Separation of Convex Sets via Barrier
Cones

Huynh The Phung

Acta Mathematica Vietnamica
ISSN 0251-4184

Volume 45

Number 2

Acta Math Vietham (2020) 45:345-363
DOI 10.1007/s40306-020-00367-1

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Institute of
Mathematics, Vietham Academy of Science
and Technology (VAST) and Springer Nature
Singapore Pte Ltd.. This e-offprint is for
personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Acta Mathematica Vietnamica (2020) 45: 345-363
https://doi.org/10.1007/540306-020-00367-1

®

Separation of Convex Sets via Barrier Cones Check for
updates

Huynh The Phung'

Dedicated to Professor Hoang Tuy

Received: 12 June 2018 / Revised: 10 March 2020 / Accepted: 23 March 2020 /
Published online: 5 June 2020
© Institute of Mathematics, Vietnam Academy of Science and Technology (VAST) and Springer Nature Singapore

Pte Ltd. 2020

Abstract

A closed convex subset of a normed linear space is said to have the strong separation prop-
erty if it can be strongly separated from every other disjoint, closed, and convex set by a
closed hyperplane. In this paper, we give some results on the separation of convex sets notic-
ing the role of barrier cones, develop some characterizations of subsets having the strong
separation property, and apply them to consider a class of convex optimization problems.

Keywords Convex set - Separation theorem - Barrier cone - Recession cone - Set having
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1 Introduction

Let C and D be convex subsets of a real normed linear space X with dual space X*. If there
exists x* € X* \ {0} such that

sup {(x*,¢) | c € C} <inf{(x*,d) | d € D},
then we say that C and D are separated. Furthermore, if
sup {(x*,¢) | c € C} <inf{(x*.d) | d € D},

then C and D are said to be strongly separated.

A convex subset of X is said to have the (strong) separation property if it can be
(strongly) separated from every other disjoint closed convex subset.

Let C be a closed convex subset of X. We denote by rec(C) and bar(C), respectively, the
recession cone and the barrier cone of C, i.e.,

rec(C) :={ve X | c+veC,Vce(C};
bar(C) = {x* € X* | oc(x*) < 400},
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where o¢ : X* — R is the support function of C, defined by
oc(x*) = sup {(x*, ¢):ce C},x* € X*.

The set C is called linearly bounded if rec(C) = {0}. It is obvious that a bounded subset
is also linearly bounded. The set C is said to be locally compact if there exist ¢p € C and
r > 0 such that

B(co; r) N C is compact, (D)

where B(co; r) denotes the closed ball of radius r around cg. It should be noted that, since
C is convex and closed, this definition does not depend on both c¢g and r, i.e., if (1) holds,
then for every ¢ € C and s > 0, B(c; s) N C is also compact.

The following results are well known (see, for instance, [2, 4, 7-9, 11]) in convex
analysis.

Theorem 1 Let C and D be disjoint convex subsets of X. Then, they are separated if at
least one of the following conditions holds:

(a) int(C)Uint(D) # 0,
(b) dim(X) < oo.

Theorem 2 Let C and D be the convex subsets of X. The following statements are
equivalent:

(a) C and D are strongly separated;
(b) d(C;D):=inf{|lc—-d| | ceC,d e D} > 0.

Theorem 3 Let C and D be disjoint convex subsets in X. If
C or D is weakly compact, 2

and the other is closed, then they are strongly separated.

Corollary 1 Let C and D be disjoint closed convex subsets of a reflexive Banach space X.
If one of the sets is bounded, then they are strongly separated.

Theorem 4 Let C and D be disjoint closed convex subsets satisfying:
rec(C) Nrec(D) = {0}. 3)

If, in addition, C or D is locally compact, then they are strongly separated.

It is evident that any closed set in a finite-dimensional space is locally compact. Thus, a
locally compact set may still be unbounded and, hence, may not be weakly compact.

Since a convex set is linearly bounded whenever it is bounded, (3) is much weaker than

(2). Therefore, to compensate for that weakness, in Theorem 4 one of the sets is required to
be locally compact for a strong separation.

Remark 1 For the strong separation, (3) seems to be essential even in the case of finite-
dimensional spaces. Indeed, it is obvious that the following subsets of R2

2 1 2
Cz{(x,y)eR |x>0,y2;} and D={(x,0)e]R |xeR} o
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Separation of Convex Sets via Barrier Cones 347

are convex, closed, and disjoint, but are not strongly separated. The reason for this is that
rec(C) Nrec(D) = {(u, 0) | u = 0} # {(0, 0)}.

Remark 2 In Corollary 1, if the underlying space is infinte-dimensional, then the bounded-
ness (or weak compactness) hypothesis of one of the subsets cannot be substituted by (3).
Indeed, consider the following subsets of the Hilbert space 12

[o¢]

C = {S:(x,,)elz Zx”:l;x,,zo,\m},
n:ln
o0

DZ{CZ(yn)Glz ynzl;ynZO,Vn}.
n:1n+1

Obviously, C and D are disjoint unbounded closed convex subsets of /2. Let (£5) ¢ C and
¢ k ) C D be sequences defined by

2
Ek:(0,...,0,kk"h,0,...); ;":(m,o,...,o,kk*th,o,...); k eN.

Since [|EF — K|, = % — 0, C and D are not strongly separated. It should be noted that,
although being unbounded, both C and D are linearly bounded; hence, rec(C) Nrec(D) =

{0}.

