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We investigate the optical absorption properties in a 8-Pmmn borophene monolayer with anisotropic 
tilted Dirac cones, subjected to a perpendicular magnetic field and in-plane dc electric field (EF). 
Numerical results for the magneto-optical absorption coefficient (MOAC) show that the tilt of the Dirac 
cones causes the redshift of absorption peaks. More interestingly, there appears minor absorption peaks 
corresponding to the transitions between the Landau levels (LLs) n and n ±2 beside the principal maxima 
corresponding to the transitions between LLs n and n ± 1. These minor peaks are absent in other two-
dimensional Dirac materials with non-titled Dirac cones. The simultaneous presence of in-plane EF and 
the tilt parameter in 8–Pmmn borophene lifts the valley degeneracy in the LLs and causes the valley 
polarization in the MOAC, that do not occur in the absence of in-plane EF and/or the tilt parameter. The 
valley-polarized MOAC opens up potential applications in valleytronics.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

Since the discovery of graphene with outstanding physical 
properties opening a new era of materials science [1], scientists 
have been searching for other two-dimensional (2D) materials both 
theoretically and experimentally with perfect physical properties 
overcoming the disadvantages of graphene, that is the zero band 
gap which limits its applications in logic devices [2]. Accordingly, a 
variety of materials belonging to the 2D family have been discov-
ered in turn, such as silicene [3,4], germanene [3,5], stanene [3,6,7]
and then molybdenum disulfide [8], aluminene [9], arsenence [10], 
antimonene [11], bismuthene [12], phosphorene [13–15], and so 
on.

Borophene is a 2D lattice of boron atoms first predicted the-
oretically in the mid-1990 [16] and then experimentally suc-
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cessfully fabricated more than one decade later on Ag(111) sub-
strates [17–23]. The synthesized structures exhibit many inter-
esting physical properties including strong anisotropy that gives 
rise to anisotropic electrical, magnetic, thermal, and optical prop-
erties [24]. Thermodynamically, since the valence electrons of 
the boron atoms are less than the valence electrons of the car-
bon atoms in graphene, the 2D boron sheet is less stable than 
graphene, however this can be solved by increase the number 
of boron atoms [17,18]. Depending on the arrangements of the 
added boron atoms, we have different allotropes [25,26]. Most 
allotropes of borophene exhibit metallicity [25,26,19]. Others are 
proven to be semi-metallic with anisotropic Dirac cones, such as 
Pmmn borophene and P 6/mmm borophene [27,28]. Among the 
pristine allotropes, 8–Pmmn borophene is of particular interest 
because it has anisotropic tilted Dirac cones and is one of the 
most stable structures [27]. The origin of the tilt in its energy 
dispersion has been suggested and discussed in some previous 
works [29–31]. 8–Pmmn borophene has been proven to possess 
many fascinating transport properties such as anisotropic plas-
mons, Friedel oscillations, undamped plasmon mode at high en-

https://doi.org/10.1016/j.physleta.2022.128578
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physleta.2022.128578&domain=pdf
mailto:nguyenquangbau@hus.edu.vn
mailto:buidinhhoi@hueuni.edu.vn
https://doi.org/10.1016/j.physleta.2022.128578


T.T. Tho, N.N. Hieu, D.M. Quang et al. Physics Letters A 457 (2023) 128578
ergies, oblique Klein tunneling, Weiss oscillation in the magneto-
conductivity, and direction-dependent optical conductivity [32–35].

Along with the widespread development of 2D materials, their 
optical absorption properties as well as 2D Dirac materials have 
been extensively studied. The tilt and anisotropy of Dirac cones 
would give rise to valley- and direction-dependent behaviors [33–
36] including interesting optical transitions that are absent in nor-
mal (non-tilted) Dirac cones as shown, for instance, in Ref. [37]. 
However, the effect of a uniform static magnetic field was not 
included therein. On the other hand, the quantization of the en-
ergy band into Landau levels in the presence of a magnetic field 
is the origin of many magnetic field-induced effects such as the 
quantum Hall effect, cyclotron resonance, Shubnikov - de Haas os-
cillations, and so on. Recently, the magneto-optical absorption and 
transport properties have been studied in normal Dirac materials 
such as graphene [38], silicene and germanene [39], phosphorene 
[40], transition-metal dichalcogenides (TMDs) monolayers [41–43], 
and so on. The observations in these works show that the opti-
cal transitions are allowed only between adjacent LLs governing by 
the selection rules resulted from the electron wave functions in the 
optical transition matrix element. However, the study of magneto-
optical absorption properties of materials with titled Dirac cones is 
still limited. The tilt of the Dirac cones is believed to modify the 
Landau levels and electron wave functions and expected to result 
in novel optical transitions that are absent in materials with non-
tilted Dirac cones. Moreover, the role of valley degrees of freedom 
in tilted Dirac cones materials becomes more pronounced and the 
valley-dependent optical absorption can give potential applications 
in valleytronic devices.

