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A B S T R A C T   

Magneto-optical transport properties of GaAs/Ga1− κAlκAs parabolic potential quantum-wells (PQWs) under the 
effects of Al-contents, hydrostatic pressure, and temperature is examined by studying their effects on the ab
sorption power (AP) for magnetophonon resonance (MPR) and on the full width at half maximum (FWHM) of the 
optically-detected-MPR (ODMPR) peak due to modes confinement represented by slab-mode model, Huang-Zhu 
(HZ) model, guided-mode model. The numerical results indicate the Al-contents, pressure, as well as temperature 
which have great effect on the AP and FWHM in PQWs. Moreover, the results are also compared to bulk phonon 
modes for both two processes of phonons (emission and absorption). The results denote that phonon absorption 
process is always much more dominant compared to phonon emission process for four types of above phonons. In 
particular, the influences of pressure, Al-concentration in Ga1− κAlκAs barriers on the magneto-phonon resonance 
AP and FWHM in PQWs are more pronounced as confined modes are taken into account.   

1. Introduction 

The considerable development of semiconductor structures deposi
tion technologies have led to unusual wells for instance, the triangular 
potential wells and parabolic potential wells. The parabolic-potential 
wells have considerable difference from square-potential wells, where
fore the parabolic wells have received significant interest of many 
theoretical and experimental physicists in the past few years [1,2]. 
Two-dimensional (2D) structure is one of the material structures has 
been interested significantly in recent years, most of the considerations 
on materials have been carried out on semiconductors for material III-V, 
among them, the Ga1− κAlκAs/GaAs material heterostructures is notice
able. One of the reasons of this is the optical properties of this 
Ga1− κAlκAs/GaAs semiconductor heterostructures are of fair importance 
in possible optoelectronic device application [3–8]. The alloy 
Ga1− κAlκAs/GaAs system is a useful material for many photonic and 

optoelectronic devices with high speed because of GaAs material has 
insignificant difference from the lattice parameter of Ga1− κAlκAs mate
rial, and at system’s temperature about 300 K it may be neglected, this 
promises an insignificant concentration of states of inexpedient inter
face. Besides, the optoelectronic natures of these heterostructures 
largely change as it be scaled down to single or one little atomic layers 
[9,10]. Alloy-composition-dependence of band gap energy for material 
Ga1− κAlκAs is one of the most necessary structural parameters of devices 
for technology of nano semiconductor and it has attracted the attention 
of physicists [11]. Moreover, 2D electrons systems have received sig
nificant interest is because of the tunable wide band gap energy and 
vigorous confinement of them [12,13]. To have realistic estimates for 
electron–optical-phonon scattering intensity we should consider under 
the influence of the confined optical modes in wells, because it plays an 
important roles for change the state density for optical phonon in 
low-dimensional structures whenever the width of the well, Lz, being 
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smaller than the phonon coherence length. Also, the physical natures of 
the electrons and phonons confinement have a considerable difference, 
for instance the confinement of phonons is because of the reflection of 
phonons-wave at the heterointerfaces of layers of semiconductor, while 
that of electrons caused by the reflection at the electric potential barriers 
of electron gas [14–17]. This physical nature of confined phonon modes 
can lead to a increase in electrophonon scattering possibility wherefore 
the FWHM of the peak enhances. The FWHM is known to be sensitive to 
the type of scattering-mechanisms effecting on the electron transport 
behaviors [18–20], and as the profile of the curve represents the 
dependence of ℏω on AP [18,21]. Therefore, it is a good tool to consider 
the electrons scattering mechanism in semiconductor heterostructures. 
According to this definition, our group has found a technique, and it can 
be called the profile method [22]. Utilizing this technique we obtain 
FWHMs of peaks from graphs of AP. This technique has been applied 
successfully for some works in low-dimensional semiconductor struc
tures [23–31] as well as monolayer materials [32–34]. The study of the 
absorption FWHM we can directly observe magneto-phonon resonance 
(MPR) which is defined to be because of the resonance scattering of 
electron between LLs (Landau levels) along with phonon bsorption 
(emission), this effect occurs as separation of two LLs being equal to 
energy of LO-phonon [35,36]. This observation is called ODMPR [35, 
37]. In other to obtain useful information on band structure parameters 
of material as well as scattering mechanisms of carriers in 
low-dimensional structural semiconductors, the ODMPR effect should 
be considered [35,38]. The combined effect of temperature, Al contents, 
and hydrostatic pressure is a good tool to modify the effective mass of 
the electron, band structure, confined potential, as well as dielectric 
constant and they lead to modify in the property of elementary excita
tion in heterostructures [39,40]. These combined effects due to the 
electrophonon scattering have been theoretically investigated previ
ously in quantum wells [39,40], superlattices [41], and quantum wire 
[42]; as well as experimentally studied [43]. However, these studies was 
only considered under the effect of bulk modes. Therefore, further 
investigation is necessary to understand the combined influences of Al 
contents, temperature, as well as pressure on absorption AP as well as 
FWHMs of ODMPR peaks for GaAs/Ga1− κAlκAs parabolic-potential wells 
as confined modes are taken into account. The obtained results can 
resupply good information in field of the electronic-devices and 
optoelectronic-devices fabrication. The organization of paper is as fol
lows. Electron–bulk and confined phonons interaction in parabolic po
tential GaAs/Ga1− κAlκAs wells is calculated in Sec. 2. Absorption power 
in parabolic potential GaAs/Ga1− κAlκAs wells under the influences of the 
Al contents, temperature, and hydrostatic pressure, and is obtained in 
Sec. 3. Sec. 4 will be result and discussion. Sec. 5 is devoted to 
conclusion. 