Remark 3 The local compactness assumption on the sets in Theorem 4 seems a bit strong
in the case of infinite-dimensional spaces. For example, consider the following subsets of /2

1

2
C = x:(x,,)elzlxlz fo ,
i#1
3
D=jx=(mel |nz1+2|) %
i£2

Firstly, we have rec(C) Nrec(D) = {0} because

1

2
rec(C) = {vel vy =) v} ,
i#1

rec(D) = vel? | vp >2 Zvlz
i#£2

It is easy to check that C and D are disjoint closed convex sets and are strongly separated
by the vector x* = (1, —1,0,0,...) € I%.

On the other hand, by setting e; = (1,0,0,...),e = (0,1,0,0,...), wehavee; € intC
and 2e; € intD. Thus, C and D are not locally compact; hence, Theorem 4 cannot be
applied to establish a strong separation for them.

g
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Our first aim in this paper is fo develop a new result on the strong separation of con-
vex sets by imposing an assumption on the barrier cones of the sets in place of weak
compactness or local compactness assumptions.

From Theorems 1, 3, and 4, it follows that if C has a nonempty interior or X is finite-
dimensional, then C has the separation property; and if C is weakly compact or it is locally
compact and linearly bounded, then it has the strong separation property. Some further
features of subsets having (strong) separation property have been established in the literature
(for instance, see [5, 6]). Especially, in the case of Hilbert spaces, we have the interesting
result below. For a convex set C C X, let ri C denote its relative interior; that is

riC:={xeC | 3e>0Bx;e)NC C aff(C)},

where aff(C) is the affine hull of C and B(x; €) denotes the open ball with radius € around
X.

Theorem 5 [5, Theorem 2] An unbounded closed convex subset C of a Hilbert space X has
the separation property if and only if aff(C) is a finite-codimensional closed affine subspace
and ri C is nonempty.

Our second aim is to provide some necessary and/or sufficient conditions for a closed
convex subset in a normed space to have the strong separation property.

Recall that if M C R” is a nonempty closed convex set and f : R* — R is a convex,
lower semicontinuous and coercive function, then the optimization problem

PM; f): {){S)M_) inf,

has a nonempty compact solution set.

The third aim is fo prove a similar result for the convex programming problem with the
constraint set having the strong separation property and the coerciveness assumption of the
objective function is replaced by a weaker one.

The rest of the paper is organized as follows: The next section will present a characteriza-
tion for the interior of the barrier cones of convex sets in normed linear spaces. In Section 3,
we develop a new result on strong separation noticing the role of barrier cones. In Section 4,
we provide some conditions for a closed convex set to have the strong separation property.
Finally, Section 5 is devoted to considering convex optimization problems with constraint
set having the strong separation property.

2 A Characterization of the Interior of the Barrier Cone

In this section, we try to characterize the interior of the barrier cone of a closed convex

subset C in a normed linear space X. We first note that, since the support function o¢ is

sublinear and o (0) = 0, the barrier cone of C is a convex cone containing the origin.
With the sets given in (4), we have

bar(C) = {(u,v)eR2 | ugo,ugo}; bar(D) = {(0,v) | v e R}.

Thus, intbar(C) # ¥ and intbar(D) = .
It is well known that the weak™*-closure of bar(C) coincides with the polar cone of rec(C);
ie.,
bar(C)" = rec(C)° = [x* e X* | (x*,v) <0,Vv erec(C)}.

@ Springer



Separation of Convex Sets via Barrier Cones 349

If X is a reflexive Banach space then the norm-closure and the weak*-closure of bar(C)
coincide. Thus, we have
bar(C) = rec(C)°.

However, this relation may fail in a general normed linear space. In [1], the authors have
given a complete description of the norm-closure of bar(C) when C is a closed convex

subset of a normed linear space X
. 4 llell
lim n — | =00.
r—>00 \ ceC;{x*,c)y>r r

In fact, bar(C) can be represented in another form as stated below.

bar(C) = {x* e X*

Theorem 6
*

lim sup b, c) 50}.

ceCsllc||—o0 llell

bar(C) = {x* € X*

Proof We need to show that, for every x* € X*

c x*, c
lim ( inf u) =00 < limsup { ) <0

r—->00 \ ceC;(x*,c)>r r ceC;|lc||—o0 ||C||

Since both sides of the relation hold for x* = 0, we may assume x* # 0 and prove that the

statements below are equivalent:
(i) ¥M >0,3N >0,¥r > N,VeeC, (x*¢c)>r= ld 5 p;

(i) Ve>0,3K>0,¥ceC, || =K = 4= <e.