In this work, we theoretically investigate the optical absorption 
properties in a 8–Pmmn borophene monolayer with the tilted and 
anisotropic Dirac cones, in the presence of a perpendicular uniform 
magnetic field and an in-plane dc electric field. We derive ana-
lytical expressions for the magneto-optical absorption coefficient 
(MOAC) by using the perturbation theory. In particular, we focus 
on the effect of the tilt of the Dirac cones on the absorption spec-
tra. The paper is structured as follows. In the next section (Sec. 2), 
we present briefly the theoretical model and the derivation of the 
MOAC. Numerical results and discussion are given in Sec. 3. Finally, 
important conclusions are given in Sec. 4.

2. Theoretical framework

2.1. A 8–Pmmn borophene monolayer in crossed electric and magnetic 
field

In this investigation, we consider a monolayer of 8–Pmmn
borophene lying in the x − y plane as shown in Fig. 1. The en-
ergy dispersion of carriers (electrons and holes) around the Dirac 
points in the system forms anisotropic tilted Dirac cones, resulting 
from the following Hamiltonian [35,44]

H = ξ
(

vx pxσx + v y p yσy + vt p y1
)
, (1)

where ξ = +(−) refers to valley K (K ′), �p = (px, p y) is the 2D car-
rier momentum, σ = (σx, σy) and 1 are the pseudo Pauli matrices 
and the identity matrix, respectively. {vx, v y, vt} = {0.86v0, 0.69v0,

0.32v0} are the velocity components with v0 = 106 m s−1. Note 
that the nonzero vt in the last term of Eq. (1) is responsible for 
the tilt of the Dirac cones in the y-direction. Also, vx �= v y and 
vt �= 0 imply that the constant-energy contours on the Dirac cones 
are elliptical, which are different from circular ones in pristine 
graphene (vx = v y , vt = 0).

If the system is further subjected to a uniform static magnetic 
field �B = (0, 0, B) and a dc electric field �E = (Er, 0, 0). The low 
energy one-electron effective Hamiltonian reads [45]
2

Fig. 1. A 8–Pmmn borophene monolayer with the top view (a) and side views (b,c). 
Two kinds of nonequivalent boron atoms are distinguished by two different colors. 
The rectangle in Fig. 1(a) indicates the unit cell containing eight boron atoms. (For 
interpretation of the colors in the figure(s), the reader is referred to the web version 
of this article.)

H = ξ
[
vx pxσx + v y(p y + eBx)σy + vt(p y + eBx)1

]+ eEr x1, (2)

in which the Peierls substitution, �p → �p + e �A, has been used with 
�A being the magnetic vector potential given in the Landau gauge as 
�A = (0, Bx, 0). The eigenfunction-eigenvalue problem of the Hamil-
tonian (2) has been solved analytically and presented in detail in 
Ref. [45] and references therein. In this work, we focus on the op-
tical absorption properties of the system stimulated by an external 
electromagnetic wave so we simply write out directly the solutions 
obtained before for this problem. In the rest frame, the eigenvalues 
of the Hamiltonian (2) can be expressed as

Eζ = λh̄ωc

√
2n

(
1 − β2

ξ

)3/4 − h̄veky, (3)

and the corresponding eigenfunctions are [45]

�ζ (�r) = eiky y√
2L yγξ

[(
cosh(θξ /2)

−i sinh(θξ /2)

)
λφn(X ′)

− iξ

(−i sinh(θξ /2)

cosh(θξ /2)

)
φn−1(X ′)

]
, (4)

where ζ = {n, ξ, λ, ky}, λ = +1(−1) for the conduction (valance) 
band, n = 1, 2, 3, . . . is the index of Landau levels (LLs), ky and 
L y are, respectively, the wave vector component and normaliza-
tion length along the y-direction, �r = (x, y) is the 2D position 
vector of carrier, ve = Er/B , βξ = vξ

e /
√

vx v y , vξ
e = ve + ξ vt , γξ =

1/

√
1 − β2

ξ , ωc = vc/lc is the cyclotron frequency with vc = √
vx v y

and �c = √
h̄/eB being the magnetic length, φn(X ′) is the well 

known harmonic oscillator wave functions with the argument X ′ =
(1−β2

ξ )1/4

�c

[
x +ky�

2
c +λ

√
2n�cβξ

(1−β2
ξ )1/4

]
, and the angle θξ is determined by 

tanh θξ = βξ .
The problem for the ground state (n = 0) is treated separately. 

