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A B S T R A C T   

We compare piezoelectric phonon scattering mechanism with optical phonon one in both Gallium arsenide 
(GaAs) and Gallium nitride (GaN) materials of a quantum well through the their contribution to the magneto- 
optical transition linewidths (MOTLWs). Applying the projection-operator and the profile methods to compute 
the magneto-optical conductivity tensor (MOCT), magneto-optical absorption power (MOAP), and MOTLWs. 
Numerical calculation results show that the MOTLWs increase as the temperatures and the magnetic fields in-
crease, but decrease as the electron density and the well width increase for both GaN and GaAs materials. In 
particular, the MOTLWs due to piezoelectric phonons vary sharper and have larger value than they do due to 
optical phonons in both GaN and GaAs materials, and the MOTLWs of GaN are larger than those of GaAs for both 
piezoelectric and optical phonon scattering mechanisms. As small enough quantum-well-width, the piezoelectric 
phonon modes play an important role and they should be considered in studying the magneto optical transition 
properties in low-dimensional electron systems.   

1. Introduction 

The investigation of the magneto-optical transition properties for 
low dimensional electrons systems is known to be a useful tool for 
studying the electronic-structure of solid, this is due to absorption 
linewidths are known to be very sensitive to the type of mechanisms of 
scattering influencing the transport-behavior of electrons in semi-
conductor structures [1–6]. In recent years, semiconductor materials 
possess wide-band-gaps, for instance GaN and ZnO have attracted much 
interest for device applications such as the optoelectronic and electronic 
devices. Where GaN and ZnO have band-gaps of Eg respectively are 3.44 
eV and 3.37 eV [7]. Continuing progress of GaN-material-based opto-
electronic-devices for conspicuous device applications has created the 
significant development of the achievement of the laser diodes (LD’s) 
and the commercialization of the high brightness green/blue light-
emitting diodes (LED’s) [8–10]. In addition to potential applications of 
GaN material in fabrication of optoelectronic devices, GaN is also fairly 
interesting from one purely physical-viewpoint. The fundamental 

physical natures of the GaN material can be strongly influenced and 
even defined by the anisotropy of the crystal quantum structures and the 
spatial-quantization of the states of the carrier [8]. The study of elec-
tron–phonon scattering mechanism in low-dimensional electron systems 
has not only practical-significance or great-importance for device ap-
plications but also important theoretical meaning in the semiconductor 
physics. The characteristics of quantum well systems are defined mostly 
through electron scattering with phonon in semiconductor physics near 
the room temperature. Therefore, to better understand the physical 
properties of electrons system in GaN and GaAs wells, the study of 
electron–phonon scattering mechanism is the most effective way. It is 
known that the type of interactions such as electron–impurity, electro-
n–electron, and electron–phonon interactions are known to be main 
scattering mechanisms in low-dimensional systems. Among them elec-
tron–phonon scattering mechanism is dominant, since as low electron 
density as that in ordinary semiconductors, at the same time tempera-
ture of electrons system also is low then electron interaction with elec-
tron and impurity can be neglected in this case [4]. There are many types 
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of phonon modes for interactions with electron such as piezoelectric 
phonon, deformation phonon, optical phonon [11], acoustic phonon 
[12], interface phonon [13], confine phonon [14–17], etc. However, in 
this paper we are interested in the first one, and compared with the third 
one. The electron–piezoelectric phonon interactions occur in crystal 
lacking an inversion symmetry, for instance wurtzite structures or 
semiconductors with sphalerite. The electrons–piezoelectric phonons 
interactions due to a macroscopic polarization is produced from the 
application of an external-strain to piezoelectric material [4]. There are 
many theoretical approaches to study the deformation, acoustic, and 
optical phonon scattering mechanisms [12,18–21] while electro-
n–piezoelectric phonon scattering mechanism has been less interested to 
study in low-dimensional systems. Moreover, excellent acousto-electric 
properties only have in piezoelectric crystals. Therefore, such piezo-
electric materials as GaN and GaAs they can be used for diverse appli-
cations such as amplifiers for ultrasonic wave, fluorescent pigments, and 
actinometers ect. Besides, the calculations of Jun-jie Shi [8] showed that 
electrophonon scatterings vigorously effected on the optical property as 
well as transport property of GaN semiconductors. Obviously, it is very 
imperative and necessary to investigate the contribution of piezoelectric 
phonons to electrophonon interactions in group-III nitride semi-
conductor structures in general and in GaN in particular. The investi-
gation of the magneto-optical transition linewidths is known as a useful 
tool to examine the transport-behavior of electron system in quantum 
wells [1–4]. There are many theoretical models to consider the quantum 
transition properties in different methodologies, among them we utilize 
the projection operator method because projection operators are define 
explicitly which can give an explicit magneto-optical transitions for-
mula. On the other hand, the resolvent quantity contained in the MOCT 
being expanded with help of projection operators, and using this method 
we can obtaine the different Lorentzian line formula. The aim of this 
work is to consider the effects of piezoelectric phonons on the MOTLWs 
in comparison with optical phonon in both GaN and GaAs. First, we 
present the theory for electrons scattering mechanisms with piezoelec-
tric and optical phonons in both GaN and GaAs materials of quantum 
wells. Next, we will calculate analytically the MOAP caused by piezo-
electric phonon and optical phonon in both GaN and GaAs wells based 
on the projection operator. Finally, we show numerical calculated re-
sults for magneto-optical transition linewidth caused by the piezoelec-
tric phonon scattering in comparison with that due to the optical 
phonons scattering in both GaN and GaAs by using profile method, and 
they are discussed in detail. 