2. Electron–bulk and confined phonons interaction in parabolic 
potential GaAs/Ga1¡κAlκAs quantum wells 

We consider a GaAs/Ga1− κAlκAs well with parabolic confinement 
potential V(z) = m∗(κ,P,T)ω2

z z2/2, in which electrons in the z-direction, 
they are confined through confinement potential V(z) while free in the 

(x, y)-directions. With magnetic field, B
⃗
, is in the z-axis, the eigenfunc

tions and eigenvalue are given as [2,44–46]. 

ΨN,n,ky (r
⃗
) =

1̅
̅̅̅̅
Ly

√ exp(ikyy)ψN(x − x0)ϕn(z), (1)  

EN,n,κ,p,T = (N +
1
2
)ℏωc(κ,P,T) + (n+

1
2
)ℏωz, (2)  

where ψN is referred to as the harmonic oscillator function, centered at 
x0 = − a2

c ky, ωz is the electron confining frequency. N and ac denote the 
LLs and the cyclotron radius, where N = 0, 1, …and ac =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ℏc/(eB)

√
. The 

cyclotron frequency is symbolled to be ωc(κ, P, T) = eB/m*(κ, P, T). Ly 
and ky respectively denote the normalization-length and wave-vector 
along the y-axis. For parabolic confinement potential, the correspond
ing eigenfunction ϕn(z) for electron along z-direction can be described 
by the expression as below 

ϕn(z) =
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2nn!

̅̅̅
π

√
az

√ exp(−
z2

2a2
z
)Hn(

z
az
), (3)  

with Hn are Hermite polynomials, and az = (ℏ/(m∗ωz))
1/2. 

Where m*(κ, P, T) is referred to as the effective mass, and it has a 
vigorous dependence on the Al-contents κ, temperature of system T, and 
hydrostatic pressure P, and it is described by Refs. [31,39,42]. 

m∗(κ,P,T) =
m0

1 +
Π2(κ)

3

(

2
EΓ

g (κ,P,T)
+ 1

EΓ
g (κ,P,T)+ϑ(κ)

)

+ Θ(κ)
, (4)  

where m0 is referred to as the free electron mass. EΓ
g (κ, P,T) is the energy 

gap function for point Γ in the Brillouin zone, and it is given as [31,39]. 

EΓ
g (κ,P,T) = μ1 + μ2κ + μ3κ2 + ζP −

σT2

υ + T ′ , (5)  

where μ1 = 1519.4 (meV), μ2 = 1360 (meV), μ3 = 220 (meV), ζ = 107 
meV (GPa)− 1. Θ(κ) = − 3.935 + 0.488κ + 4.938κ2 is referred to as the 
remote band effects. σ = 0.5405 meV K− 1, ϑ(κ) = 314 − 6κ (meV) rep
resents the valence band spin orbit splitting, in which υ = 204 K. Π(κ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
28900 − 6290κ

√
(meV) refers to the inter-band matrix element. 

2.1. In the case where electron is scattered by bulk optical phonon 

The matrix element of electrophonon interaction because of bulk 
phonon is expressed by [18,47–51]. 

|〈i|Hbulk
e− ph|f 〉|2 = |V

q⃗
(κ,P,T)|2|Inn′ (qz)|

2
|JNN′ (u)|2δk′

⊥
,k⊥±q⊥

, (6)  

where the term V
q
⃗(κ,P,T) represents the coupling factor, and is given by 

|V
q⃗
(κ,P,T)|2 =

e2ℏωLO(κ)χ∗(κ,P, T)
2ε0V0(q2

⊥ + q2
z )

(7)  

for optical phonon modes. Where − e is the electron charge, V0 = SLz. 
The term Inn′(qz) is the overlap integral over dz and is describe by the 
expression as follows 

Inn′ (qz) =

∫ ∞

− ∞
ϕn(z)exp(iqzz)ϕn′ (z)dz, (8)  

and JNN′(u) is given by expression below 

|JNN′ (u)|2 =
n2!e− uun1− n2

n1!
[Ln1− n2

n2 (u)]2, (9)  

where Ln1− n2
n2 (u) denotes the Laguerre polynomial, and n1 ≡ max{N, N′}, 

u = (acq⊥)
2
/2, and n2 ≡ min{N, N′}. Also, ε0 is referred to be vacuum 

dielectric constant. 
In GaAs/Ga1− κAlκAs quantum wells with parabolic confinement po

tential, the longitudinal optical (LO) mode energy depends on the 
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aluminum concentration κ is represented by ℏωLO = 36.25 + 1.83κ +
17.12κ2 − 5.11κ3 (meV) [11,31,52]. Moreover, χ0(P, T) denotes the 
static dielectric constant, and it is presented by [31,42]. 

χ0(P,T) =
{

λ1exp[− τP + ξ1(T − T1)] for T < 200 K,

λ2exp[− τP + ξ2(T − T2)] for T ≥ 200 K,
(10)  

with τ = 1.73 × 10− 2 1/GPa, ξ1 = 9.4 × 10− 5 K− 1, ξ2 = 20.4 × 10− 5 K− 1, 
T1 = 75.6 K, T2 = 300 K, λ1 = 12.47, and λ2 = 13.18. Also, χ∞(κ, P, T) is 
referred to as the high-frequency dielectric constant, it is given by [11, 
31]. 

