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Tém tat: Chi sé chinh quy cla tap diém béo la mét van dé dwgc nhiéu nha nghién ciru quan tam. Viéc
tinh dung gia tri clia no 1a kho. Vi vay, ngudi ta tim chan trén tbt ctia né. Cho dén nay, viéc tim chan trén
tbt da dwoc Nagel va Trok giai quyét. Tuy nhién, bai toan tinh gia tri ctia chi sé chinh quy van con mé.

Trong bai béo nay, ching t6i tinh chi s chinh quy cia mét tap 7 diém béo trong khéng gian xa anh P*,

va duoec trinh bay qua Binh Ii 3.4.

Twr khéa: chi sé chinh quy; tap diém béo; khéng gian xa anh; lwgc db; ham Hilbert.

1. Gi¢i thiéu

Cho P":=R" la mot khéng gian xa anh trén
truong dong dai sdkva R= K[Xy, X,--» X, ] 12 vanh da
thac n+1 bién x,,X,..,x, V6i hé¢ s trén k. Cho
P,...,P, 1a cac diém phan biét trong P", ki hi¢u g, la
idéan nguyén t6 thuan nhat xac dinh boi P, i=1,..,s.
Cho m,..mla cic sb nguyén duong, idéan
I = NN ™ gom cac da thic f e R triét tidu tai
P v6i s6 boi >m,,i=1,..,s; ta ki hieu Z 1a lugc d6
chiéu khong xac dinh bai | va goi

Z=mp -+ mP

1a tap diém béo trong P".
Vanh toa do thuin nhit cua Z 1a A:=R/I . Pay la
vanh  phdn  bac A=®_ A c6 s6 boi
S

m +n-1 )
e(A) = Z( i J Véi moi te N, phan phan bac

i=1
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A 1a mot k-khong gian véc to hitu han chiéu. Ham sb
H, () =dim, A
duoc goi la ham Hilbert cua Z.

Ham Hilbert ting chat cho dén khi dat duoc sé boi
e(A), tai d6 n6 dung. Chi sé chinh quy cua Z la sé
nguyén duong bé nhat sao cho H, (t) =e(A) va n6 dugc
ki hiéu 1a reg(Z). Chi sb chinh quy reg(Z) bang vai chi
s6 chinh quy Castelnuovo - Mumford reg(A) cua vanh
toa do A.

Viéc tinh dang gia tri cta reg(Z) 1a kho, thay vi vay
nguoi ta tim chan trén cua n6. Pa co nhidu két qua vé
chan trén cua reg(Z) cé thé tim thay trong [1], [2], [3],
[4], [6], [7].

Cho tap diém béo Z =mpP, +---+mP, trong P",
dat

q R
zi,:lmil +]-2

. 1IP,....P  nim trén

Tj = max{[ j i

mot j- phang},
T= max{Tj | ] :1,...,n}.
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Mot tap diem X ={R,
suy bién néu X khdng nam trén mot siéu phang. Mot tap
diém béo Z =mP +---+m,P, duoc goi 1a khong suy
bién néu X khong suy bién. Nam 2016, E. Ballico, O.
Dumitrescu va Postinghel (xem [1, Theorem 2.1]) da
chirg minh duogc reg(Z) <T .

P} duoc goi la khong

ey g

Cho tap Z=mP +---+m_,P . khong suy bién

n+3" n+3
trong P". Gan day Nagel va Trok (xem [5, Theorem
5.3]) da chimg minh dugc chan trén ding cho tap diém
béo tly y trong P".

Nhic lai rang viéc tinh dung gia tri cua reg(2) la rat
kho. Vi vay chi c6 vai két qua dwoc ding trén cac tap
chi uy tin nhu sau:

Nam 1984, Davis va Geramita (xem [3, Corollary
2.3]) da tinh duogc gia tri cua reg(Z) khi tap diém nam
trén mot duong thang véi

reg(Z)=m, +---+m, —1.

Mgt dwong cong hitu ti chudn trong P"1a duong

cong c6 phuong trinh tham s6

n-1

X, =t", x =t""u,..,x, , =tu"" x =u".

Cho mét tap diém béo Z =mP +---+m,P, trong
P", v6i m =2m,>--->m,. Nam 1993, cac tic gia

Catalisano, Trung va Valla da chi ra cong thtc tinh
reg(Z) trong hai truong hop sau (xem [2]):

Néu s>2 va P,..,P, nim trén duong cong hitu ti

chuan trong P" (xem [2, Proposition 7]), thi
reg(2) = ma\x{m1 +m, —J,[(Zmi +n—2)/n}}.
i=1

Néu n>32<s<n+22<m>m,>--->m, Vva
P,..P. nam & vi tri tong quat trong P"(xem [2,
Corollary 8]), thi

reg(Z)=m, +m, 1.

