perpendicular electric field. Therefore, it is expected
that magnetic properties of 𝛽12-borophene show novel and interesting
features in the presence of perpendicular electric field as well. One can
apply the perpendicular electric field on the 𝛽12-borophene by installing
gate voltage on the top and bottom of its sheet. Thus, the tight-binding
Hamiltonian of biased 𝛽12-borophene in the real space can be written
as

̂𝙴𝙵 = ̂(0) + 1
2
∑

𝑖
𝑉𝑖𝑓

†
𝑖 𝑓𝑖 , (19)

wherein 𝑉𝑖 refers to the applied bias voltage. In this formalism, we do
not consider the electric field effects on the c atom in the center of hon-
eycomb lattices because of the electronic wave functions cancellation
originating from the isotropic structure of our principle system. Lattice
symmetries lead to the striped charging effects because in the case of
𝛽12-borophene, there is a phase cancellation at the six-fold coordinated
boron atom which leads to a vanishing amplitude at site c [31]. For
this reason, the on-site potential for atom c is set to zero. Therefore,
the atoms at sites a, b, d and e are the origin of the total wave-function
and can be decomposed into two sublattices, first sublattice is made of



Physica E: Low-dimensional Systems and Nanostructures 120 (2020) 114074

6

K.D. Pham et al.

Fig. 5. (Color online) The magnetic susceptibility of dilute charged impurity infected 𝛽12-borophene for (a, c) homogeneous and (b, d) inversion symmetric models. Panels (a,
b) are drawn for different impurity concentrations, while the scattering potential is fixed at 𝜈𝑖 = 0.1 eV, as well as, the fixed impurity concentration equal to 10% and different
scattering potentials are considered for panels (c, d).

Fig. 6. (Color online) PSPS of pristine and biased 𝛽12-borophene for two
(a) homogeneous and (b) inversion symmetric models versus temperature.

a and b atoms, while the second one is comprised of d and e atoms.
These sublattices are biased as 𝑉 = {+𝑉 ,+𝑉 , 0,−𝑉 ,−𝑉 } due to the
above-mentioned symmetries and isotropies. Of course, we could model
it in another way in our future researches. Consequently,

̂𝙴𝙵

�⃗�
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜀𝑎 + 𝑉 𝑡𝑎𝑏𝑔�⃗� 𝑡𝑎𝑐𝑓 ∗
�⃗�

0 𝑡𝑎𝑒𝑓�⃗�
𝑡𝑎𝑏𝑔∗�⃗�

𝜀𝑏 + 𝑉 𝑡𝑏𝑐𝑔�⃗� 𝑡𝑏𝑑𝑓 ∗
�⃗�

0
𝑡𝑎𝑐𝑓�⃗� 𝑡𝑏𝑐𝑔∗�⃗�

𝜀𝑐 𝑡𝑐𝑑𝑔�⃗� 𝑡𝑐𝑒𝑓 ∗
�⃗�

0 𝑡𝑏𝑑𝑓�⃗� 𝑡𝑐𝑔∗�⃗�
𝜀𝑑 − 𝑉 𝑡𝑑𝑒𝑔�⃗�

𝑡𝑎𝑒𝑓 ∗
�⃗�

0 𝑡𝑐𝑒𝑓�⃗� 𝑡𝑑𝑒𝑔∗�⃗�
𝜀𝑒 − 𝑉

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (20)

Thus, PSPS of biased 𝛽12-borophene can be calculated in terms of
DOS which can be calculated using () = −(1∕𝜋𝑁𝑎)

∑

�⃗�∈𝐹𝐵𝑍
∑5
𝛼=1 Im

[

1∕( + 𝚒𝜂)�̂� − ̂𝙴𝙵

�⃗�

]

.
In Fig. 6, for the unbiased and biased 𝛽12-borophene in the case of

(a) homogeneous and (b) inversion symmetric model, the PSPS versus
temperature is shown. As it is explained from Ref. [26], the van Hove
singularities in the electronic DOS are altered when the electric field
changes the system dynamics. As a result of this, the PSPS is affected.
Since the electronic phase transition emerges at high enough bias
potentials, we expect a higher PSPS at stronger bias voltages. This can
be observed in both models. From this expectation, one can see that in
Fig. 6(a), the height of 𝜒 and 𝑇𝑁 of the homogeneous models reduce as
the applied perpendicular electric field is increased. On the other hand,
for the most relevant experimental model, i.e. inversion symmetric
model shown in panel (b), it is clear that applying an electric field leads
to a decrease in the height of 𝜒 and the maximum point. As it is shown
in the figure, a reduction of the Neel temperature in the inversion
symmetric model is more smooth compared to the homogeneous one.
This is another confirmation for the invalidity of the homogeneous
model. We can observe that in both models, by increasing the strength
of applied bias voltage the value of PSPS increases first at fairly
low temperatures, while it increases in the intermediate temperatures,
leading to a decrease in the susceptibility compared to unbiased 𝛽12-
borophene. At high enough temperatures, the PSPS decreases slightly
with the bias voltage and it is expected to converge at the end.