χ∞(κ,P, T) = − 2.73κ + 10.89, (11)  

and then, we set 

χ∗(κ,P, T) = −
1

χ0(P,T)
+

1
χ∞(κ,P,T)

. (12)  

2.2. In the case where electron–confined mode scattering 

When electron is scattered by confined mode described by HZ model, 
slab modes, guided modes with the interaction matrix element is 
expressed as follows [53–58]. 

|〈i|Hconf .
e− ph|f 〉|2 =

e2χ∗(κ,P,T)
2ε0V0

ℏωℓ,q⊥
LO |Υℓθ

nn′ (z)|
2

aℓθq2
⊥ + bℓθ

/
L2

z
|JNN ′ (u)|2|δk′

⊥
,k⊥±q⊥

, (13)  

where, the term Υℓθ
nn′ (z) is the overlap integral over dz, where it is written 

by 

Υℓθ
nn′ (z) =

∫ ∞

− ∞
dzϕ∗

n′ (z)νℓθ(z)ϕn(z), (14)  

with νℓθ(z) denotes the composition along parallel direction of the 
displacement vector of confined mode ℓth. Also, θ = +, θ = − which 
refer to odd modes, even modes, respectively. The term νℓθ(z) is given by 
the expressions as 

νℓ+(z) = sin
(

ςℓπz
Lz

)

+
cℓz
Lz

, ℓ = 3, 5, 7,…,

νℓ− (z) = cos
(

ςℓπz
Lz

)

− (− 1)ℓ/2
, ℓ = 2, 4, 6,…,

(15)  

for HZ model, and 

νℓ+(z) = cos
(

ℓπz
Lz

)

, ℓ = 1, 3, 5,…,

νℓ− (z) = sin
(

ℓπz
Lz

)

, ℓ = 2, 4, 6,…,

(16)  

for slab modes, and 

νℓ+(z) = sin
(

ℓπz
Lz

)

, ℓ = 1, 3, 5,…,

νℓ− (z) = cos
(

ℓπz
Lz

)

, ℓ = 2, 4, 6,…,

(17)  

for the guided modes. 
Also, for HZ model, the factors aℓθ and bℓθ are expressed as follows 

aℓ+ = 1 + c2
ℓ(

1
6
−

1
ς2

ℓπ2), bℓ+ = ς2
ℓπ2 − c2

ℓ, ℓ = 3, 5, 7,…, (18)  

where ςℓ, cℓ are described by 

tan(
ςℓπ
2
) =

ςℓπ
2
, cℓ = − 2sin(

ςℓπ
2
), ℓ − 1 < ςℓ < ℓ, (19)  

aℓ− = 3, bℓ− = ℓ2π2, ℓ = 2, 4, 6,…. (20)  

These factors respectively are 

aFK,R
ℓ± = 1, bFK,R

ℓ± = ℓ2π2, ℓ = 1, 2, 3,…, (21)  

for guided and slab modes. 

3. Absorption power in parabolic potential GaAs/Ga1¡κAlκAs 
wells under the combined influences of Al contents, 
temperature, and hydrostatic pressure 

We calculate the AP in GaAs/Ga1− κAlκAs quantum-wells with para
bolic potential subjected to an electromagnetic wave by using the bulk 
mode and confinement mode. The expression of the AP is given by 
Ref. [59]: 

AP(ω, κ,P,T) =
E2

0

2ω
∑

α
|j+α (κ,P,T)|

2

[fα(κ,P,T) − fα+1(κ,P,T)]ℏ[Γα(ω, κ,P, T)]
[ℏω − ℏωc(κ,P,T)]2 + [ℏΓα(ω, κ,P, T)]2

,

(22)  

where electromagnetic wave with amplitude and frequency respectively 
are E0 and ω, and the quantity, j+α (κ,P,T), is given by 

|j+α (κ,P,T)|2 = (N + 1)2e2ℏωc(κ,P,T)
/

m∗(κ,P, T), (23)  

fα(κ, P, T) and fα+1(κ, P, T) are respectively the Fermi-Dirac distribution 
functions for electron at state α and state α + 1. 

3.1. For bulk optical phonon modes 

When electron is scattered by bulk mode, the term Γα(ω, κ, P, T) in 
expression (22) is expressed by 

Γα(κ,P,T,ω) ≡ Γb
α(κ,P, T,ω)

=
e2χ∗(κ,P,T)ℏωLO(κ)

8π2ℏε0

∑

N′

∑

n′
Gnn′

1
[fN+1,n(κ,P,T) − fN,n(κ,P,T)]

×

∫ ∞

0

{

Y1δ[E−
1 (κ,P,T)] + Y2δ[E+

1 (κ,P,T)]

}
|JN,N′ (u)|2

q⊥

dq⊥

+
e2χ∗(κ,P,T)ℏωLO(κ)

8π2ℏε0

∑

N ′

∑

n′
Gnn′

1
[fN+1,n(κ,P, T) − fN,n(κ,P,T)]

×

∫ ∞

0

{

Y3δ[E−
2 (κ,P,T)] + Y4δ[E+

2 (κ,P,T)]

}
|JN+1,N′ (u)|2

q⊥

dq⊥,

(24)  

where 

Gnn′ =

∫ ∞

− ∞
|Inn′ (qz)|

2dqz =

̅̅̅
2

√
(1 + Δn)n(2Δn +

3
2
)nΓ(Δn +

1
2
)

azn!n
′

!