Nam 2012, Thién (xem [8, Theorem 3.4]) cling da
tinh dugc chi s6 chinh quy reg(Z)=T cho tap s+2 diém
béo sao cho ching khéng nam trén mét (s-1)-phang
trong P"vgi s<n. Trong ndm 2017, P.V. Thién va
T.N. Sinh (xem [9, Theorem 4.6]) da tinh duoc chi sb

chinh quy reg(Z)=T cho tap s+3 diém béo dong boi,
khdng nam trén (r-1)-phang, s <r+3 trong P".

Gia thiét reg(Z) = T cho tap diém béo tly y trong
P" khéng con dang bai vi U. Nagel va B. Trok (xem [5,
Example 5.7]) da chi rarang: néu Z =mP, +---+mP, 1a

tap diém béo trong P", gom nim diém & vi tri tdy y va
d+n) ., . , N iy
d & vi tri tong quéat, d >5 thi reg(Z) < T, véi d

(hoac n) du lon.

Bai toan wéc luong gid tri cua reg(Z) cling cé y
nghia. Nam 2019, P. V. Thién va T.T.V. Trinh (xem
[10]) da udc lugng duoc gid tri cta reg(Z) vai

T-1< reg(2)<T
cho céc truong hop sau:

- Cac diém P,...,P, nam trén hai duong thang.

- Tap diém gdm nhiéu nhét nam diém béo.

- Z=mP +---+m, _,P, . diém béo khong suy bién
trong P".

Trong bai bao nay, ching tdi tinh chi s6 chinh quy
reg(Z) cho truong hop 7 diém béo trong P* sao cho
khong c6 s+3 diém nao cua ching niam trén s-phéng,
s<4. Két qua nay Ia hoan toan méi va dwoc néu trong
binh li 3.4.

2. Cac bb dé can dung

Trong qua trinh chitng minh cac két qua chinh,
chang tdi sir dung céc bd dé sau. B6 dé sau day dung
dé tinh gia tri reg(z) khi tap diém nam trén mot
duong thang.

B6 dé 21. ([8, Hé qua 23]). Néu
Z=mP +---+mP, la mét tgp diém béo tuy y trong
P", thi reg(Z) =m, +---+m, —1 khi va chi khi cdc diém
P,..., P, nam trén mgz duong thang.

Cho tap cac chi s6 {1,....s} va {i,,...i.} ={L...s}

la tap chi s6 con cua {1..s). Ta goi
Y=mP +--+mP 2 tgp diém béo con cua tap
Z=mP +---+m/P,. B6 dé sau gilip ta so sanh chi s6

chinh quy ciia mot tap diém béo con cua tap diém béo
cho truéc.
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B6 dé 2.2. (8, Bo d¢ 3.3]). Cho X ={PR,...R} la
cdc diém phan biét trong P"va m,..,m, la cac so
= -l Néu

nguyén  dwong.  Dat

Y={P,..R}la mgt tip con cia X va

J=@, NN thi
reg(R/J) <reg(R/).

Tir ddy suy ra, néu Z =mP, +---+m.P, 1a tdp diém
béo xdc dinh boi idéan | va U =m B +---+m B la
tdp diém béo xdc dinh boi idéan J, thi ta cé

reg(VU) < reg(2).

Hai bd dé tiép theo cho phép ta tinh chi s6 chinh
quy cho mot tap diém cho trudc.

B6 dé 23. (/10, Hinh i 3.1]). Cho
X ={PB,...P3} 1a mét tdp cic diém phan biét ¢ v; tri
tong quét trén s-phang, khong nam trén (s-1)-phdang
trong P", s<n,va m, la cac so nguyén dwong. Pat
Z=mP, +---+m_,P_. 1atdp diém béo. Khi ds,

reg(2) :max{Tj | :1,...,n}

trong do

Zlq:lmil + J _2
T, =max{[f] | P,
mét j-phang},

j=1,...n.

B dé sau day cho ta chan trén cho tap n+3 diém
béo khong suy bién trong P".