The eigenfunction for this state is given by

�{0,ξ,ky}(�r) = eiky y√
2L yγξ

[
λ

(
cosh(θξ /2)

−i sinh(θξ /2)

)
φ0(X ′)

]
, (5)

with the corresponding energy E0,ky = −h̄veky . The above energy 
dispersion and wave functions are necessary for calculating the 
MOAC in the 8–Pmmn borophene monolayer when the system is 
stimulated by an electromagnetic wave (optical field).
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2.2. Magneto-optical absorption coefficient in a 8–Pmmn borophene 
monolayer

Now we consider the propagation of a linearly polarized elec-
tromagnetic wave (light wave) of the frequency ω in the above-
mentioned 8–Pmmn borophene monolayer. We assume that the 
polarization vector is parallel to the x-axis. Then, the Hamiltonian 
operator of the electron-photon interaction has the form [46–48]

H R = −ieh̄

me

√
2π h̄N f

ε0εrωV 0

∂

∂x
, (6)

where N f is the number of photons, ε0 is the vacuum permittivity, 
εr is the dielectric constant or the relative permittivity of the ma-
terial which is taken as εr = 10 [45], V 0 is the sample volume, and 
e is the electron charge. In Eq. (6), me is referred as the electron 
effective mass developed previously in Refs. [49,50] and sometimes 
referred to as the optical effective mass [51], which is applicable 
for an arbitrary energy dispersion including non-parabolic energy 
dispersion materials such as graphene or 8-Pmmn borophene with 
linear energy dispersion.

The MOAC, �(ξ) , in the case of a degenerate electron gas can 
be related to the quatum-mechanical transition probability for the 
absorption of photon as [47]

�(ξ) = 2π
√

ε

ch̄N f

∑
ζ,ζ ′

f Eζ (1− f Eζ ′ )|〈ζ ′|H R |ζ 〉|2δ(Eζ − Eζ ′ + h̄ω), (7)

where c is the light speed in vacuum, f Eζ is the Fermi distribu-
tion function of the degenerate electron gas, δ(x) is the δ-Dirac 
function, 〈ζ ′|H R |ζ 〉 is the matrix element of H R . In the dipole ap-
proximation, using Eqs. (4) and (6) one can obtain for a particular 
valley ξ (intra-valley transitions)

〈n′, ξ, λ′,k′
y|H R |n, ξ, λ,ky〉

= −ieh̄

2meαc

(2π h̄N f

ε0εωV

)1/2
δky ,k′

y

×
[
λλ′( −

√
n + 1

2
δn′,n+1 +

√
n

2
δn′,n−1

)

+ λ′ξβξ

(
−

√
n

2
δn′,n +

√
n − 1

2
δn′,n−2

)

+ λξβξ

(
−

√
n + 1

2
δn′−1,n+1 +

√
n

2
δn′,n

)

+
(

−
√

n

2
δn′−1,n +

√
n − 1

2
δn′,n−1

)]
, (8)

for the transitions between non-zero LLs (n, n′ �= 0). For the tran-
sitions between the zeroth level (n = 0 or n′ = 0) and any other 
level, we have

〈n′, ξ, λ′,k′
y|H R |0, ξ, λ,ky〉

= λλ′

2
√

2

ieh̄

meαc

(2π h̄N f

ε0εωV

)1/2
δ0,n′−1δky ,ky′ , (9)

where αc = �c/(1 − β2
ξ )1/4.