×3Φ2(− n,Δn +
1
2
,
1
2
;Δn + 1,

1
2
− n; 1),

(25)  

where 3Φ2(− n,Δn+1
2,

1
2;Δn+1, 1

2 − n;1) is the hypergeometric 
function,Δn = n′ − n, here 
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3Φ2(a, b, c; d, g; h) =
∑∞

j=0

(a)j(b)j(c)jhj

(d)j(g)jj!
, (26)  

in which Pochhammer’s symbol (a)i is described by 

(b)j = b(b+ 1)⋯(b+ j − 1) = Γ(b+ j)
/

Γ(b). (27)  

Y1 = [1 + N
q⃗ (κ)] fN+1,n(κ,P,T)[1 − fN′

,n′ (κ,P,T)]

− N
q⃗
(κ)fN′

,n′ (κ,P, T)[1 − fN+1,n(κ,P, T)], (28)  

Y2 = N
q⃗ (κ)fN+1,n(κ,P,T)[1 − fN′

,n′ (κ,P,T)]−

[1 + N
q⃗
(κ)]fN ′

,n′ (κ,P,T)[1 − fN+1,n(κ,P, T)], (29)  

Y3 = [1 + N
q⃗ (κ)]fN′

,n′ (κ,P,T)[1 − fN,n(κ,P, T)] − N
q⃗
(κ)fN,n(κ,P, T)[1

− fN ′
,n′ (κ,P,T)],

(30)  

Y4 = N
q⃗ (κ)fN ′

,n′ (κ,P, T)[1 − fN,n(κ,P, T)] − [1 + N
q⃗
(κ)]fN,n(κ,P, T)[1

− fN ′
,n′ (κ,P,T)],

(31)  

E±
1 (κ,P, T) = ℏω + (n′

− n)ℏωz + (N ′

− N − 1)ℏωc(κ,P, T)
±ℏωLO(κ),

E±
2 (κ,P,T) = ℏω + (n − n′

)ℏωz + (N − N ′

)ℏωc(κ,P,T) ± ℏωLO(κ). (32)  

Where the Dirac delta functions δ
(
E±

1 (κ, P,T)
)
, δ
(
E±

2 (κ,P,T)
)

in Eq. (24) 
are replaced by width Lorentzians γ±,b

N,N′ (κ, P,T), γ±,b
N+1,N′ (κ,P,T) as follows 

[60]: 

δ
(
E±

1 (κ,P,T)
)
=

γ±N,N′ (κ,P, T)

π
{
[E±

1 (κ,P,T)]
2
+ [γ±

N,N′ (κ,P,T)]2
}, (33)  

δ
(
E±

2 (κ,P,T)
)
=

γ±N+1,N′ (κ,P, T)

π
{
[E±

2 (κ,P,T)]
2
+ [γ±

N+1,N′ (κ,P,T)]2
}, (34)  

where 

[γ±N′
,N(κ,P,T)]

2
=

e2ℏωLO(κ)χ∗(κ,P,T)
8π3ℏ2ε0S

[N
q⃗
(κ)+

1
2
±

1
2
]Gnn′

∫ ∞

0
dq⊥

|JN,N′ (u)|2

q⊥

,

(35)     

3.2. For confined optical phonon modes 

When electron is scattered by confined mode, the term Γα(ω, κ, P, T) 
in Eq. (22) is expressed as below 

Γα(ω, κ,P,T) ≡ Γc
α(ω, κ,P,T)

=
e2

8πℏε0Lz

∑

ℓ

∑

θ=±

∑

N′
,n′

ℏωℓ,q⊥
LO (κ)χ∗(κ,P, T)

|Υℓθ
nn′ |

2

[fN+1,n(κ,P, T) − fN,n(κ,P,T)]

×

∫ ∞

0

⎧
⎪⎪⎨

⎪⎪⎩

Y1δ[E−
1 (κ,P, T)] + Y2δ[E+

1 (κ,P,T)]

⎫
⎪⎪⎬

⎪⎪⎭

q⊥|JN,N′ (u)|2

aλ
ℓηq2

⊥ +
bλ

ℓη

L2
z

dq⊥

e2

8πℏε0Lz

∑

ℓ

∑

θ=±

∑

N′
,n′

ℏωℓ,q⊥
LO (κ)χ∗(κ,P,T)

|Υℓθ
nn′ |

2

[fN+1,n(κ,P, T) − fN,n(κ,P,T)]

×

∫ ∞

0

⎧
⎪⎪⎨

⎪⎪⎩

Y3δ[E−
2 (κ,P, T)] + Y4δ[E+

2 (κ,P,T)]

⎫
⎪⎪⎬

⎪⎪⎭

q⊥|JN+1,N′ (u)|2

aλ
ℓηq2

⊥ +
bλ

ℓη

L2
z

dq⊥,

(37)  

where 

Y1 = [1 + Nℓ,q⊥ (κ)]fN+1,n(κ,P,T)[1 − fN′
,n′ (κ,P,T)]

− Nℓ,q⊥ (κ)fN′
,n′ (κ,P,T)[1 − fN+1,n(κ,P,T)],

(38)  

Y2 = Nℓ,q⊥ (κ)fN+1,n(κ,P,T)[1 − fN′
,n′ (κ,P,T)]

− [1 + Nℓ,q⊥ (κ)]fN′
,n′ (κ,P,T)[1 − fN+1,n(κ,P,T)], (39)  

Y3 = [1 + Nℓ,q⊥ (κ)]fN′
,n′ (κ,P,T)[1 − fN,n(κ,P,T)]

− Nℓ,q⊥ (κ)fN,n(κ,P,T)[1 − fN′
,n′ (κ,P,T)],

(40)  