2. Scattering mechanisms of piezoelectric and optical phonons 
in both GaN and GaAs materials of quantum wells 

We consider optical and piezoelectric phonon scattering mechanisms 
in GaN and GaAs wells, in the presence of magnetic field B, with 
confining potential V(z) for electrons system in well structure is given as 

V(z) =
{

0, |z| < Lz/2,
∞, |z| > Lz/2, (1)  

the eigenfunctions Φ(r) can be written as [22] 

Φ(r) =
1̅
̅̅̅̅
Ly

√ ΨN(x − x0)exp(ikyy)ψn(z), (2)  

where the harmonic oscillator function and cyclotron radius respec-
tively are symbolled by ΨN(x − x0) and ac =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ℏc/(eB)

√
, here x0 = −

a2
c ky. Moreover, we let the specimen dimension be Ly and wave vector 

along the y-axis be ky. The corresponding eigenfunction, ψn(z), is 
described by [22] 

ψn(z) =
(

2
Lz

)1/2

sin
(

nπz
Lz

+
nπ
2

)

, (3)  

and the corresponding energy eigenvalue E(nN) is 

E(Nn) =
(

N +
1
2

)

ℏωc + n2ε0, (4)  

where N and n respectively are the Landau and electrical-subband level 
numbers. The cyclotron-resonance frequency and lowest electrical 
subband energy respectively are symbolled by ωc = eB/m* and ε0 =

ℏ2π2/(2 m∗L2
z ), in which m* and Lz respectively are the effective mass 

and well-width. 
Piezoelectric and optical phonon scattering mechanisms with matrix 

element is given as [23–28] 

|〈i|He− ph|f 〉|2 = |Vq|
2
|Mnn′ (qz)|

2
|JNN ′ (u)|2δkf

⊥
,ki
⊥
±q⊥ , (5)  

where we let the overlap integral over dz be Mnn′(qz), and it is given as 
below 

Mnn′ (qz) =

∫ Lz/2

− Lz/2
ψn(z)exp(iqzz)ψn′ (z)dz, (6)  

the quantity, JNN′(u), in Eq. (5) is related to the Laguerre polynomial, 
Ln1− n2

n2 (u), and defined as 

|JNN′ (u)|2 =
n2!e− uun1− n2

n1!
[Ln1− n2

n2 (u)]2, (7)  

here n1 = max{N,N′

},u = q2
⊥a2

c /2,n2 = min{N,N′

}. Also, the coupling 
coefficient, Vq, in Eq. (5) is the quantity depends on the type of phonons: 

2.1. Piezoelectric phonon scattering mechanism 

The coupling coefficient Vq in Eq. (5) for electron–piezoelectric- 
phonon scattering mechanism is written by [4] 

|Vq|
2
=

κ2ℏe2s
2Ωϵsϵ0

q3

(q2 + q2
d)

2, (8)  

where κ, Ω, and s respectively refer to the electromechanical (piezo-
electric) coupling constant, the volume of the quantum well electrons 
system, and the speed of sound. ϵs and ϵ0 are the static-dielectric and 
vacuum-dielectric constants. The factor q2

d = nee2/ϵsϵ0kBT in Eq. (8) is 
referred to as the reciprocal of the Debye screening length, where we let 
the uniform electron concentration be ne. 