To calculate the MOAC further, we now assume that the effect 
of ky through Fermi distribution function is very small and hence 
we can ignore it [52], i.e., f Eζ = f En,ξ,λ with En,ξ,λ = λh̄ωc

√
2n

(
1 −

β2
ξ

)3/4
. This assumption is well justified for weak electric field. In-

serting Eq. (8) into Eq. (7) and transforming the sum 
∑

ky
into the 

integral as L y
2π

∫ Lx/2�2
c

−Lx/2�2
c

dky , one can obtain the expression for the 
MOAC as
3

�(ξ) = πe2h̄2(1 − β2
ξ )1/2

2cm2
eε0

√
εω�4

c d

∑
n

{[
(n + 1/2) f En,ξ,λ (1 − f En+1,ξ,λ′ )

× δ(En,ξ,λ − En+1,ξ,λ′ + h̄ω)

+ (n − 1/2) f En,ξ,λ (1 − f En−1,ξ,λ′ )δ(En,ξ,λ − En−1,ξ,λ′ + h̄ω)
]

+ β2
ξ

[n − 1

2
f En,ξ,λ (1 − f En−2,ξ,λ′ )δ(En,ξ,λ − En−2,ξ,λ′ + h̄ω)

+ n + 1

2
f En,ξ,λ (1 − f En+2,ξ,λ′ )δ(En,ξ,λ − En+2,ξ,λ′ + h̄ω)

]}
,

(10)

where we have used the relation |λ|2 = |λ′|2 = 1 and d = 2.18 Å is 
the vertical thickness of the 8–Pmmn borophene monolayer in the 
z-direction [53].

To carry out the numerical consideration of the MOAC, the δ-
Dirac functions will be replaced by the Lorentzian representation 
as δ(Eζ − Eζ ′ + h̄ω) = π−1γ0/[γ 2

0 + (Eζ − Eζ ′ + h̄ω)2], where γ0
is the phenomenological broadening parameter. In this calculation, 
γ0 is assumed to depend on the magnetic field and in the very 
weak broadening regime it is taken as γ0 = 0.05h̄ωc [45].

It can be seen from Eq. (10) that transitions satisfying n′ = n ±1
and n′ = n ± 2 are allowed. This means that there exist not only 
optical transitions between adjacent LLs, but also the transitions 
between next-nearest neighboring ones. This is the consequence of 
the selection rules stated by the Kronecker symbols in Eq. (8). We 
will further analyze this feature in the next section (Sec. 3) where 
we carry out the numerical calculation to clarify the effect of the 
tilt of the Dirac cones in 8–Pmmn borophene and the external in-
plane EF on the absorption spectrum.

3. Numerical results and discussion

This section devotes to evaluate numerically the MOAC ob-
tained above to show the behaviors of the absorption spectrum. 
In this investigation, we consider the intrinsic system where the 
Fermi level locates at zero energy, the valence band is fully oc-
cupied and the conduction band is empty. Then only the inter-
band transitions between the valence and conduction band are 
considered, i.e., λ = −1 and λ′ = +1. It should be noted that al-
though the Fermi energy fluctuates weakly between nearest LLs 
with respect to the magnetic field in reality [32], however, we 
can keep it constant in the following as the fluctuation amplitude 
is very small. Before delving into the analysis of the results it is 
worth spending some words on the role of vt and Er in deter-
mining the βξ involved in Eqs. (3) and (10), that makes the LLs 
and MOAC in 8–Pmmn borophene different from it is in some 2D 
materials such as graphene, silicene and germanene. Recall that 
βξ = (ve + ξ vt)/vc , so if we take for instance, Er = 103 V m−1

and B = 0.3 T, then ve = Er/B ≈ 3.33 × 103 m s−1, which is about 
one hundred times smaller than the tilt velocity vt (= 0.32 × 106

m s−1). This indicates that in the very weak electric field limit, the 
contribution of ve to the coefficient βξ is very small and the sign 
of βξ is dominant by the valley index ξ (+1 or −1). This behavior 
becomes more evident when the magnetic field is stronger. All the 
following results are obtained at low temperature of 4.2 K, which 
is a typical value and suitable for the assumption of a degenerate 
electron gas. One can also take the limit T → 0 and see that the 
results for the MOAC are still qualitatively conserved.