Y4 = Nℓ,q⊥ (κ)fN′
,n′ (κ,P,T)[1 − fN,n(κ,P,T)]

− [1 + Nℓ,q⊥ (κ)]fN,n(κ,P,T)[1 − fN′
,n′ (κ,P,T)], (41)  

E±
1 (κ,P,T) = ℏω + (n′

− n)ℏωz + (N ′

− N − 1)ℏωc(κ,P,T)

±ℏωℓ,q⊥
LO (κ),

E±
2 (κ,P,T) = ℏω + (n − n′

)ℏωz + (N − N ′

)ℏωc(κ,P, T) ± ℏωℓ,q⊥
LO (κ),

δ[E±
1 (κ,P, T)] =

1
π

γ±N,N′ (κ,P, T)

[E±
1 (κ,P,T)]

2
+ [γ±N,N′ (κ,P,T)]2

, (42)  

δ[E±
2 (κ,P, T)] =

1
π

γ±N+1,N′ (κ,P,T)

[E±
2 ]

2
+ [γ±

N+1,N′ (κ,P,T)]2
, (43)  

where 

[γ±N+1,N′ (κ,P, T)]2 =
e2ℏωLO(κ)χ∗(κ,P,T)

8π3ℏ2ε0S
[N

q⃗
(κ) +

1
2
±

1
2
]Gnn′

∫ ∞

0
dq⊥

|JN+1,N′ (u)|2

q⊥

. (36)   
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[γ±N ′
,N(κ,P, T)]2 =

e2

8π2ℏ2ε0V0

[

Nℓ,q⊥ (κ) +
1
2
±

1
2

]

∑

ℓ

∑

θ=±

ℏωℓ,q⊥
LO (κ)|Υℓθ

nn′ |
2

×

∫ ∞

0
q⊥dq⊥

|JN,N′ (u)|2

aλ
ℓηq2

⊥ +
bλ

ℓθ

L2
z

,

(44)  

[γ±N+1,N′ (κ,P, T)]2 =
e2

8π2ℏ2ε0V0

[

Nℓ,q⊥ (κ) +
1
2
±

1
2

]

∑

ℓ

∑

θ=±

ℏωℓ,q⊥
LO (κ)|Υℓθ

nn′ |
2

×

∫ ∞

0
q⊥dq⊥

|JN+1,N′ (u)|2

aλ
ℓθq2

⊥ +
bλ

ℓη

L2
z

,

(45) 

According to the analytical results of Eq. (14), in the Huang-Zhu and 
guided mode models with even confinement modes, and in the slab 
mode model with odd confinement modes which contribute to the 0 → 
0 transition. Meanwhile, in the Huang-Zhu and guided mode models 
with odd confined modes, and in the slab modes model with even 
confinement modes which contribute to the 0 → 1 transition, namely: 

For the HZ model, we have. 
When n and n′ are even/odd, then we have 

Υℓ,− (nn′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n′

!

√ [

exp(−
ℓ2π2a2

z

4L2
z

)L0
n(

ℓ2π2a2
z

2L2
z

) − (− 1)ℓ/2

]

,

ℓ = 2, 4, 6,⋯ .

(46)  

When n′ and n respectively are even and odd, or vice versa, then we have 

Υℓ,− (nn′

) = 0, ℓ = 2, 4, 6,⋯ . (47)  

When n and n′ respectively are odd and even, or vice versa, then we have 

Υℓ,+(nn′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n
′

!

√

[
μℓπaz

Lz
exp(−

μ2
ℓπ2a2

z

4L2
z

)L1
n(

μ2
ℓπ2a2

z

2L2
z

) + (n + 1)
cℓaz

Lz

]

,

ℓ = 3, 5, 7,⋯ .

(48)  

When n and n′ are even or odd, then we have 

Υℓ,+(nn′

) = 0, ℓ = 3, 5, 7,⋯ . (49) 

For the slab mode model, we have. 
When n′ and n respectively are even and odd, or vice versa, then we 

have 

Υℓ,− (nn
′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n′

!

√
(

ℓπaz

Lz

)

exp(−
ℓ2π2a2

z

4L2
z

)

L1
n(

ℓ2π2a2
z

2L2
z

), ℓ = 2, 4, 6,⋯ .

(50)  

When n and n′ together are even (odd), then we obtain 

Υℓ,− (nn′

) = 0, ℓ = 2, 4, 6,⋯ . (51)  

When n and n′ together are even (odd), the we obtain 

Υℓ,+(nn
′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n′
!

√

exp(−
ℓ2π2a2

z

4L2
z

)L0
n(

ℓ2π2a2
z

2L2
z

), ℓ = 1, 3, 5,⋯ . (52)  

When n′ and n respectively are even and odd, or vice versa, then we have 

Υℓ,+(nn′

) = 0, ℓ = 1, 3, 5,⋯ . (53) 

For the guided mode model, we have. 
When n′ and n respectively are even and odd, or vice versa, then we 

have 

Υℓ,− (nn
′

) = 0, ℓ = 2, 4, 6,⋯ . (54)  

When n and n′ are even/odd, then we have 

Υℓ,− (nn
′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n′
!

√

exp(−
ℓ2π2a2

z

4L2
z

)L0
n(

ℓ2π2a2
z

2L2
z

), ℓ = 2, 4, 6,⋯ . (55)  

When n and n′ respectively are odd and even, or vice versa, then we have 

Υℓ,+(nn′

) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n!2n− n′

n′

!