(i) = (ii) For every € > 0, we set M = % Then, there exists N > 0 satisfying (i). Let
K = % > 0. For every ¢ € C such that ||c|| > K, by letting r := (x*, c), we have

o If (x*,¢) = r > N, then el — L€l ~ a7: hence, @7.c)

ohe) = el =€
o If (x*, c) < N, then (f‘c"‘c) < % =e.
(i) = (i) For every M > 0, we set € = % > 0 again. Then, there exists K > 0 satisfying

(ii). Let now N = K ||x*||. For every r > N and ¢ € C such that (x*, ¢) > r, we have:
Klx*|l=N <r < (x*,¢c) < [lx*|llc].
X

This shows that ||| > K, which, by (ii), implies = < W <eandhence 1 > p. O

el =

Inspired by this result, we derive a characterization for the interior of bar(C) as below:

*
lim sup b, <) <0}.

ceCillell—oo lcll

intbar(C) = {x* e X*

We state this fact in the following result.

Theorem 7 Let x* € bar(C). The following statements are equivalent:
(a) x* € intbar(C),
(b) There exists y > 0 such that

sup  (x*,¢) < oc(x™); (5)
ceC\B(0;y)

%hm'n @ Springer
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(c) There exist positive numbers o, R such that
(x*,¢) < —ac|,Vc € C\ B(0; R); (6)
. (x*,c)
(d) imsup.cc; e oo o < O

where, B(0; y) and B(0; R) denote, respectively, the open balls of radii y and R around
the origin.

Proof Since the equivalence between (c) and (d) is rather obvious, we only need to prove
(a) = (b) = (c) = (a).
(a) = (b) Suppose that (5) fails to hold for every y > 0, or equivalently,
sup (", ¢) = oc(x®), ¥y > 0. @)
ceC\B(0;y)

Then, there is a sequence (c¢;,) C C such that |c,|| — oo and

lim (x*, ¢,) = oc(x™).

n—o00
Since the sequence (c;) is unbounded, by virtue of Banach-Steinhaus theorem, there exists

u* € X* such that

lim sup(u*, ¢,) = oo.
n—o0

It implies that

oc(x* 4+ Au™®) > limsup(x* + Au*, ¢,;) = 00, VA > 0.

n—0o0o

In other words, x* 4+ Au™ ¢ bar(C), for every A > 0. Thus, x* ¢ intbar(C).
(b) = (c) By (5), there exists co € C N B(0; y) such that, for some ¢ > 0

sup  {(x*,¢) < {(x*, o) —&.
ceC\B(0;y)

Choose R large enough such that R > y and (x*, ¢g) — %R < 0. We shall prove that (6)
holds for such R and « := %.
Take ¢ € C \ B(0; R) arbitrarily. Since ||c|| > R > y > |co|l, there exists A € (0, 1)
such that ||u|| = y withu = Ac + (1 — X)co € C. We have
Y =llac+ (1 = Meoll = Allell = (T = Mleoll,
which implies that

v +llcoll _ 2y
el 4+ lleoll — lell

(®)
Since u € C \ B(0; y), we have

(x*, co) —& > (x*,u) = A{x™, ) + (I = M) {x™, co),
which together with (8) implies that

2
< ((x* o) — (2. 0))

llell
or,

€
(x* c) < —5IIC|I + (x*, co).

Noting that ||c|| > R and —%R + (x*, co) < 0, we have

€ 3
(x*,c) < —@IICII - @R + (x*, co) = —at]lc]l.

@ Springer i ms
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(c) = (a) If (6) fulfills, then for every u* € B(x*; «), we have
W, c) < (x*, ¢) + lu* = x*|lllc|l < (x*,¢) +allc]| <0,Yc e C\ B(@O; R),

and hence,
ocw*) < max {0, ocnpo:r) ™)} < Rllu*|| < oo.
Thus, B(x*; «) C bar(C), from which (a) follows. O

Corollary 2 C is bounded if and only if bar(C) = X*.

Proof Since bar(C) is a cone, bar(C) = X™* if and only if 0 € intbar(C). On the other
hand, it follows from Theorem 7 that O € intbar(C) if and only if there exists y > 0 such
that C \ B(0; y) = @, or equivalently, C is bounded. O

3 Separation Theorems via Recession Cone and Barrier Cone

As we have seen in Theorem 4, for the strong separation of unbounded subsets, besides (3),
the assumption of local compactness is also required. In the following discussion, instead
of using local compactness assumption on the sets, we require one of their barrier cones to
have a nonempty interior. The main result of the section is stated below.

Theorem 8 Let C and D be disjoint closed convex subsets of a reflexive Banach space,
satisfying (3). If, in addition,

(intbar(C)) U (int bar(D)) # @, ©

then C and D are strongly separated.
Before proceeding to the proof, we prove the following lemmas.

Lemma 1 Let C be a closed convex subset of X and (c,) be a sequence in C such that
llca |l = oo and
Cn w

llcal

uelX.
Then, u € rec(C).