B6 d& 24. (I, PHinh li 21]). Cho
Z=mP +---+m _,P., lamét tdp n+3 diém béo khong
suy bién trong P". Khi do,

reg(Z) <max{T;|j=1...n}
trong do

q -
m +j—2
lel '|. J ] | P-

T, = max {[ J 1

P NaM trén

mot j-phang},
j=1,...n.
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3. Chi sé chinh quy cua tap 7 diém béo

f?é ching minh céc két qua ciia bai bao nay, ching
t6i bat dau tir nhan xét sau:

Nhan xét. Cho X ={R,...,P,} Ia mét tap 7 diém
phan biét khong suy bién, 3<m >-..>m, la cac sb
nguyén duong. Cho Z =mPB +---+m,P, 1a mot tap bay

diém béo. it

Zlqzlmil +j_2 p

T, = max {[ j 11 R....R, nam trén
mgét j-phang}.
Khi @6
T,>T,.

That vay, ta co

m+m,+---+m,+2 _

m, +m, —

(mz_m3)+(mz _m4)+(m2_m5) +(m1_m6)+(m1_ m7)+(m1_2)
4

>0

T d6 suy ra

ml+m2+---+m7+2}

ml-i-m2>|: 5

va do do6 chung ta c6

ml+m2+~-+m7+2}

m +m,-12> { 2
Vi vay, ching ta két luan

T,>T,.

Ménh @& 3.1. Cho X ={P,...,P,} 1atdp 7 diém phan
biét khdng suy bién, khdng ¢ vi tri tong quét trong P*, sao
cho khéng c6 s+3 diém ndo cia X nam trén s-phang, s<4,
va khong c6 s+2 diém ndo cua X nam trén s-phang, s=1,2.
Cho 3<m >--->m, la cac s6 nguyén duong va
Z =mP, +---+m,P, lAmét tap diém béo. Khi do,

reg(Z) = max{T; | j =1,...4},
trong do

q .
m +j-2
2uMI72y g e

] nam trén
J 1

T, = max {[

mét j-phang}.
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Ching minh: Vi X khéng nam & vi tri tong quét,
khéng cd s+3 diém caa X nam trén s-phing, s < 4, va
khdng c6 s+2 caa X nam trén s-phang nén ton tai 5 diém
cua X nam trén 3-phang. Dwa vao rang budc nay, ching
ta danh gia cac gia tri cua T, j=1..,4.

Vi khéng c¢6 4 diém nao cua X nam trén 2-phang

nén T, :{—mﬁn;ﬁmﬂ.

Mat khéc, ta co:

m +m, +m, :ml+m2—m3—2>

O 1
2 2

(m+m,-1)—
diéu nay suy ra

+m,+m
ml+m2—1z{%}.

Vi vay chdng ta co:
T, >T,. @
Tir gia thiét cuia ménh dé, ta co:

T <{ml+m2+m3+m4+m5+l}
5 < :

3

Hon nita

m, +m _ml+m2+m3+m4+m5+1:
? 3

(ml_ma)‘*'(mz _m4)+(m2 _m5)+(m1_1) >0
3

nén chung ta co:

m, +m >ml+m2+m3+m4+m5+1
’ 3

va tir d6 suy ra:

ml+m2+m3+m4+m5+1}

ml-l-m2>|: 3

hay

ml+m2_1Z[ml+m2+m3+m4+m5+1}
3
Vi vay chidng ta co:

T, 2T, )
T (1), (2) va nhan xét trén, ta cd

T=T,=max{T; | j=1...4}.

Bay gio ta chiing minh reg(Z) >T,. Xét cac tap
diém béo Z=mPB+---+mP, va Y=mP +m,P,
trong P*. Theo B6 dé 2.1 va 2.2 ta c6:

reg(Z) >reg(Y) =Tu. (3)
T B6 dé 2.4 chling ta suy ra

reg(Z) < Ti. 4)
T (3) va(4) taco

reg(2)=T=max{T, | j =1,....4}.

Vay Ménh dé 3.1 da duoc chung minh.

Ménh @é 3.2. Cho X ={P,,...,P,} 1a tdp 7 diém
phan biét khong suy bién, khdng ¢ vi tri tong quéat trong
P4: sao cho khéong cé s+3 diém néO7CLZa X nam trén‘s-
phang, 2<s<4, va khéng c6 3 diém nao cua X nam
trén mgt duong thang. Cho 3<m, >--->m, la cac so
nguyén dwong va Z =mP, +---+mP, 1a mét tdp diém
béo. Khi do

reg(2) = max{T; | j =1,...4},
trong do

q .
m +j-2
lel '|- J ] | P

Tj = max {[ j i

..., P nam trén
q

mét j-phang}.