As we know, the electromechanical coupling, κ, has a complex 
dependence. For wurtzite kind lattice such as GaN, the piezoelectric 
coupling constant κ is replaced by κ in the isotropic model, and it is 
determined by [29] 

κ2 =
1

νϵ0ρ

(
〈e2

L〉
s2

L
+

〈e2
T 〉

s2
T

)

, (9)  

where κ is the average value of κ, the transverse and longitudinal sound 
speed are given by 

sT =

̅̅̅̅̅
cT

ρ

√

, sL =

̅̅̅̅̅
cL

ρ

√

, (10)  

with cT and cL refer to the spherical elastic constant for the transverse 
and longitudinal waves, respectively, and they have the equations as 
follows: 

cL = c12 + 2c44 +
3c∗

5
, cT = c44 +

c∗

5
, (11)  

here the factor c* being the measurement of elastic anisotropy, and c* =
0 in the isotropic crystals case, c* is written by 

c∗ = c11 − c12 − 2c44, (12) 
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and ρ denotes the density of mass. On the other hand, the factor 〈e2
T〉 in 

Eq. (9) for the transverse waves be expressed as 

〈e2
T 〉 =

2
35

(e33 − e31 − e15)
2
+

16
105

e15(e33 − e31 − e15) +
16
35

e2
15, (13)  

and the factor 〈e2
L〉 for the longitudinal waves is 

〈e2
L〉 =

e2
33

7
+

4e33(e31 + 2e15)

35
+

8e2
31

35
, (14)  

where we let the reduced-notation of the eikℓ-component of the piezo-
electric constant tensor e be eij. 

For sphalerite type lattice, for instance ZnS, GaAs etc., the piezo-
electric coupling constant κ is defined by [30] 

κ2 =
12e2

14

35νϵ0ρ

(
1
s2

L
+

1
s2

T

)

, (15)  

noting that the contribution of the other components vanish and where 
e14 = e25 = e36. 

2.2. Optical phonon scattering mechanism 

The coupling coefficient, Vq, for electron–optical-phonon scattering 
mechanism is given by 

|Vq|
2
=

e2ℏω0

2Ωϵ0

(
1

ϵ∞
−

1
ϵs

)
q2

(q2 + q2
d)

2, (16)  

where ℏω0 and ϵ∞ refer to the LO-phonon energy and the optical 
dielectric constant, respectively. 

3. Analytical calculation of the MOAP caused by piezoelectric 
and optical phonon scatterings in both GaN and GaAs quantum 
wells 

3.1. MOCT caused by the piezoelectric- and optical-phonon scatterings 

Under the influence of the an electromagnetic field (EMF) where the 
EMF frequency ω polarized circularly in the plane (x, y), the electrons 
system in quantum wells structure have the MOCT is determined as [31, 
32] 

Θ±(ω) =
i
ωlimb→0+

∑

γ
(j+γ )

∗TR{ρ(H)[Y, c†γcγ+1]}, (17)  

here the annihilation (creation) and Liouville operators are symbolled 
by cγ (c†γ) and L. The density operator is ρ(H), the matrix element of the 
current is obtained from the eigenstate as j+γ = − ie

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2ℏωc(Nγ + 1)/m∗

√
. 

The factor Y is defined by Y = (ℏω − L)− 1J+ where J+ = Jx + iJy is 
referred to as the current density operator. ω = ω − ib, (b → 0+). The 
EMF frequency and many body trace are symbolled by ω and TR, 
respectively. In this paper the projection operators 

PγY =
〈Z〉γ

〈J+〉γ
J+,Qγ = 1 − Pγ, (18)  

are used to calculate the MOCT and the MOAP. Where the factor 〈Z〉γ in 
Eq. (18) is defined as follows 

〈Z〉γ = TR{ρ(H)[Z, b†
γbγ+1]}. (19)  

The operator Qγ = 1 − Pγ is used to apply on the right hand side of the 
Liouville operator, namely L = L(Qγ + Pγ), along with the help of the 
(AB) identity is defined by the following equation 

(A − B)− 1
= A− 1 + A− 1B(A − B)− 1

, (20)  

and using the quantity, 〈J+〉γ = j+γ (fγ+1 − fγ), we obtain the equation of 
the MOCT as below 

Θ±(ω) =
i
ωlimb→0+

∑

γ

|j+γ |
2
(fγ+1 − fγ)

ℏω − ℏωc − ℏλγ(ω)
, (21)  

in which we let the Fermi distribution function be fγ, and λγ(ω) is 
referred to as the linewidth function determined by 

(fγ+1 − fγ) ℏλγ(ω) =

∑

q⃗,τ

∣Cγτ(q
⃗
)|

2
[(1 + N

q⃗
)fγ+1(1 − fτ) − N

q⃗
fτ(1 − fγ+1)

ℏω + ℏω
q⃗
− Eγ+1,τ

+
N

q⃗
fγ+1(1 − fτ) − (1 + N

q⃗
)fτ(1 − fγ+1)