Physica E: Low-dimensional Systems and Nanostructures 120 (2020) 114074

7

K.D. Pham et al.

5. Conclusions

To summarize, we have investigated the influence of dilute charged
impurity and perpendicular electric field on the temperature-dependent
Pauli spin paramagnetic susceptibility of 𝛽12-borophene. In doing so,
the five-band Hamiltonian homogeneous and inversion (non)symmetric
models are implemented besides the Green’s function technique. In the
absence of the above-mentioned perturbations, the inversion symmetric
model of the system dynamics shows an antiferromagnetic phase like
graphene and the Dirac fermions are mostly play role in the response
function. In the presence of a dilute charged impurity, the susceptibility
fluctuates with the impurity concentration and scattering potential and
there is no good order for the temperature trends, while in the presence
of the electric field, it increases (decreases) slightly at low (intermediate
and high) temperatures. From these results, we claim that the Neel
temperature of 𝛽12-borophene can be tuned with the applied electric
field as well as the impurity concentration and scattering potential. The
findings provide useful information for further researches and increase
borophene applications in the logic electronic and spintronic devices.
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Appendix A. The relation between DOS and the green’s functions

In order to find the DOS of a system, consider a system described by
a Hamiltonian , being 𝜓𝑚 and 𝑚 its normalized eigenfunctions and
eigenvalues (supposed to be countable, for simplicity). The total DOS
of the system is defined as

() =
∑

𝑚
𝛿( − 𝑚), (A.1)

By considering an arbitrary element 𝜈 with the orbital wave-function
𝜙𝜈 we can write the Green’s functions as

𝐺𝜈𝜈 (𝐸) =⟨𝜙𝜈 |
1

 + 𝚒𝜂 − ̂
|𝜙𝜈⟩

=
∑

𝑚
⟨𝜙𝜈 |𝜓𝑚|𝜙𝜈 |𝜓𝑚⟩⟨𝜓𝑚|

1
 + 𝚒𝜂 − ̂

|𝜙𝜈⟩

=
∑

𝑚
⟨𝜙𝜈 |𝜓𝑚|𝜙𝜈 |𝜓𝑚⟩⟨𝜙𝜈 |

1
 − 𝚒𝜂 − ̂

|𝜓𝑚⟩
⋆

=
∑

𝑚
|⟨𝜙𝜈 |𝜓𝑚|𝜙𝜈 |𝜓𝑚⟩|

2
(

1
 − 𝑚 + 𝚒𝜂

)

(A.2)

or equivalently,

𝐺𝜈𝜈 (𝐸) =⟨𝜙𝜈 |
1

 + 𝚒𝜂 − ̂
|𝜙𝜈⟩

=
∑

𝑚
|⟨𝜙𝜈 |𝜓𝑚|𝜙𝜈 |𝜓𝑚⟩|

2
(

 − 𝑚 − 𝚒𝜂
( − 𝑚)2 + 𝜂2

)

. (A.3)

Considering its imaginary part and the following definition of the Dirac
delta function:

𝛿(𝑥) = lim
𝑎→0

1
𝜋

𝑎
𝑎2 + 𝑥2

, (A.4)

we can quickly deduce that

lim
𝜂→0

Im𝐺𝜈𝜈 (𝐸) = −𝜋
∑

𝑚
|⟨𝜙𝜈 |𝜓𝑚|𝜙𝜈 |𝜓𝑚⟩|

2𝛿( − 𝑚), (A.5)

Consequently the DOS can be expressed as

() =
∑

𝜈
𝜈 () = − 1

𝜋
lim
𝜂→0

∑

𝜈
Im𝐺𝜈𝜈 (). (A.6)

Appendix B. The relation between DOS and PSPS

To obtain the PSPS relation, one needs the condition that the ex-
ternal magnetic field is weak enough, which can be derived as follows:

 =
𝜇𝙱
2 ∫

∞

0
()𝑑

[

𝑓 ( − 𝜇𝙱) − 𝑓 ( + 𝜇𝙱)
]

, (B.1)

To carry out the integral, we expand the Fermi–Dirac distribution
functions as

𝑓 ( ± 𝜇𝙱) = 𝑓 () ± 𝜇𝙱
(

𝜕𝑓 ( , 𝑇 )
𝜕

)

+⋯ , (B.2)

For weak magnetic fields  → 0 we can ignore the terms including
higher orders of magnetic field , deducing

 =
𝜇𝙱
2 ∫

∞

0
()𝑑

[

𝑓 () − 𝜇𝙱
𝜕𝑓 ( , 𝑇 )
𝜕

−
(

𝑓 () + 𝜇𝙱
𝜕𝑓 ( , 𝑇 )
𝜕

)

]

,
(B.3)

So, we have

 = 𝜇2
𝙱
∫

∞

0
()−𝜕𝑓 ( , 𝑇 )

𝜕
𝑑 , (B.4)
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