√
(

ℓπaz

Lz

)

exp(−
ℓ2π2a2

z

4L2
z

)

L1
n(

ℓ2π2a2
z

2L2
z

), ℓ = 1, 3, 5,⋯ .

(56)  

When n and n′ are even/odd, then we have 

Υℓ,+(nn′

) = 0, ℓ = 1, 3, 5,⋯ . (57) 

Based on these analytical results, we present the numerical result and 
discussions in Sec. 4. 

4. Results and discussions 

Assuming only following levels are occupied by electron: N = 0, N′ =

1 and n = 0, n′ = 0, 1. Our results for effect of Al contents κ, temperature 
T, and pressure P on the FWHM and AP in GaAs/Ga1− κAlκAs wells are 
presented and discussed in detail at the electron confining frequency ωz 
= 0.3ωLO and the value of magnetic field B satisfies the magnetophonon 
resonance condition. 

Fig. 1. The magneto-optical AP in GaAs/Ga1− κAlκAs parabolic potential 
quantum wells as a function of ℏω (energy of photon) for all four kinds of 
various phonon modes: bulk modes (the black solid curve), guided modes (the 
magenta dashed-dotted curve), slab modes (the red dotted-dotted curve), and 
HZ model (the blue dashed-dashed curve) at temperature of system T = 300 K, 
hydrostatic pressure P = 2, and Al-contents κ = 0.3 GPa. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the Web 
version of this article.) 
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Fig. 1 indicates five peaks numbered from (1) to (5). Peaks (1) and 
(5) locate at photon energies are 11.46 (meV) and 87.86 (meV), 
respectively. These peaks are called the ODMPR peaks because they 
accord with conditions that ℏω = (n′ − n)ℏωz + (N′ − N)ℏωc(κ, P, T) ∓
ℏωLO(κ). It indicates that electron move from n = 0 to 1 together with N 
= 0 to 1 due to ℏω-absorption along with ℏωLO(κ)-absorption/emission. 
Peak (2) is at photon energy, 26.74 (meV), and is called the ODMPR 
peak due to it accords with condition ℏω = (n − n′)ℏωzℏωLO(κ). This 
indicates that electron move from 0 → 1 of n levels caused by absorption 
of ℏω together with ℏωLO(κ)-emission. (3) peak locates at energy 38.20 
(meV). It describes the transition intra-electric subbands because it ac
cords with condition ℏω = ℏωLO(κ). (4) peak is at energy 76.40 (meV). 
This peak is called the ODMPR peak because it accords with following 
conditions: ℏω = (N′ − N)ℏωc(κ, P, T) + ℏωLO(κ). It refers to the electron 
transition from 0 → 1 of N levels because of absorption of ℏω together 
with ℏωLO(κ)-emission. 

Fig. 2 represents the AP intensity of phonon absorption/emission 
peak rises with aluminum concentration κ under all bulk phonon and 
confined phonon is due to Al-contents effects on the AP intensity 
through the factors N

q
⃗(κ) and [1 − fN′ ,n′(κ, P, T)]fN,n(κ, P, T). Meanwhile 

the position of the resonance peak shifts toward photon has lower en
ergy. This can be explained that the Al contents explicit dependence of 
the arguments of Dirac delta functions in expressions (32), (32) and 
(42), (42). 

Fig. 3 shows the FWHM of phonon absorption/emission peak which 
is displayed as function of composition κ under all bulk phonons and 
confinement phonons. This denotes the composition κ affects not only on 
the peak position, as well as AP intensity but also on the FWHM. Fig. 3 
also displays that the FWHM slightly increases as composition κ in
creases under all phonon emission as well as absorption processes in all 

confinement phonons and bulk phonons cases by reason of the electro
ns–LO-phonons scattering probability increases as composition κ raises. 
Our obtained result is qualitative consistent with previous experimental 

Fig. 2. The magneto-optical AP as a function of ℏω at phonon absorption (left Fig.) and emission (right Fig.) peaks with different Al-contents of GaAs/Ga1− κAlκAs 
PQWs for all four kinds of different phonon modes: bulk modes (the black solid curve), guided modes (the magenta dashed-dotted curve), slab modes (the red dotted- 
dotted curve), and HZ model (the blue dashed-dashed curve). Here, T = 300 K, P = 2 GPa. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the Web version of this article.) 

Fig. 3. Variation of the FWHM with Al contents κ of the phonon absorption process (left Fig.) and phonon emission process (right Fig.) for all four kinds of various 
phonon modes (bulk, guided, slab, HZ) in GaAs/Ga1− κAlκAs PQWs. Here T = 300 K, P = 2 GPa. 

Fig. 4. Comparison of the value of FWHM and its variation with κ in GaAs/ 
Ga1− κAlκAs PQWs of the phonon mode absorption peak (blue filled circles (HZ 
model), red filled triangles (slab modes), magenta filled rectangles (guided 
modes), black filled squares (bulk modes) curves) with that of the phonon mode 
emission peak (blue empty circles (HZ model), red empty triangles (slab 
modes), magenta empty rectangles (guided modes), black empty squares (bulk 
modes) curves) for all four kinds of various phonon modes. Here, T = 300 K, P 
= 2 GPa. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the Web version of this article.) 
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data in Refs. [11,61–63]. Specially, the value of the FWHM for the 
confined modes case is found to be always larger that for the bulk modes 
case under all absorption and emission of phonons. Because the 
confinement of phonons in parabolic wells leads to a decrease in scat
tering rate of electrophonon due to LO-phonons, i.e., the electron 
mobility increases, wherefore the electrons–LO-phonons scattering 
possibility raises. This is consistent with experimental result in Ref. [64]. 