ℏω − ℏω
q⃗
− Eγ+1,τ

]

+
∑

q⃗,τ

∣Cτ,γ+1(q
⃗
)|

2
[(1 + N

q⃗
)fτ(1 − fγ) − N

q⃗
fγ(1 − fτ)

ℏω + ℏω
q⃗
− Eτγ

+
N

q⃗
fτ(1 − fγ) − (1 + N

q⃗
)fγ(1 − fτ)

ℏω − ℏω
q⃗
− Eτγ

]

(22)  

3.2. MOAP caused by piezoelectric- and optical-phonon scatterings 

The average MOAP, MOAP(ω), per unit volume of electrons system 
in quantum well caused by the piezoelectric- and optical-phonon scat-
terings delivered by an EMF with amplitude E0 is given as [31] 

MOAP(ω) = E2
0

2
Re{Θ±(ω)}, (23)  

where the real part of the MOCT in Eq. (21) is symbolled by Re{Θ±(ω)}. 
To obtain the explicit equation for the MOAP(ω) we have to calculate 

the real-part, Re{Θ±(ω)}, in detail as follows. We can see that the 
quantity λγ(ω) in expression (21) which is determined in expression (22) 
be a complex-function. Hence it can be again written as 

λγ(ω) = ζγ(ω) + iχγ(ω), (24)  

here we let the imaginary and real parts be χγ(ω) and ζγ(ω), where they 
are related to the spectrum linewidth and the peak shift, respectively. 
However, in the extreme quantum limit, the quantity ζγ(ω) can be 
neglected in comparison to the quantity ωc. We apply the Dirac identity 
which is presented as below 

limΔ→0+
1

(z − iΔ)
= P

(
1
z

)

+ iπδ(z), (25)  

then the spectrum linewidth function, χγ(ω), is obtained as follows 

(fγ+1 − fγ)ℏχγ(ω) =

π
∑

τ,q⃗
∣Cγ,τ(q

⃗
)|

2{[
(1 + N

q⃗
)fγ+1(1 − fτ) − N

q⃗
fτ(1 − fγ+1)]δ(ε+1 )

+ [N
q⃗
fγ+1(1 − fτ) − (1 + N

q⃗
)fτ(1 − fγ+1)]δ(ε−1 )

}

+π
∑

τ,q⃗
∣Cγ+1,τ(q

⃗
)|

2{[
(1 + N

q⃗
)fτ(1 − fγ) − N

q⃗
fγ(1 − fτ)]δ(ε+2 )

+ [N
q⃗
fτ(1 − fγ) − (1 + N

q⃗
)fγ(1 − fτ)]δ(ε−2 )

}
, (26) 

where 

ε±1 = ℏω ± ℏωq − Eγ+1,τ, (27)  

ε±2 = ℏω ± ℏωq − Eτγ . (28) 
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Inserting λγ(ω) from expression (24) into the MOCT, Θ±(ω), in Eq. (21), 
we have 

Θ±(ω) =
i
ωlimb→0+

∑

γ

|j+γ |
2
(fγ+1 − fγ)

ℏω − ℏωc − ℏζγ(ω) − iℏ[χγ(ω) + b]
, (29)  

making some straightforward calculations of the MOCT from the 
expression (29), we obtain 

Θ±(ω) =

1
ω
∑

γ
|j+γ |

2 ℏ(fγ − fγ+1)χγ(ω)
(ℏω − ℏωc)

2
+ [ℏχγ(ω)]

2 + i|j+γ |
2 (fγ+1 − fγ)(ℏω − ℏωc)

(ℏω − ℏωc)
2
+ [ℏχγ(ω)]

2,

(30) 

then the real part, Re{Θ±(ω)}, of the MOCT for electrons system in 
wells structure because of the piezoelectric- and optical-phonon scat-
terings is obtained as 

Re{Θ±(ω)} =
1

ℏω
∑

γ

|j+γ |
2
(fγ − fγ+1)ℏ2χγ(ω)

(ℏω − ℏωc)
2
+ [ℏχβ(ω)]

2, (31)  

finally, inserting the quantity Re{Θ±(ω)} from Eq. (31) into Eq. (23), 
then the MOAP of quantum-well electrons system caused by piezoelec-
tric and optical phonon scatterings under the influence of an EMF is 
obtained as below 

MOAP(ω) = E2
0

2ℏω
∑

γ

|j+γ |
2
(fγ − fγ+1)ℏ2χγ(ω)

(ℏω − ℏωc)
2
+ [ℏχγ(ω)]