Proof Take ¢ € C we prove that ¢ + u € C. Since ||c, || — oo,

1 1
vn::(l— )c-l——cneC
llenl llcnll

for n large enough (such that 1 < ||c,||). On the other hand, (v,) weakly converges to ¢ + u.
By noting that a closed convex set is also weakly closed, we deduce ¢ +u € C. Since this
inclusion holds for every ¢ € C, it follows that u € rec(C). O

Lemma 2 Ler (c,) and (d,) be sequences in X such that ||c, || — oo, and for some r > 0,
llcn — dull < 1 for every n. If
Cn Cn w

llcnll llcnll

) s

withu € X, then
dy dy

w .
—u or — u, respectively.
lldn | ’ lldn I ’

Ful @ Springer



352 Huynh The P.

Proof Since
¢y — d,
H < llcn — dull ‘ B
||Cn|| ||d I llenll llenll

)

we have
Cn dy
- — 0,
llenll  Ndnll
from which the lemma follows. O

Proof of Theorem 8 Assume intbar(C) is nonempty. We prove d(C; D) > 0 by contradic-
tion. Suppose that there exist sequences (¢,) C C, (d,) C D such that |c, — d,|| — 0.
There are two cases depending on whether or not ||c, || tends to oo.

e ||c,|| = oo. Since the space is reflexive, without loss of generality, we may assume that

C,
" Y e X,
llcall

and hence, from Lemma 2,
dn w

—>Uu
lldnl

Thus, by Lemma 1, u € rec(C) Nrec(D).
Choose x* € intbar(C) such that x* # 0. By Theorem 7, for some « > 0, we have

C,
el

for n large enough. By letting n — o0, we obtain

(x*,u) < —a <0,

which implies u # 0, contradicting (3).

e |lc,y || /> oo. By restricting to a subsequence if necessary, we may assume that (c,,) weakly
converges to u € X. However, in this situation, (d,) also weakly converges to u. Since C
and D are convex and closed, they are weakly closed. Thus, u € C N D, contradicting to
the assumption that C and D are disjoint. O

Example 1 Let C and D be the sets given in Remark 3. For each x € C, we have x; > 0 and

oo

2 2 2
Ixli3 = > xf < 2xf.

i=1
It implies that

(=e1,%) = =1 = =l Ve € C.
Therefore, by Theorem 7, —e; € intbar(C). Applying Theorem 8, we deduce that C and D
are strongly separated. While, as mentioned in Remark 3, Theorem 4 cannot be applied to
establish a strong separation here.

Remark 4 The sets C and D given in Remark 2 satisfy (3), but are not strongly separated.
It is not difficult to verify that

bar(C) = bar(D) = :(yn) el?

sup(ny,) < oo I ,

n>1

@ Springer i ms



Separation of Convex Sets via Barrier Cones 353

and hence,
intbar(C) = intbar(D) = @.

This fact shows that (9) is crucial even in the case where X is a Hilbert space.

Example 2 In Theorem 8, the assumption about reflexivity of the space is essential.
Consider two subsets of the nonreflexive space /':

oo

C = :E:(x,,)ell D xn =1 xnzO,Vn],
n=1
oo

D::é‘:(yn)ell on :1, ynZO,VI’l}
n:]n—i—l

Obviously, C and D are disjoint bounded closed convex subsets of / L Thus, (3) is fulfilled.
In addition, since C is bounded, intbar(C) = [°°. However, by letting (§ ky c C and ({k) -
D be the sequences defined by

k+1
gh = (0,...,0, 1"—“1,0,...); ok = %g"; k eN,
we have ||§F — ¢F||; = % — 0. Thus, C and D are not strongly separated.

As we have seen, in a finite-dimensional space, any pair of disjoint closed convex sets
satisfying (3) is strongly separated. In the case of infinite-dimensional spaces, besides the
assumption of local compactness or (9), (3) is also required for the strong separation of
convex sets.

Thus, (3) plays an important role in the strong separation. However, it should be noted
that this condition alone is not enough to yield even the (weak) separation of two disjoint
closed convex subsets. The following example illustrates this point.

Example 3 Let X be a real Hilbert space, in which there exist two closed subspaces M and
N such that M N N = {0}, M + N is dense but not closed in X, i.e., M + N # X (see,
[3, Problem 2, p. 129]).

Take xo € X\ (M + N)andlet C = x9— M, D = N. Thus, C and D are disjoint closed
convex subsets. Furthermore, since rec(C) = M and rec(D) = N, rec(C) Nrec(D) = {0}.
We shall show that C and D are not separated. Suppose the contrary. Take v € X \ {0} such
that

(v,x0 —m) < (v,n),Vme M, n e N.
It implies that
(v, x0) < {(v,x),Vx e M+ N.

Since M + N is dense in X, it follows that v = 0, a contradiction. Hence, C and D are not
separated.

4 Subsets Having the Strong Separation Property

In this section, we are interested in properties of subsets having the strong separation prop-

erty. As usual, let S and S* denote the unit spheres in X and X*, respectively. Let C be a
closed convex subset of X. In some cases, the following conditions are needed:

Fu 4 Springer



354 Huynh The P.

(A) X is reflexive and intbar(C) # @.
(B) C is locally compact.
(C) For some r > 0 and finite-dimensional subspace Z, we have

CCcBO;r)+Z.