3.1. Effect of the tilt of Dirac cones

We first investigate the effect of the tilt of Dirac cones on the 
absorption spectrum. To do so, here we consider vt = 0.32v0 and 
vt = 0 to compare between 8–Pmmn borophene and other 2D 
Dirac materials with non-tilted (normal) Dirac cones. In Fig. 2, we 
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Fig. 2. Dependence of the MOAC on the photon energy in the valley K at two values 
of the tilt velocity when the in-plane EF is absent (Er = 0). Here, the LLs n = 0 ÷ 2
are taken.

plot the MOAC in valley K (ξ = +1) as a function of the photon 
energy at B = 1 T in the absence of the in-plane EF (Er = 0). In 
both cases of vt , there are principal absorption peaks in the MOAC 
with the absorption intensities being of the same order with those 
obtained before in silicene and germanene in the same range of 
magnetic field strength [39]. These peaks arise due to the optical 
transitions of electrons from the valence band to the conduction 
band between the LLs n and n ± 1, guaranteed by the matrix ele-
ment in Eq. (8), similar to those observed in graphene [38], silicene 
[39,55], germanene [39], phosphorene [40], topological insulators 
[56], and the TMDs monolayers [42,43]. In each curve, the highest 
peak (the first one on the left) is referred to the transitions be-
tween the zeroth LL (n = 0) and the first LL (n = 1). The second 
and the third peaks, respectively, correspond to the contributions 
of transitions between LLs 1 ↔ 2 and 2 ↔ 3. Of course, there will 
be more peaks in the absorption spectrum if we consider larger LL 
indices in the calculation, as observed for silicene and germanene 
[39]. However, we limit ourself here to take into account only the 
transitions between some first LLs because as the LL index in-
creases the peak intensity is reduced rapidly. Another reason is 
that our main aim here is to clarify the effect of the tilt of the 
Dirac cones in 8–Pmmn borophene. We now pay our attention to 
the absorption curve with vt �= 0. It can be seen clearly from the 
figure that the non-zero tilt velocity causes the shift of the ab-
sorption peaks to the lower photon energy. In the other words, the 
appearance of the tilt velocity results in a redshift of the peaks. 
This is because the principal peaks satisfy the conditions h̄ω =
En±1,+1,+1 − En,+1,−1 = √

2(
√

n ± 1 + √
n)(1 − β2

ξ )3/4h̄ωc ≡ �E . It 
is clear that, for a given LL index n, the presence of the tilt velocity 
leads to a non-zero βξ even Er = 0, and accordingly �E is smaller 
than it is for non-tilted case with vt = 0 and βξ = 0, leading to a 
shift of the peaks towards low h̄ω.

An interesting point can be seen also in the curve with vt �= 0
in Fig. 2 is that there exist minor additional absorption peaks 
nearby the principal ones. These minor peaks arise due to the 
transitions between the LLs n and n ± 2 mentioned before in 
Sec. 2. This kind of transitions between next-nearest neighboring 
LLs was predicted in type-II Weyl semimetals with tilted Dirac 
cones [54] and has not been observed before in the magneto-
optical absorption in pristine 2D materials with non-tilted Dirac 
cones such as graphene, silicene, germanene, phosphorene, and 
so on. Mathematically, the contribution of these transitions to the 
MOAC is expressed by the terms within the second square brackets 
in Eq. (10) which are proportional to β2

ξ . It is seen that in the ab-

sence of in-plane EF, β2
ξ �= 0 only if the tilt velocity vt is non-zero, 

namely these transitions occur due to the tilt of the Dirac cones in 
8–Pmmn borophene monolayer and are not observed in graphene, 
silicene and germanene with non-tilted Dirac cones (vt = 0). It 
is worthwhile to mention that optical transitions between next-
nearest neighboring LLs have been observed in MoS2 monolayer 
4

Fig. 3. Dependence of the MOAC on the photon energy in the valley K at different 
values of in-plane EF.

[57] in which the authors calculated the magnetic field dependent 
two-photon absorption coefficient. However, the authors indicated 
that happen only when electron absorbs two photons with the aid 
of an intermediate virtual state.

3.2. Effect of the in-plane electric field

Having considered the effect of the tilt of Dirac cones, we now 
turn to the investigation of the effect of the in-plane dc electric 
field on the MOAC. The effect of in-plane EF is mathematically 
expressed through the term βξ , which modifies the LLs and ac-
cordingly the absorbed photon energy via the selection rules.