2. (32) 

To obtain the explicit equation for the MOAP, MOAP(ω), in Eq. (32), 
we have to calculate in detail the matrix elements |Cγ,τ(q)|2 and 
|Cγ+1,τ(q)|2 in Eq. (26) by utilizing the matrix element for electrons 
interaction with piezoelectric and optical phonons as shown in Eq. (5) 
where the factor Vq is given by Eqs. (8) and (16) for each kind of phonon 
(piezoelectric and optical phonons), and using the following relations 
∑

q
⋯→

LxLyLz

(2π)2

∫ ∞

0
q⊥dq⊥

∫ ∞

− ∞
dqz⋯ ,

∑

τ
⋯→

∑

n

∑

N
⋯ ,

(33) 

we obtain the linewidth functions of magneto-optical transitions, 
χγ(ω), for piezoelectric and optical phonon scattering mechanisms, as 
shown in sections 3.2.1 and 3.2.2 below. 

3.2.1. For piezoelectric phonon scattering mechanism 
In the case of electron–piezoelectric-phonon scattering, the linewidth 

function for magneto-optical transition χγ(ω) in Eq. (32) is obtained as 

χγ(ω) ≡ χP
γ (ω) =

κ2e2kbT
8ℏLzϵsϵ0

∑

N ′

∑

n′

2 + δn,n′

(fN+1,n − fN,n)

∫ ∞

0
dq⊥

⃒
⃒JN,N′ (u)|2

q⊥

×
{[

fN+1,n(1 − fN′
,n′ ) − fN ′

,n′ (1 − fN+1,n)]δ(ε1P)

+ [fN+1,n(1 − fN ′
,n′ ) − fN′

,n′ (1 − fN+1,n)]δ(ε1P)
}

+
κ2e2kbT
8ℏLzϵsϵ0

∑

N′

∑

n′

2 + δn,n′

(fN+1,n − fN,n)

∫ ∞

0
dq⊥

⃒
⃒JN+1,N′ (u)|2

q⊥

×
{[

fN′
,n′ (1 − fN,n) − fN,n(1 − fN′

,n′ )]δ(ε2P)

+ [fN′
,n′ (1 − fN,n) − fN,n(1 − fN′

,n′ )]δ(ε2P)
}
,

(34) 

where 

ε1P = (N ′

− N − 1)ℏωc + ℏω + (n′2 − n2)ε0, (35)  

ε2P = (N − N
′

)ℏωc + ℏω + (n2 − n
′2)ε0, (36)  

and the Dirac delta functions, δ(εiP), in which (i = 1, 2) in Eq. (34) are 
replaced by Lorentzian-width γNN′ when i = 1 and γN+1,N′ when i = 2 as 
below [33] 

δ(ε1P) =
1
π

γP
NN ′

(ε1P)
2
+ (γP

NN′ )
2, (37)  

δ(ε2P) =
1
π

γP
N+1,N′

(ε2P)
2
+ (γP

N+1,N′ )
2, (38)  

with 

γP
N′ N =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

κ2e2kbT
8πLzϵsϵ0

(2 + δn,n′ )

∫ ∞

0
dq⊥

|JN,N′ (u)|2

q⊥

√

, (39)  

γP
N+1,N′ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

κ2e2kbT
8πLzϵsϵ0

(2 + δn,n′ )

∫ ∞

0
dq⊥

|JN+1,N′ (u)|2

q⊥

√

. (40)  

3.2.2. For optical phonon scattering mechanism 
In the case of electron-scattering with optical-phonon, the linewidth 

function for magneto-optical transition χγ(ω) in Eq. (32) is obtained as 
below [16] 

χγ(ω) ≡ χO
γ (ω) =

e2ℏω0

8ℏϵ0Lz

[
1

ϵ∞
−

1
ϵs

]
∑

N ′

∑

n′

2 + δn,n′

(fN+1,n − fN,n)

∫ ∞

0
dq⊥

⃒
⃒JN,N′ (u)|2

q⊥

×
{[
(1 + N

q⃗
)fN+1,n(1 − fN ′

,n′ ) − N
q⃗
fN′

,n′ (1 − fN+1,n)]δ(ε−1O)

+ [N
q⃗
fN+1,n(1 − fN′

,n′ ) − (1 + N
q⃗
)fN′

,n′ (1 − fN+1,n)]δ(ε+1O)
}

+
e2ℏω0

8ℏϵ0Lz

[
1

ϵ∞
−

1
ϵs

]
∑

N ′

∑

n′

2 + δn,n′

(fN+1,n − fN,n)