Remark 5 The conditions (A), (B), and (C) are strongly independent in the sense that each
of them cannot be followed from the two remaining ones. This fact will be shown by the
examples below.
e C={(x,y) € R? | y < 0} satisfies (B) and (C) but fails (A).

= {x = (x,) € [? | ||Ix|l2 < 1} satisfies (A) and (C) but fails (B).
o Let

C:{x::(xn)612|0§xn+1§ " x,,,‘v’nzl}.
n—+1

Then, C is a closed convex cone. For every x € C, we have
X1 2xy X1 X1
0 < xy, 0<x2<— 0<xm3<—=<—,...,0<x, —,...
2 3 3 n
It implies that

3

@] 1 7_[
— 2 —
0<uxi =<|xl2= E x; <xi E 7= [

i=1 i=1

Taking x§ = (=1,0,0,...) € I?, we obtain

<X6kvx> =—Xx1 = —?HXHZ»VX eC,

which, by Theorem 7, implies x(’j € intbar(C). Thus, C satisfies (A).
We have

CNBO;1) = {x €l | fxll2 < 1,0 < xpp1 < an,Vnz 1}
n+1

1
CE:= {xelz | ngngf,‘v’nzl}.
n
Since E is compact, C satisfies (B). Finally, we show that C does not satisfy (C). Indeed,
if (C) holds then, since C is a closed convex cone, C = rec(C) C Z. But this is impossi-
ble because Z is finite-dimensional while C contains the following infinite set of linearly
independent vectors:

1 11
=10 L =,0, ... L=, =,0,...),...¢.
{(70507 )a<52705 )7<5273507 ) }

Theorem 9 below will provide a necessary condition for a closed convex subset of X to
have the strong separation property.

Lemma 3 Let C be a closed convex subset of X and (c¢,) C C is a sequence such that
llcnll = +oo. If one of the conditions (A), (B), or (C) is satisfied, then there exists a
subsequence (cy,) of (c,) such that, for some x; € S* and p > 0, we have

lim <x;;, Crne >:—p. (10)

=00 llenl
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Separation of Convex Sets via Barrier Cones 355

Proof We prove the lemma under each of the conditions (A), (B), or (C).
(A) Take x[)k € S* Nintbar(C). By Theorem 7, for some o > 0 and R > 0, we have

(xg.¢) < —allc|l, Yc € C\ B(0; R). (1)
Since X is reflexive, there exists a subsequence (c,, ) of (c,) such that

¢
Y s e X.
llcn |

This, together with (11), implies (10) with p = —(x§, s) > a > 0.
(B) Since C is locally compact, there exists a subsequence (cy,, ) of (c,) such that

Cny
llcn |l
By choosing x; € $* such that (xj, s) = —1, we obtain (10) with p = 1.
(C) Since C C B(0; r) + Z, there exists a sequence (z,) C Z such that ||z, — ¢, < r
for all n; hence, ||z, || — oo. Since dim Z < oo, there exists a subsequence (z,,) of (z,)
such that

—> s €S,

Zng

—> s €S,
|z
From Lemma 2, we also have
Cny
—> s €S,
llcn I
and by choosing x as in the case of (B) we obtain (10). O

Theorem 9 Let C C X be a closed convex subset having the strong separation property. In
addition, at least one of the conditions (A), (B), or (C) is satisfied. Then

bar(C) = intbar(C) U {0}, (12)

that is to say, x* € intbar(C) whenever x* € bar(C) \ {0}.

Proof The proof is by contradiction. Suppose that there exists x* € bar(C) \ {0} so that
x* ¢ intbar(C). Since bar(C) is a cone, we may assume |x*|| = 1. By Theorem 7, (7)
holds; hence, there exists a sequence (c;) C C such that ||c, || — 400 and

(x*, cp) = Bi=oc(x¥) < o0.

Without loss of generality, we may assume that
1 *
B—— < (xcn) < B Vn.
n

From Lemma 3, without loss of generality, we may assume that the sequence (”i—zu)
converges (strongly or weakly) to s € X and

. Cn
lim (xg, —> =i s =—p<0
Hoo< O el 0
for some x; € §* and p > 0.
Choose v € § such that (x*, v) > % and putd, :=c, + %v, for each integer n > 1. We
now show that the following subset
D =o(d, | n=1)

is convex, closed, and disjoint from C.

g
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356 Huynh The P.

Clearly, D is convex and closed. We prove C N D = {J by contradiction. Suppose that
there exists ¢ € CN D. Since the sequence (ﬁ) converges (strongly or weakly)tos € X,

by virtue of Lemma 2, the sequence (”?’:?SH ) also converges to s. Therefore, by setting
n
Cp — €0
Sp = s Ini=llen — colls
llen — coll

we have s, € S, (s,) converges (strongly or weakly) to s, f, — 400,
Cp = o+ taSp; Vn > 1,

and

lim (xg, s,) = (x5,8) = —p < 0.
n—o0

Take k € N large enough such that

(. sn) < —g, th > 12:Vn > k, 13)
and then set
{1 f)+ 1 in] L 2 ! (14)
= max{t, b, ..., ;ei=miny —, —— ¢ < —.
v 112 Tk 2%y’ S+ky| " 2%k
Since ¢cp € D = co{d, | n > 1}, there exist nonnegative numbers A1, Az, ..., Ay, With

m > k, such that

< é&.