Chung minh.,

Truong hop 1: Khong c6 4 diém nao cua X n{&m
trén 2-phang. Khi d6, khong c6 s+2 diém cua X nam
trén s-phang, s=1,2. Theo Ménh dé 3.1 ta c6

reg(2)=T= max{Tj | j :1,...,4} .

Truong hop 2: C6 4 diém caa X nam trén 2-phang.
Tur chirng minh Binh |i 3.1 ta co:

T,>T,.
Tu nhan xét ¢ trén, suy ra
T =max{T,,T,}.
- Néu T=T,: Khi d6, T,=m +m, -1, xét tap
diém béo Y =m,R, +m,P, . Theo B6 dé 2.1 ta c6
reg(Y) =T,.
Theo B6 dé& 2.2 ta co:
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reg(Z) = reg(Y) =T,. (5)
Mt khéc, theo B dé 2.5 ta cé
reg(Z) <Ti. (6)
Tu (5) va (6) suy ra:
reg(z) =T, =T.

- Néu T=T,:Goi «la 2-phang di qua 4 diém
P.P B P, saocho:

i i

T=T,=

bat U={R.R,R,P} va xét tap diém béo
Z,=mP +--+m P trén 2-phing « . Vi khong c6 3
diém nao cua U nam trén mot duong thing nén theo B6
dé 2.3 taco

reg(Z,)=max{T,,T,} =T,.

Hon nira, theo B6 dé 2.2 ching ta suy ra reg(Z)
2reg(Z,)=T,.(7)

Mt khac, theo B6 dé 2.4 ching ta két luan reg(2)
<T =T, (8)

Tu (7) va (8) taco

reg(z) =T, =T.

Ménh dé 3.2 di duogc ching minh.

Ménh d@é 3.3. Cho X ={R,...P,} 1a tgp 7 diém
phan biét khdng suy bién, khdng ¢ v; tri tong quat trong
P*, sao cho khéng c6 s+3 diém nao cua X nam trén s-
phang, s<4. Cho 3<m, >--->m, 14 cac sé nguyén

dwongva Z =mP, +---+m, P, lamgt tdp diém béo. Khi do
reg(Z) = max{Tj | j =1,...,4},

trong do:

ZIq:lmil +j_2 = Fa)
TJ. =max{[=—————1]| P,...,P nam trén

i h lq
mgét j-phang}.
Cheing minh.
Truwong hop 1: Khong ¢6 3 diém caa X nam trén
mot duong thang. Khi d6, theo Ménh dé 3.2 ta co
reg(z) =T.
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Trwong hop 2: C6 3 diém cua X niam trén mot
duong thang. Tir day ludn c6 5 diém cia X nam trén 3-
phang. Tir chang minh caa Ménh dé 3.1 ta ¢6

T, 2T, 9)
Do khong T, > T, g c6 s+3 diém ctia X nam trén s-
phang nén cé duy nhit mot duong thang di qua 3 diém
clia X. Gia st | 1a duong thang di qua 3 diém PP, P,.
Chung ta c6 cac truong hop sau
Truong hop 2.1: m +m +m —1>m +m,—1:
Khi @6
m+m+m+m, (m,—m;)+(m,—m,)
2 2

m, +m, — >0,
diéu nay suy ra

m, +m, +m, +m
NENLTLILYLA}

va do d6

+m, +m, +m
m +m +m —12ml+mzz[u}zn,
1 2 3 2

hay
T,>T, (10)
Tur (9), (10) va nhan xét trén ta co
T=T,.
Xét tip diém béo Y =mP +mP +mP. Vi
R, P, , P, ndm trén mot duong thang | nén theo B6 dé 2.1
reg(Y) =m, +m,_+m -1=T, .
Mit khac, tir B6 dé 2.2 va Bo dé 2.4 taco
reg(Z) >reg(Y) =T, (112)
va reg(Z) <T,. (12)
Tu (11) va (12) chung tasuy rareg(Z) =T, =T.
Truong hop 2.2. m +m, -1>m +m +m, -1: Ta
xét hai truong hop sau.
- Moi 2-phang di qua 4 diém ludn chua |. Dat

m +m_ +m +m
tzmax{ S B '}||=4,...,7}
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Khong mat tinh tong quét, goi B 1a 2-phang di qua 4
diém R ,R ,R ,R, saocho