∫ ∞

0
dq⊥

⃒
⃒JN+1,N′ (u)|2

q⊥

×
{[
(1 + N

q⃗
)fN ′

,n′ (1 − fN,n) − N
q⃗
fN,n(1 − fN ′

,n′ )]δ(ε−2O)

+ [N
q⃗
fN ′

,n′ (1 − fN,n) − (1 + N
q⃗
)fN,n(1 − fN′

,n′ )]δ(ε+2O)
}
, (41)  

where 

ε±1O = (N ′

− N − 1)ℏωc + ℏω + (n′2 − n2)ε0 ± ℏω0, (42)  

ε±2O = (N − N ′

)ℏωc + ℏω + (n2 − n′2)ε0 ± ℏω0, (43)  

and the Dirac delta functions, δ(ε±iO) in Eq. (41) are replaced by Lor-
entzians of width γ±NN′ for the case of i = 1 and γ±N+1,N′ for the case of i = 2, 
respectively, as below [33] 

δ(ε±1O) =
1
π

γ±O
NN′

(ε±1O)
2
+ (γ±O

NN ′ )
2, (44)  

δ(ε±2O) =
1
π

γ±O
N+1,N′

(ε±2O)
2
+ (γ±O

N+1,N′ )
2, (45)  

with 

γ±O
N′ N =

e
2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ℏω0

2ϵ0

[
1

ϵ∞
−

1
ϵs

](

Nq +
1
2
±

1
2

)

Mnn′

∫ ∞

0
dq⊥

|JN,N′ (u)|2

q⊥

√

, (46)  
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γ±O
N+1,N′ =

e
2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ℏω0

2ϵ0

[
1

ϵ∞
−

1
ϵs

](

Nq +
1
2
±

1
2

)

Mnn′

∫ ∞

0
dq⊥

|JN+1,N′ (u)|2

q⊥

√

.

(47) 

Based on these calculations we using the profile method to examine 
the influence of piezoelectric phonons on the magneto-optical transition 
linewidths by comparing with that due to optical phonons. Obtained 
results are shown in following section. 

4. Numerical calculations for both GaN and GaAs materials and 
discussions 

In this Sec., we show numerical calculated results for MO-transition 
linewidths of cyclotron-resonance peaks caused by piezoelectric pho-
nons scattering in comparison with that due to the optical-phonons 
scattering in both GaN and GaAs materials of a square potential quan-
tum well with parameters utilized as [34–38]: m* = 0.22 × m0, ϵ0 =

8.85 × 10− 12 C2/Nm2, ϵs = 9.2, ϵ∞ = 5.35, ℏω0 = 91.8 meV, and κ = 2.6 
× 10− 2 m/s for GaN material; m* = 0.067m0 in which m0 is the free 
electron mass, ϵs = 13.18, ϵ∞ = 10.89, ℏω0 = 36.25 meV, and κ = 0.6 ×
10− 2 m/s for GaAs material. Here E0 = 5.0 × 106 V/m. Note that the 
results were examined in the quantum limit. The electrons occupy n = 1, 
n′ = 1, 2 and N = 0, N′ = 1 levels are assumed. From the analytical 
expression for the MOAP in GaAs and GaN quantum-wells caused by 
electrons scattering effects of piezoelectric and optical phonons. We 
carry out numerical calculations and plot graphically the photon energy 
dependence on the MOAP, we find the cyclotron resonance peaks in GaN 
and GaAs, respectively, as shown in Fig. 1 below. 

Fig. 1 describes the photon energy dependence of the magneto- 
optical absorption power at cyclotron resonance peak due to piezo-
electric and optical phonon scattering mechanisms in both GaN 
(Fig. 1a)) and GaAs (Fig. 1b)), is plotted at Lz = 10 nm, T = 300 K, ne = 1 
× 1018 cm− 3, and the magnetic field B = 10 T. Based on the computa-
tional method, the positon of resonance peaks are determine to be at the 
values of photon energies ℏω = 5.26 meV and = 17.29 meV for GaN and 
GaAs, respectively. They together satisfy the condition ℏω = (N′ −

N)ℏωc, namely 5.26 = (1 − 0)5.26 for GaN and 17.29 = (1 − 0)17.29 for 
GaAs. Therefore they referred to as the cyclotron resonance (CR) peaks. 
These peaks describe the transitions between two Landau-levels: the 
initial level (N = 0) to the final level (N′ = 1) by ℏω-photon-energy 
absorption. From the graphs which describe photon-energy dependence 
of the MOAP, we measure the MOTLW of the CR peak, simultaneously 
determine the variation of the MOTLW with the well width, the electron 
density, the temperature, and the magnetic field under all piezoelectric 
and optical phonon scattering mechanisms in GaN and GaAs. Our ob-
tained results as shown in following figures: 