We compare the value of the FWHMs and their variation with Al- 
contents, κ, of absorption-peak of phonon to those of emission-peak of 
phonon under all confined phonon and bulk phonon, as denoted clearly 
in Fig. 4. Our result represents the value of the FWHMs as well as their 
variation with Al-concentration κ for absorption-peak of phonon are 
much bigger as well as much faster than those of emission-peak of 
phonon for both bulk phonons and confinement phonons. For instance, 
the value of the FWHM at κ = 0.3 for phonon absorption process caused 
by HZ, slab modes, guided modes, and bulk modes models respectively is 
about 2.39, 2.26, 2.07, and 2.00 times as large as phonon emission 
process is. This implies that the electrophonon interaction caused by 
absorption of phonon is much stronger in comparison to that caused by 
emission of phonon for both four kinds of phonon modes. This is 
explained that the phonon absorption process leads to a increase of 
electron energy, the electron–phonon scattering rate decreases [65], i.e., 
the mobility of electron increases wherefore the electrophonon scat
tering possibility increases, i.e., the absorption FWHM rises [64]. The 
phonon-mode absorption dominates over phonon-mode emission in 
quantum wells here is good qualitative consistent with that obtained by 
scattering rates of electrophonon in quantum wires [66,67] and scat
tering rates of electron with confined phonon in wurtzite hetero
structures [68]. However, this behaviour shows the difference between 
quantum well structures and monolayer MoS2 [69] where the emission 

Fig. 5. The magneto-optical AP as a function of photon energy, ℏω, at phonons absorption (left Fig.) and emission (right Fig.) peaks with different pressures in GaAs/ 
Ga1− κAlκAs PQWs for all four kinds of different phonon modes: bulk modes (the black solid curve), guided modes (the magenta dashed-dotted curve), slab modes (the 
red dotted-dotted curve), and HZ model (the blue dashed-dashed curve). In which, κ = 0.3, T = 300 K. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the Web version of this article.) 

Fig. 6. Comparison of the value of the FWHM and its variation with pressure, P, at phonon absorption peak (left Fig.) and phonon emission peak (right Fig.) in GaAs/ 
Ga1− κAlκAs PQWs for all four kinds of various phonon modes (bulk, guided, slab, HZ). Here, κ = 0.3, T = 300 K. 

Fig. 7. Comparison of the value of the FWHM and its variation with P caused 
by the phonon mode absorption process (blue filled circles (HZ model), red 
filled triangles (slab modes), magenta filled rectangles (guided modes), black 
filled squares (bulk modes) curves) with that caused by the phonon mode 
emission process (blue empty circles (HZ model), red empty triangles (slab 
modes), magenta empty rectangles (guided modes), black empty squares (bulk 
modes) curves) for all four kinds of various phonon modes in GaAs/Ga1− κAlκAs 
PQWs. Here, κ = 0.3 and T = 300 K. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the Web version of 
this article.) 
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process of phonon-mode is always more dominant than absorption 
process of phonon-mode. 

Fig. 5 indicates that the AP intensity of the peak with phonon ab
sorption as well as that of the peak with phonon emission decreases with 
the hydrostatic pressure P for all bulk and confined modes because of the 
hydrostatic pressure effects on the AP intensity by the factor fN,n(κ, P, T) 
[1 − fN′ ,n′(κ, P, T)]. However, the position of the peak remains un
changed with variation of the pressure P. 

Fig. 6 shows the FWHM as a function of P in two bulk phonons and 
confinement phonons cases under all emission and absorption of phonon 
modes. The FWHM vigorously decreases as P increases under all four 
cases of phonons (confinement phonon and bulk phonon; emission and 
absorption of phonons). This result can be physically explained by a 
reduction in electrons–LO-phonons scattering possibility, in other words 
the electron mobility decreases as hydrostatic pressure increases. 
Especially for the confined phonon, the FWHM is always biggest and it 
fastest reduces for the HZ model while smallest and slowest reduce for 
the guided modes model. This refers to the electrophonon scattering is 
strongest with Huang-Zhu model but weakest with guided mode model 
among three different models of the confinement phonon (HZ, slab, and 
guided models). It is good consistent with previous results of Bhat et al. 
[70,71], in which who showed that the Huang and Zhu model which has 
been wide accepted and it best describes the electrophonon scattering in 
2D structures. On the other hand, our results may be useful to orient for 
experimental consideration in the future [72–74], where they showed 
that only the confined phonons model which proposed by HZ agrees 
both quantitatively and qualitatively with experimental results. 

Comparison of the value of the FWHM and its variation with hy
drostatic pressure, P, of emission-peak of phonon with that of 
absorption-peak of phonon in two cases of confinement phonons and 

bulk phonons, as described in Fig. 7. The figure also indicates the value 
of FWHM and its variation with P of emission-peak of phonon are always 
much smaller and much slower than absorption-peak of phonon under 

Fig. 8. The magneto-optical AP as a function of photon energy, ℏω, at phonon absorption (left Fig.) and emission (right Fig.) peaks with different temperatures for 
GaAs/Ga1− κAlκAs PQWs for all four kinds of different phonon modes: bulk modes (the black solid curve), guided modes (the magenta dashed-dotted curve), slab 
modes (the red dotted-dotted curve), and HZ model (the blue dashed-dashed curve). Where, κ = 0.3, P = 2 GPa. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the Web version of this article.) 