Bt it it

m +m +m_ +m
t= iy i iy iy
2
Khi @9,
m +m_+m +m,

m1+m2_ 1 2 3 4 —

2
[(ml+ m,)—(m, +m, eria)]+(m1—mi4)+m2

m, +m_+m +m,

Do d6 m+m,>— > 3 L osuy ra
m +m_ +m_+m,
m+m, > — 2 2 “ |,
2
hay
m +m_+m_+m,
m+m,-1>| —F>"—"—+
2
Mat khac, m, +m S My MM =My
v L 2 2 2
Suy ra m, +m, >[m} Tu day ta co
mmz_lz{m}
2
Hon nira,
T. = max mi1+mi2+mi3+mi4 m +m, +m, .
2 > , >
Vi vay
T, 2T, (13)

Tu (9) va (13) va nhan xét trén ta cd T =T,, Vi
T =m+m, -1

Xét tap diém béo Y =mP, +m,P,. Theo B6 dé 2.1
taco

reg(Y)=T,.
Theo B6 dé 2.2 va B6 dé 2.4 ta c6
reg(Z) > reg(Y) =T

vareg(Z) <T,.

Vay ching ta két luan dwoc reg(Z) = T.

- Ton tai mot 2-phang = di qua 4 diém cua X khong
chira I. Do 7 khong chira | nén « di qua nhiéu nhat mot
diém cua I. Vi thé 4 diém nam trén m khong c6 3 diém
nam trén mot duong thang.

DoT,>T,T, 2T, nén T =max{T,,T,}.

+ Néu T=T,: Khi d6, T,=m +m,—1, xét tap
diém béo Y =m,P, +m,P, . Theo B6 d& 2.1 va B6 dé 2.2
taco

reg(Y) =T
va reg(Z) = reg(Y) =T,. (14)
Mt khac, theo B6 dé 2.5 ta co
reg(2)<Ti. (15)
Tu (14) va (15) suy ra
reg(Z) =T, =

+ Néu T=T,:Goi «la 2-phang di qua 4 diém

B.PB,.R, B, saocho

i1 i1 Ty

m +m +m +m
4
pat U={R,R,R P} va xét tip diém béo

Z,=mPB +---+m P trén 2- -phang « . Do khéng c6 3

diém nao cua U nam trén mot duong thing, theo B6 dé
2.3taco

reg(Z,)=max{T,,T,} =T,.
Hon nita, theo B6 d& 2.2 va B4 dé 2.4 ta c6
reg(Z) >reg(Z,) =T, (16)
va reg(z) <T =T,. 17)
Tu (16) va (17) tacoreg(Z2) =T, =T.
Vay Ménh dé 3.3 da duoc chiang minh.
Pinh i 3.4. Cho X ={R,...,P,} latdp 7 diém phan

biét khong suy bién trong P*, sao cho khdng c6 s+3
diém ndo cua X nam trén s-phang, s<4. Cho
3<m>--->m, la cac so duong va

Z=mP +---+m,P, laméttdp diém béo. Khi dé,

nguyén
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reg(2) = max{T;| j =1...4},
trong do

>Tm o+ j-2
R I

] nam trén
J 1

T, =max {[

mgét j-phang}.
Ching minh.
Truong hop 1: Néu X & vi tri tong quat trong P*,
theo B6 dé 2.4 ta c6
reg(2) =T.
Truong hop 2: Néu X khong nam & vi tri tong quét.
- X khong c6 s+2 diém nam trén mot s-phang,
s=1,2. Theo Ménh dé 3.1 ta co
reg(2) =T.

- X khong c6 3 diém nam trén mot duong thang.
Theo Ménh @ 3.2 ta c6

reg(2) =T.

- X ¢6 3 diém nam trén mot duong thiang. Theo
Ménh dé 3.3 ta cd

reg(z) =T.
Pinh 1i 3.4 da dugc chirng minh.
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THE REGULARITY INDEX OF A SET OF SEVEN FAT POINTS
IN PROJECTIVE SPACE P*

Abstract: The regularity index of a set of fat point is the problem that has attracted many searchers’ interest. It is not easy to
calculate accurately the value of the fat point. So, one finds its sharp upper bound. Recently, Nagel and Trok have proved its sharp
upper bound. However, the question about the value of regularity index still seems unsolvable. In this paper, we compute the

regularity index of a set of seven fat points in the projective space P*; it is presented via Theorem 3.4.

Key words: regularity index; fat point; projective space; scheme; Hilbert funtion.
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