Figs. 2 and 3 show that the MOTLWs in GaAs and GaN increase as the 
temperature and the magnetic field increase for the piezoelectric and 

optical phonon scattering mechanisms. This implies that the electron 
scattering strengths of piezoelectric and optical phonons in both GaAs 
and GaN increase with the increasing temperatures and magnetic fields. 
We can explain that these rises as being mainly due to the distribution of 
phonon, i.e., as the temperatures increase, the number of phonon modes 
participating in the interaction rises and therefore the line-broadening 
rises with the temperatures. The result also interprets the resonance 
phenomena in the electrophonon interaction system due to the collision 
effect of phonon modes caused by the thermal crystal lattice vibration 
which is expected that it will become larger when the temperatures 
increase. Furthermore, this is due to the electron scattering possibilities 
of piezoelectric and optical phonons increase as the temperature and the 
magnetic field increase under all GaN and GaAs. Besides, it can be 
explained further that the electron scattering possibilities of piezoelec-
tric and optical phonons increase as the magnetic field increase to be due 
to the increase of B leads to the rise of electron confinement strength 
because of the increase of the cyclotron resonance frequency, ωc = eB/ 
m*, and the decrease of the cyclotron radius ac =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ℏc/(eB)

√
. Result is 

obtained to be qualitative consistent with calculations in experiment by 
Refs. [39–46]. In particular, our result also shows that the MOTLWs due 
to electron–piezoelectric phonon scattering vary faster, sharper, and 
have larger value than they do due to electron–optical-phonons scat-
tering for both GaN and GaAs materials. This is due to the activation of 
phonon modes rises as the temperature increases. In other words, the 
electron scattering caused by piezoelectric potential phonon modes with 
large wave vector rises with the increase of the temperatures. It should 
be noted that this tendency is different for optical phonon modes 

Fig. 1. Magneto-optical absorption power due to piezoelectric and optical phonon scattering mechanisms in GaN and GaAs. Where the well width Lz = 10 nm, the 
temperature T = 300 K, electron density ne = 1 × 1018 cm− 3, and the magnetic-field B = 10 T. 

Fig. 2. Influence of the changes in temperature on the MOTLWs due to the 
piezoelectric- and optical-phonon scattering mechanisms in both GaN and 
GaAs. Here, the well width Lz = 10 nm, the electron density ne = 1 × 1018 cm− 3, 
and the magnetic field B = 10 T. Where the filled-circles and empty-circles 
curves respectively correspond to the piezoelectric and optical phonons in 
GaN, the filled-triangles and empty-triangles curves respectively correspond to 
the piezoelectric and optical phonons in GaAs. 
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because of optical phonon modes is fair different from piezoelectric 
potential phonon modes, as shown in the interaction matrix element in 
Eq. (5) with the coupling-coefficient Vq is given by Eq. (8) for piezo-
electric potential phonons and Eq. (16) for optical phonons. Moreover, 
we also see that the MOTLWs of GaN are larger than those of GaAs for 
both piezoelectric and optical phonon scattering mechanisms because 
the piezoelectric coupling constant κ and the optical phonon energy 
ℏω0 for GaN material (= 2.6 × 10− 2 m/s and = 91.8 meV) are larger than 
those for GaAs material (= 0.6 × 10− 2 m/s and = 36.25 meV), 
respectively. 

In Figs. 4 and 5 are shown in detail the comparisons of the depen-
dence of the electron density and well width on the MOTLWs of both 
GaN and GaAs due to the piezoelectric and optical phonon scattering 
mechanisms at the temperature T = 300 K, the magnetic-field B = 10 T, 
the quantum-well-width Lz = 10 nm and the density of the electron ne =

1 × 1018 cm− 3. From the figures, we see that the MOTLWs are shown to 
decrease as the well width and the electron density increase for both the 
piezoelectric and optical phonons in both GaN and GaAs. This result 
implies that the increasings the quantum-well width and the density of 
the electron lead to the decreasing the electron scattering strengths of 
piezoelectric and optical phonons in both GaAs and GaN. It is because 
the electron scattering possibilities of piezoelectric and optical phonons 
in all GaN and GaAs decease as the quantum-well-width increases, since 
the increasing the quantum-well-width leads to the decreasing the 
electron confinement strength. Result is obtained to be qualitative 
consistent with calculations in experiment by Refs. [39,42,46–48]. On 
the other hand, the screening is the cause leads to the decreasing the 
MOTLWs as the density of the electron increases, as shown in Fig. 4. This 
property is explained as follows: With the rise of ne leads to the recip-
rocal of the Debye screening length q2