m
Z)Ln =1;
n=1

Noting that [|x*|| = 1, we have

m
Z Andy, — co

n=1

m
Z )\ndn — CQ
n=1

m

m
4
-~ * _ — * TNk
= <)C s E Andy CO> } An <)C ,Cn + I’lv> (x™, co)
n=1 n=1
” 1 = 2 Ay
> An - - An——B = —. 15
> E </3 n) + E " B 2 (15)

& >

It follows that

n=1 n=1
which, together with (14), gives
k 1
S <ke <3, (16)
n=1
and hence,
“ 1
PORTES (17)
n=k+1

On the other hand, we also have

m
& > and” —¢o
n=1

m m 4
Z)Ln(dn — co) Z)Ln <tn5n + *U>
n=1 n=1 n

&)
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m
> Z )\ntnsn -

n=k+1

k
Z)Lntnsn
n=1
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Noting that v, s, € S, x5 € $* and (x5, 5,) < -2 5 forn > k, one has
m m )\‘
£ > <—x8‘, Z Antnsn>—ZAntn —427'1
n=k+1 = n=1
DIV N
n=k+1

It follows that

£ Z k,ltn<s+ZAntn+4Z—. (18)

n=k+1
Since (13) and (17), we have

L Z Aty > 7712—3,0 (19)
n=k+1
On the other hand, from (14) and (16), it follows that
k k
D hata <v Y ha < kye. (20)
n=1 n=l1

Combining (15), (18), (19), (20), and the definition of &, we obtain
3p<etkyet+de=05+ky)e <2p

which is clearly absurd. Consequently, C N D = (.
Consequently, D is a closed convex subset disjoint from C. On the other hand, since
len — dnll = 4 0, d(C; D) = 0; hence, C and D are not strongly separated. Thus, C

n
does not have the strong separation property. This completes the proof of the theorem. [

Proposition 1 If C is unbounded and aff(C) # X, then
bar(C) # intbar(C) U {0}. 21)

Proof Indeed, since aff(C) # X, there exists x* € X* \ {0} such that

(x*,¢) =a :=0c(x*),¥Yc e C.
Hence, x* € bar(C). On the other hand, since C is unbounded, (7) holds. It now follows
from Theorem 7 that x* ¢ intbar(C) and (21) is derived. O

From Theorem 9 and Proposition 1, we deduce the next corollary.

Corollary 3 Let C be an unbounded closed convex subset of X having the strong separation
property. In addition, suppose that at least one of the conditions (A), (B), or (C) is satisfied.
Then, aff(C) = X. Furthermore, if dim(C) < oo, then aff(C) = X and intC # 0.

As a converse of Theorem 9, we have the following.

Theorem 10 Let X be a reflexive Banach space and C C X be a closed convex subset. If
C has the separation property and (12) holds, then C has the strong separation property.

Ful @ Springer
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Proof We shall prove that, if C has the separation property but does not have the strong
separation property, then (12) fails to hold.

Let D be a closed convex subset of X, disjoint from C, but cannot be strongly separated
from C. That is d(C; D) = 0, i.e., there exist sequences (¢,) C C, (d,) C D such that
llcn — dull = O.If |lcu || # o0 then, since X is reflexive, by restricting to a subsequence
if necessary, we may assume that ¢, X Xx; hence, d, X % too. Since C and D are (weakly)
closed, x must belong to both of them, contradicting the assumption that they are disjoint.
Consequently,

el = +oo. (22)

On the other hand, by the separation property of C, there is a hyperplane H (x*; ) (x* #
0) separating C and D, i.e.,

(x*,¢) <a < (x*,d);Vc € C,Vd € D. 23)
It implies that x* € bar(C) and
(X", en) < @ < (x*, dy); Vn.
Noting that (x*, d, — ¢;,) < |x*||lld, — cull = 0O, we derive the equalities

lim (x*, c,) = lim (x*,d,) = «a,
n—o0 n—oo

which, together with (22)—(23), implies (7). Thus, x* € bar(C) \ intbar(C). O

Theorem 11 Let X be an infinite-dimensional real Hilbert space and C be an unbounded
closed convex subset of X. If, in addition, C is locally compact, then it does not have the
strong separation property.

Proof Suppose the contrary that C has the strong separation property. By virtue of Theorem
5, aff(C) is a finite-codimensional closed affine subspace and ri C # ¢J. On the other hand,
by Corollary 3, aff(C) = aff(C) = X; hence, intC = riC # (. But this is impossible
because C is a locally compact subset in an infinite-dimensional space. O

Theorem 12 Let X be a real Hilbert space and C C X be an unbounded closed convex
subset satisfying either condition (A) or (C). Then, C has the strong separation property if
and only if int C is nonempty and (12) holds.

Proof If C has the strong separation property then, by Theorems 5, Theorem 9, and
Corollary 3, we deduce that int C is nonempty and (12) holds.