Fig. 3 shows the dependence of MOAC in the K valley on the 
photon energy at different values of EF and vt = 0.32v0. It can 
be seen that the in-plane EF does not change the shape of the 
absorption spectrum but shifts the absorption peaks. Also, the 
stronger the electric field, the farther the peaks shift. To examine 
and compare how the in-plane EF affects the absorption spec-
trum in absence and presence of vt , in each valley K and K ′ , we 
now focus on the highest peak corresponding to the transitions 
0 ↔ 1 and show it in Fig. 4 with different scenarios of Er and vt . 
Figs. 4(a,b,c) show that in the absence of in-plane EF and/or tilt 
velocity, there is no difference in the MOAC between two valleys 
K and K ′ . This implies a valley degeneracy in the MOAC. How-
ever, as we simultaneously consider a non-zero vt and switch on 
the electric field in Fig. 4(d), there appears a significant difference 
in MOAC between the two valleys indicating the valley-dependent 
absorption spectrum. We can explain the above observations as 
follows. The dependence of MOAC on the valley index is expressed 
through the term β2

ξ appearing in Eq. (10) and in the LLs sep-

aration (�E) therein. Recall that β2
ξ = (Er/B + ξ vt)

2/v2
c . In the 

case Er = 0 and vt �= 0 as in Fig. 4(c), β2
ξ = v2

t /v2
c independent 

of ξ = +1 or −1 for the valley K or K ′ , respectively. If we take 
Er �= 0 and vt = 0 (Fig. 4(b)), then β2

ξ = v2
e /v2

c with ve = Er/B , 
showing no difference between two valleys. The same feature is 
obtained for the two valleys if we consider Er = 0 and vt = 0 in 
Fig. 4(a). However, if both Er and vt are non-zero, we then have 
β2

ξ=+1 = (Er/B + vt)
2/v2

c differing from β2
ξ=−1 = (Er/B − vt)

2/v2
c , 

indicating the dependence of MOAC on the valley degree of free-
dom, as demonstrated in Fig. 4(d). The above results show that, 
to achieve the valley polarization in the MOAC it is necessary to 
take into account simultaneously both the tilt velocity in 8–Pmmn
borophene and the in-plane EF. In other words, the presence of 
in-plane EF in 8–Pmmn borophene causes the lifting of the val-
ley degeneracy in the LLs, leading to the separation of the MOAC 
peaks in two valleys. In the next subsection, we will numerically 
calculate the valley polarization in the MOAC and analyze its de-
pendence on the external electromagnetic fields.
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Fig. 4. The MOAC versus photon energy for different scenarios of the in-plane EF and the tilt velocity. Here, B = 0.2 T.
Fig. 5. The valley polarization in the MOAC versus the photon energy for two cases: 
ignoring and including the tilt velocity.

3.3. The valley polarization versus external fields

We now define the valley polarization in the MOAC as

P = �(K ) − �(K ′)

�(K ) + �(K ′) . (11)

Here, we recall that K (K ′) corresponds to ξ = +1(−1). In Fig. 5, 
we plot P versus the photon energy at vt = 0 and vt = 0.32v0. 
It is seen that there is no valley polarization (P = 0) if we ignore 
the tilt velocity (vt = 0) even in the presence of in-plane EF. This 
is in accordance with the results in Figs. 4(a) and 4(b) above. On 
the contrary, when vt = 0.32v0 is included the valley polarization 
appears clearly in the range of photon energy from 10 to 40 meV 
for the given B and Er . We also see the oscillation in the polariza-
tion versus photon energy. This can be explained by the oscillatory 
nature of the MOAC with photon energy in both valleys, shown in 
Figs. 2 and 3.

In Fig. 6, the dependence of valley polarization on the magnetic 
field and in-plane EF is shown. Figs. 6(a) and 6(b) indicate that P
is always zero in the absence of the in-plane EF (Er = 0) or the 
tilt velocity (vt = 0). This confirms once again the observations in 
Figs. 4(a,b,c). When the in-plane EF of 5 kV m−1 is switched on 
in Fig. 6(a), the sizable valley polarization can be achieved for the 
magnetic field region smaller than 0.5 T. The polarization ampli-
tude is smaller when the in-plane EF is weaker, as seen in the 
curve for Er = 2 kV m−1. The oscillatory behavior of P with the 
magnetic field in Fig. 6(a) originates from the oscillatory nature 
of MOAC versus magnetic field, like it is versus the photon en-
5

ergy. The competitive roles of B and Er in determining the value 
of P can be mathematically understood via β2

ξ in �(ξ) . As men-

tioned in the previous subsection 3.2, β2
ξ = (ve + ξ vt)

2/v2
c with 

ve = Er/B . Thus, if B and Er are chosen such that ve 
 vt (or 
ve = 0 as Er = 0), then β2