d = nee2/ϵsϵ0kBT increases, and 
therefore the coupling coefficient Vq in Eqs. (8) and (16) decreases, i.e., 
the electron scattering effect reduces as the density of the electron rises 
under all the piezoelectric- and optical-phonon scattering mechanisms. 
Note that the distribution from electrons in Eqs. (8) and (16) is nonde-
generate to be assumed, and this is a simple approximation in order to 
include the full dynamic screening, we can emphasize that. Moreover, 
Figs. 4 and 5 also shown in detail the comparisons of the dependence of 
the electron density and well width on the MOTLWs for all the four 
cases. From these figures, we see the MOTLWs for the electro-
ns–piezoelectric-phonons interaction decrease sharply with the 
quantum-well width and the electron density than they do for the 
electron–optical one under all the GaN and GaAs. It is because the 
piezoelectric phonon energy has the wave vector dependence q, while 
the energy of the optical-phonons is almost constant, i.e., the 

piezoelectric-phonon mode reduces with the wave vector q, while that is 
almost invariant for the optical phonon mode. In other words, the 
quantities with larger wave vector q those contribute more to the elec-
tron scattering as the electron density rises, as shown in Eqs. (8) and 
(16). Fig. 5 also indicates that the important contribution of the piezo-
electric phonon to MOTLW and cannot be neglected as small enough 
quantum-well width. 

5. Conclusions 

We have studied the influence of piezoelectric phonons on the 
magneto-optical transition linewidths compared with optical phonons in 
both GaAs and GaN materials of a single quantum well. Using the pro-
jection operator we have obtained the analytical expressions for the 
MOCT and the MOAP of the electrons system in well. Through the nu-
merical calculations of the analytical results, we have found the 
following properties of piezoelectric phonon scattering mechanism in 
GaN and GaAs compared with optical phonon one as follows: (i) The 
MOTLWs of GaAs and GaN increase as the magnetic-field and the tem-
perature increase, but decrease as the quantum-well width and electron 
density increase for both the piezoelectric- and optical-phonon scat-
tering mechanisms. (ii) The MOTLWs caused by electron–piezoelectric 

Fig. 3. Influence of the changes in B on the MOTLWs due to the piezoelectric- 
and optical-phonon scattering mechanisms in both GaN and GaAs. Here, the 
well width Lz = 10 nm, the temperature T = 300 K, and the density of the 
electron ne = 1 × 1018 cm− 3. Where the filled-circles and empty-circles curves 
respectively correspond to the piezoelectric and optical phonons in GaN, the 
filled- and empty-triangles curves respectively correspond to the piezoelectric 
and optical phonons in GaAs. 

Fig. 4. Influence of the changes in electron density on the MOTLWs due to the 
piezoelectric- and optical-phonon scattering mechanisms in both GaN and 
GaAs. Here, the quantum-well width Lz = 10 nm, the temperature T = 300 K, 
and the magnetic field B = 10 T. Where the filled- and empty-circles curves 
respectively correspond to the piezoelectric and optical phonons in GaN, the 
filled- and empty-triangles curves respectively correspond to the piezoelectric 
and optical phonons in GaAs. 

Fig. 5. Influence of the changes in Lz on the MOTLWs due to the piezoelectric- 
and optical-phonon scattering mechanisms in both GaN and GaAs. Here, the 
temperature T = 300 K, electron density ne = 1 × 1018 cm− 3, and the magnetic 
field B = 10 T. Where the filled-circles and empty-circles curves respectively 
correspond to the piezoelectric- and optical-phonons in GaN, the filled-triangles 
and empty-triangles curves respectively correspond to the piezoelectric and 
optical phonons in GaAs. 
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phonon scattering vary sharper, and have larger-value than they do due 
to electron–optical-phonon scattering in both GaN and GaAs materials of 
the quantum well. (iii) The MOTLWs of GaN are larger than those of 
GaAs for both piezoelectric and optical phonon scattering mechanisms. 
(iv) The contribution of the piezoelectric phonons to the MOTLWs is 
significant and more dominant than that of the optical phonons in both 
GaN and GaAs. (v) The influence of piezoelectric phonons on the 
magneto-optical transition linewidths compared with optical phonons in 
both GaN and GaAs materials of a single quantum well is considerable 
and cannot be neglected as the width of the quantum-well is small 
enough. We expect that the results of this detailed theoretical study will 
help to analyze experimentally the electron–piezoelectric potential 
phonon scattering mechanism in the materials. 
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