Conversely, if int C is nonempty and (12) holds then, by Theorems 1 and 10, C has the
strong separation property. O

Corollary 4 Let C be a closed convex subset in a finite-dimensional space X. Then, C has
the strong separation property if and only if (12) holds. Furthermore, if C is unbounded
and C has the strong separation property, then int C is nonempty.

Proof 1f X is finite-dimensional then it is reflexive and every closed convex subset of X is
locally compact and has the separation property. The conclusion of the corollary therefore
follows directly from Theorems 9 and 10. O
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Remark 6 Corollary 4 shows that, in finite-dimensional spaces, apart from bounded subsets,
every unbounded closed convex subset also has the strong separation property whenever
(12) is fulfilled. The example below presents a set of this type.

Example 4 The following subset
c={wyer?yz
is convex, closed, and unbounded. It is not hard to verify that

400 if (v > 0)or ((v=0)and (u #0)),

o, v) = 0 , ifu=v=0,

—— ifv <O.
4v

Consequently, bar(C) = {(0,0)} U {(#, v) | v < 0}, intbar(C) = {(u,v) | v < 0}. Thus,
(12) holds, and C has the strong separation property.

Example 5 Consider the subset of R?

C={e. v eR? | expr) —y = 0}.

Since
o0, (u <0Oorv > 0)and ((u, v) # (0,0)),
oc(u,v) = uln(—z> —u, u>0>0v,
v
0, v<0=u,

bar(C) = {(u,v) | u >0 > v} U{(0, 0)}. Thus,
intbar(C) U {(0,0)} = {(u,v) | u > 0 > v} U {(0,0)} £ bar(C).

It implies that C does not have the strong separation property.

5 Application to a Convex Optimization Problem

In this section, we shall establish some results for a convex optimization problem whose
constraint set has the strong separation property. We assume throughout the section that
f : R" — Risaproper convex, lower semicontinuous function, and M C R” is a nonempty
closed convex set. Consider the optimization problem

GUT R Fns

in which we seek x € M such that

f(x) = f:=inf{f(x) : x € M}.
The solution set of P(M; f) is denoted by Sol(M; f), that is
Sol(M; fy={xeM | f&)= f}
The horizon function f*° : R" — R, associated with f, is defined by

Fo0) = lim fxo+Av) — f(xo)’
A——+00 A
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with some xg € dom f. In fact, such a limit is independent of xo € dom f. The function
[ is proper, sublinear, and lower semicontinuous (see, for example, [10]). f is said to be
coercive if

lim f(x) = 4o0.

[lx[|—o00
Since f is convex on a finite-dimensional space, it is not difficult to verify that f is coercive
if and only if
o f(x)
minf

lell—oe lx|l

> 0,

or, equivalently,
Vv #0, f* ) > 0. (24)
It is well known that, if the objective function f is coercive and the constraint set M is
closed, then Sol(M; f) is nonempty and compact. In the following, we show that if M has
the strong separation property then, in order for the solution set to be compact, f need not
be coercive, instead, it is required to satisfy the next weaker condition

Y0 #£ v e C(f°;0),3% edom f, lim f(X + Av) = —o0, (25)
A—+00

where
C(f*0):={veR" | f¥@) <0}
This fact is stated in the following theorem.

Theorem 13 [f M has the strong separation property, f is bounded below on M and
satisfies (25), then the solution set of P(M; f) is nonempty and compact.

Proof Since f is convex and lower semicontinuous, Sol(M; f) is a closed convex set. Sup-
pose that Sol(M; f) is not compact or empty. Then, there exists a sequence (x,) C M such
that ||x, || — +o00 and

Jim f(xn) = f.

By an argument analogous to the proof of Lemma 3 (under condition (C)), we may assume
that

— s e S.
[l ||

Take xo € M. By Lemmas 1 and 2, we have s € rec(M),

Xn — X0
Sp = ———— — 5,
llxn — xoll
and x,, = xo + t,5, with t,, = ||x, — xo|| — +o00.

Fix a number A > 0. For n large enough, one has 1 < t, and

f(xo + Asy) — f(x0) - S (xo + twsn) — f(x0) _ S (xn) — f(x0)
A - th ty '

Since f(x,) — f, the right-hand side of the inequality tends to 0 while the left-hand side

tends to M, when n — +o00. Consequently,
As) —
[0 ta) =) gy,
and hence, f*°(s) < 0. Because f satisfies (25), there exists ¥ € dom f such that
lim f(x + As) = —oo. (26)
A—00
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We shall show that the following straight line
L={x+Ais|reR}

does not intersect M. Assume the contrary. Let g € R such that X + Xos € M. Since
s € rec(M), x + s € M for all » > A¢. This together with (26) implies that f = —00,
contradicting the fact that f is bounded below on M.
Since L is convex and disjoint from M, there exists a vector x; € R" \ {0} separating L
and M that is to say
sup{(xg, x) | x € M} <inf{(x5,y) | y € L}.