ξ ≈ (ξ vt)
2/v2

c = v2
t /v2

c for both ξ = +1
and −1, so the degeneracy of two valleys remains and the MOAC 
is not polarized. However, if we take the values of Er and B such 
that ve value has the same order of or equal to vt , then β2+1 and 
β2−1 are considerably different, resulting in the large valley polar-
ization. This behavior is verified once again in Fig. 6(b) where the 
evolution of polarization with in-plane EF is plotted at B = 0.2 T. 
For the magnetic field of 0.2 T, the valley polarization is achieved 
significantly with the in-plane EF larger than 0.5 kV m−1. Also, in 
the range of in-plane EF in the figure, there is a maximum value 
in the polarization. The value of Er at which P is maximum is the 
one such that β2+1 and β2−1 differ the most. For a more general 
view, in Fig. 7 we show the density plot of the valley polarization 
versus magnetic field and in-plane EF where the photon energy 
of 33 meV is considered. This photon energy is taken in order 
to be consistent with the range observed in Figs. 2 to 5, where 
the optical transitions and valley polarization emerge strongly. It is 
seen that with the in-plane EF up to 10 kV m−1, the polarization 
is well achieved when the magnetic field is less than 0.5 T. This 
can be understood by using the relation between the absorbed 
photon energy and magnetic field (via h̄ωc) at the peaks, that is 
h̄ω = √

2(
√

n ± 1 + √
n)(1 − β2

ξ )3/4h̄ωc with ωc = vc/
√

h̄(eB)−1. 
From this relation, one can deduce that for the magnetic field con-
sidered less than 0.5 T, the optical transitions between the first LLs 
take place at photon energies of a few tens of meV, that are in ac-
cordance with those in Fig. 3. That is why we choose h̄ω = 33meV
in the calculation of Fig. 7. The observation also indicates that for 
those ranges of magnetic field and in-plane EF, the valley polariza-
tion in MOAC is most clearly observed when using electromagnetic 
wave in the far infrared region. We can also use electromagnetic 
wave with higher photon energy to achieve the polarization if 
we use stronger magnetic fields. Then, the in-plane EF must be 
strengthened in order to keep the value of ve (= Er/B) in combi-
nation with vt �= 0 can cause expected polarization. Theoretically, 
however, we should not use too strong EF to guarantee that the 
assumption of ky -independent Fermi distribution and the linear 
response are still valid. It is worth mentioning that in the work 
[52] on the quantum Hall effect in graphene, the Kubo–Greenwood 
formula within linear response theory and the assumption of ky -
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Fig. 6. The valley polarization in the MOAC versus the magnetic field (a) and in-plane EF (b).
Fig. 7. The density plot of valley polarization versus the magnetic field and in-plane 
EF.

independent Fermi distribution were applicable for the in-plane 
electric field up to 100 kV m−1.

4. Concluding remarks

We have carried out a theoretical study of the magneto-optical 
absorption in a 2D 8–Pmmn borophene monolayer with the natu-
rally tilted Dirac cones, subjected to perpendicular magnetic field 
and external in-plane EF. The MOAC has been calculated in the 
framework of the perturbation theory. Important results can be 
summarized as follows.

The presence of the tilt parameter/velocity (vt �= 0) in 8–Pmmn
borophene leads to additional optical transitions between LLs n
and n ± 2, described by the minor peaks in the absorption spec-
trum beside principal peaks corresponding to the transitions be-
tween LLs n and n ±1. The transitions between next-nearest neigh-
boring LLs, i.e., LLs n and n ± 2, were not observed before in 2D 
materials with non-tilted Dirac cones such as pristine graphene, 
silicene, germanene, and so on. This result opens the possibility to 
detect the tilt parameter in Dirac materials via the magneto-optical 
absorption spectrum.

In the absence of external in-plane EF (Er = 0) and/or the tilt 
parameter (vt = 0) the valley degeneracy of LLs remains and the 
valley polarization in MOAC does not occur. In contrast, the si-
multaneous presence of both in-plane EF and the tilt parameter 
in 8–Pmmn borophene removes the valley degeneracy of LLs and 
accordingly causes the valley polarization in the MOAC. One can 
be able to control the valley polarization by varying the values of 
magnetic field, in-plane EF and photon energy accordingly. For in-
stance, if the magnetic field less than 0.5 T, the in-plane EF value 
6

should be of the order of kV m−1 and the photon energy should be 
in the range of several tens of meV for good polarization to be ob-
served. The present observations are of importance for applications 
in valleytronic devices operating in different light regions.
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