Fig. 9. Variation of the FWHM with T of the absorption of phonon (left Fig.) and phonon emission (right Fig.) for all four kinds of various phonon modes (bulk, 
Guided, Slab, HZ) in GaAs/Ga1− κAlκAs PQWs. Here, κ = 0.3, P = 2 GPa. 

Fig. 10. Comparison of the value of the FWHM and its variation with T due to 
the phonon mode absorption (blue filled circles (HZ model), red filled triangles 
(slab modes), magenta filled rectangles (guided modes), black filled squares 
(bulk modes) curves) with that due to the phonon mode emission (blue empty 
circles (HZ model), red empty triangles (slab modes), magenta empty rectangles 
(guided modes), black empty squares (bulk modes) curves) for all four kinds of 
various phonon modes in GaAs/Ga1− κAlκAs PQWs. Here, κ = 0.3 and P = 2 GPa. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the Web version of this article.) 
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all confinement phonons and bulk phonons. This refers to the intensity 
of phonon scattering for phonon emission process is much weaker 
compared to that for phonon absorption process under all four kinds of 
above phonon modes. This result is found to be in qualitative agreement 
with that obtained by scattering rates of electron with confined mode in 
wurtzite heterostructures [68]. 

Fig. 8 shows that with increasing temperature T, the position of the 
resonance peak remains unchanged. However, the AP intensity of the 
phonon absorption/emission peak decreases under all bulk phonon and 
confined phonon is due to temperature effects on the AP intensity by the 
factors N

q
⃗(κ) and[1 − fN′ ,n′(κ, P, T)]fN,n(κ, P, T). 

Fig. 9 shows the variation of FWHMs for phonon absorption/emis
sion peaks with T for all four types of different phonon modes models 
(bulk, guided, slab, HZ models) in GaAs/Ga1− κAlκAs parabolic quantum 
wells at κ = 0.3 and P = 2 GPa. We can see from Fig. 9 that the FWHMs 
increase with rising T under all bulk phonons and confinement phonons 
is because of the FWHM is proportional to the electrophonon scattering 
probability which is enhanced when increasing temperature T. Our 
obtained results are in good qualitative agreement with experimental 
data in Refs. [61,75–80]. In particular, the FWHMs caused by phonon 
confinement of the HZ model which are found to fastest increase and 
have a largest value among three different modes kinds of phonons 
confinement (HZ, slab modes, and guided modes models), as clearly 
illustrated in Fig. 9. This implies that the electron interaction with 
confined mode is strongest for the HZ model while that is weakest for the 
guided modes model. 

Effect of T on the FWHM of phonon absorption-peak is compared to 
that of phonon emission peak at κ = 0.3 and P = 2 GPa in GaAs/ 
Ga1− κAlκAs parabolic quantum wells under all two kind of modes of 
phonon (bulk phonon and confined phonon), as indicated clearly in 
Fig. 10. The Fig. also shows the absorption of phonon modes is more 
dominant in comparison to emission of phonon modes, and in particular, 
for phonons confinement, the more pronounced this property is. Also, 
the strength of the electrophonon scattering is strongest for confined 
mode absorption which described by HZ model among four type of 
above modes. 

Fig. 11 shows the variation of FWHM with κ (left figure) and P (right 
figure) at different confining frequencies of electron, ωz, in GaAs/ 
Ga1− κAlκAs PQWs for confined mode which described by HZ model. We 
can see from the figures that the FWHMs always increase with increasing 
electron-confining frequency ωz. However, for variation of FWHM with 
P (right figure), the rise of the FWHM with ωz is slight and it becomes 
saturated rapidly at large confining frequency of electron (ωz ≥ 0.5ωLO) 
in comparison to that for the variation of the FWHM with κ (left figure). 
This implies that the hydrostatic pressure weakly depends on the elec
tron confining frequency in GaAs/Ga1− κAlκAs parabolic quantum wells 
while the Al-concentration strongly depends on that, as clearly shown in 
left figure. 

5. Conclusions 

Magneto-optical transport properties of GaAs/Ga1− κAlκAs parabolic 
wells under the combined influences of temperature, Al-concentration, 
and hydrostatic pressure have been studied. Using the projection oper
ator and profile methods to analytically and numerically calculate the 
absorption power and FWHM, respectively. The obtained results show 
that (i) the FWHMs slightly increase with increasing aluminum con
centration, temperature, but decrease with increasing hydrostatic pres
sure for both emission and absorption of phonons under all confined 
phonon and bulk phonon; (ii) the value of the FWHMs and their varia
tion for phonon absorption process are fair bigger and much faster than 
those for phonon emission process under all confined phonon and bulk 
phonon, i.e., the intensity of electron–phonon scattering for phonon 
emission process is much weaker compared to that for phonon absorp
tion process under all four types of above modes; (iii) the value of 
FWHMs for confined modes case is found to be always larger that for 
bulk modes case under all phonon modes emission and absorption, i.e., 
the strength of the electron–phonon scattering for confined modes is 
stronger in comparison to that for bulk modes under all two processes of 
phonon, and that is strongest for confined mode described by HZ model; 
(iv) the FWHMs always increase with increasing electron-confining 
frequency ωz; (v) the increase of the FWHM with electron-confining 
frequency is slight and becomes saturated at large confining frequency 
of electron (ωz ≥ 0.5ωLO) in GaAs/Ga1− κAlκAs parabolic quantum wells; 
(vi) the aluminum concentration strongly depends on the electron 
confining frequency compared to hydrostatic pressure. We hope these 
results can be useful for the photonic and optoelectronic device 
fabrication. 
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