Thus, x§ € bar(M) \ {0}. Since M has the strong separation property, it follows from
Theorems 7 and 9 that

lim (x3,x) = —o0.

xeM

llxfl—o00

Since xo + As € M, for all A > 0, it implies that (x;, s) < 0. On the other hand, because
(xg,-) is bounded below on L, we have (xj,s) = 0. This contradiction completes the
proof. O

Example 6 Let consider the problem P(M; f) with

M={(x,y) eR* | y>x?},

and
f,y) =y+ax% (x,y) e RA

The set M has the strong separation property as shown in Example 4. The function f is
bounded below on M by 0. On the other hand,

J((0,0) + A, v)) — f(0,0)

o0 , — 1
S (u, ) JJim -
_ pm MM [4oo, u#0,
A—+o0 A v, u=0.

Therefore,
C(f*;0) ={(0,v) | v<0}.
For every (0, 0) # (u, v) € C(f*°;0), thatis, u = 0 and v < 0, we have

lim  £((0, 0) + A(0, v)) = —o0.
A— 400

Thus, f satisfies (25). By virtue of Theorem 13, Sol(M; f) is nonempty and compact. In
fact, by solving directly we can derive the solution set Sol(M; f) = {(0, 0)}. It should be
noticed that the function f is not coercive since f°°(0, v) < O forall v < 0.

Example 7 In Theorem 13, if f is not coercive then the assumption that M has the
strong separation property is essential and cannot be dropped. Let consider the optimization
problem P(M; f) with

M ={(x,0) | x € R} C R?,
and
exp(—x) — /xy ifx > 0and y > 0,
400 ifx <Qory <O0.

f(x,y)={
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We can verify that f is proper, convex, and lower semicontinuous on R2. Besides,

fQu, Av) — £(0,0) _{—Jﬁifuanndsz,

o L
f ((u’v))_,\ilrfoo A " 140 ifu<Oorv<O.

So, if (0,0) # (u,v) € C(f*;0) thenu = 0,v = 0, u + v > 0; hence, by taking
(X,9) = (1, 1), we have
lim f((%,§) + A, v)) = lim [exp(—l — ) — /(1 + )1+ M)] = —00.
A=>+00 A—>+00

That meansi25) holds. Furthermore, f is bounded below (by 0) on M. However, it is easy
to see that f = 0 and Sol(M; f) = @. This happens because M does not have the strong
separation property and f is not coercive.

Sometimes, the constraint set M is defined by a system of convex inequalities as follows
M={xeR"| fix) =0,1 <i <m}, @27

where f;, | <i < m, are convex functions on R". In order for the set given in (27) to have
the strong separation property, each constraint function is required to satisfy the following
condition:

YO # v e C(f°;0),Vx € dom f;, lim fi(x + Av) = —o0. (28)
A—400

Theorem 14 Assume that f; : R" — R, 1 < i < m are convex functions satisfying (28).
Then the set M defined as (27) has the strong separation property.

Proof Suppose the contrary. Let D C R” be a closed convex subset, disjoint from M, but
cannot be strongly separated from M. It follows from Theorem 4 that there exists 0 # v €
rec(M) Nrec(D). Take xg € M and yg € D. Since xg + Av € M for all > > 0, we have

R0 = lim Ji(xo 4+ Av) — fi(xo) < lim Jfi(x0) —0l<i<m.
A—>+00 A A—+00 A
Because f; satisfies (28), we have
lim fi(yo+Av) = —00;1 <i <m.
r——+00

Consequently, there exists A > 0 such that f;(yo +Av) < 0,1 <i <m,oryp+ Av € M.
On the other hand, since v € rec(D), yo + Av € D. Thus, M N D # @, contradicting the
fact that M and D are disjoint. O

Corollary 5 Let f; : R" — R, 1 <i < m be convex functions satisfying (28), fo : R - R
be a proper, convex, and lower semicontinuous function satisfying (25). Then, the solution
set of the following optimization problem

fo(x) — inf,
Pfis for-vos fu fo) 1 4 x € R,

fix) <0, 1<i<m

is nonempty and compact.

Remark 7 From assumptions imposed on convex functions, we observe that (24) = (28)
and (28) = (25). However, the converses are not true. For example, the function f given in

B ) (zi “,
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Example 7 satisfies (25), while, by taking (1, 0) € C(f*°; 0) and (x, y) = (0,0) € dom f
we have:
lim f((0,0) 4+ x(1,0)) =0 > —o0.
A——+00

Thus, f does not satisfy (28). Also, it is not hard to verify that the following function

f(x):{_ﬁ ifx >0,

+o0o ifx <O
is proper, convex, and lower semicontinuous on R satisfying (28), but it is not coercive.

6 Conclusion

In this paper, we have studied strong separation of convex sets and characterization of sets
having the strong separation property by using results on the barrier cones of convex sets.
We provide a full description of the interior of the barrier cone of a convex set, and prove
a new strong separation theorem under an assumption on the barrier cones instead of local
compactness or weak compactness assumptions on the sets. We also develop some nec-
essary and/or sufficient conditions for a closed convex set to have the strong separation
property. The nonemptiness and compactness of the solution set in a convex optimization
problem whose constraint set has the strong separation property are also considered in the

paper.
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