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the thermoelectric power factor in
monolayer PbBiI: staggered exchange field effect

Le T. T. Phuong, a Tran C. Phong,a Bui D. Hoi *a and Mohsen Yarmohammadi bc

The unique features of the monolayer PbBiI originate from the gapped and gapless states protected by the

time-reversal symmetry. These states appear with the angular momenta J ¼ {1/2, 3/2}. The engineering of

thermoelectric performance in monolayer PbBiI is highly desirable due to the forbidden backscattering

mechanism of electrons. Herein, a known physical staggered exchange field is implemented to calculate

the Onsager transport coefficients within the Kubo–Greenwood framework. This, in turn, enhances the

power factor (PF) through highly dispersive and degenerate energy bands resulting from the staggered

exchange field. We report exceptional 133%, 53%, and 22% enhancements of PF at temperatures 480 K,

460 K, and 440 K, respectively, when we turn on the exchange field to act on J ¼ 3/2, J ¼ 1/2, and both

Js. The predicted PFs propose a new research line to achieve the highest thermoelectric efficiency in

low-dimensional materials.
1 Introduction

In conventional topological insulators, gapped and gapless
states coexist,1–4 which leads to unique conductive features.5 In
these systems, owing to the strong spin–orbit coupling (SOC),
time-reversal symmetry is responsible for protecting gapless
states.6–8 Quantum spin Hall insulators (QSHIs) are two-
dimensional (2D) versions of topological insulators with
inherent SOC and band inversion1–4 except that the gapless edge
states are fully spin-polarized. This feature introduces them as
potential candidates for quantum computing and spintronic
purposes.9–11

Global climate change because of the combustion of fossil
fuels is a pressing issue nowadays. In this regard, researchers
are trying to increase the energy efficiency of thermoelectric
materials for the largest waste-heat into electric conversion12,13

and the search for high-performance materials is a subject of
interest. The performance of thermoelectric materials at a given
temperature T is typically determined by a dimensionless gure
of merit ZT ¼ PT=k, where P is the power factor (PF) and k is
the total thermal conductivity (electronic and phononic). To
achieve a high ZT , the PF (thermal conductivity) should be
increased (decreased). There are various ways to tune ZT . In the
work by Ding et al.,14 a strategy has been proposed to utilize the
overlap of pz orbitals to increase the thermoelectric efficiency of
a layered polymeric carbon nitride, which is a great guidance to
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search for layered materials with high cross-plane thermoelec-
tric performance. In another study by Mi et al.,15 a low-
dimensional electronic structure is employed in bulk phonon-
glass crystals as an alternative way to increase the thermoelec-
tric efficiency. On the other hand, the reduction of the aniso-
tropic temperature-dependent thermal conductivity of poly(3,4-
ethylenedioxythiophene) with different doping concentrations
has been addressed by molecular dynamics simulations, which
also enhances the thermoelectric performance.16

Many studies have been focused on the importance of
external elds in the physical properties of low-dimensional
systems. Among them, the staggered exchange eld is newly
discovered. Including a staggered exchange eld and also an
external electric eld normal to the atomic plane of silicene, the
inuence of topological edge states and the transition between
the topological-insulator and conventional gap-insulator states
on the thermoelectric properties, and especially on the spin-
related thermoelectric effects has been studied by Wierzbicki
et al.17 In the work by Högl et al.,18 it has been shown that the
combination of staggered intrinsic spin–orbit and uniform
exchange coupling gives topologically protected pseudohelical
states. It has also been identied that the staggered damping-
like spin–orbit torque is the key mechanism for electrical exci-
tation of the Néel vector in antiferromagnets.19 Moreover,
remarkable quantum phase transitions have been studied in
Heisenberg antiferromagnetic chains with staggered power-law
decaying long-range interactions.20 In the case of thermoelectric
properties, considering topological and trivial phases of the 2D
bismuth layer, the role of edge states has been determined by
Gaffar et al.21 Furthermore, the inuence of biaxial strain on the
group VI elemental 2D material of tellurium has been
This journal is © The Royal Society of Chemistry 2022
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Fig. 1 Top view of monolayer PbBiI. The bond lengths of in-plane Bi–
Pb and out-of-plane Pb–I are respectively 3.04 Å and 1.35 Å.23,43–45 The
unit cell is shown by a shaded rhombic.
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investigated, which has been discussed for its potential in
thermoelectric applications.22

In unconventional QSHIs, so-called noncentrosymmetric
QSHIs (NQSHIs), both gapped and gapless states can be pro-
tected by the time-reversal symmetry.23 The unconventionality
of these systems is characterized by in-plane spin textures
which are controlled by the Rashba SOC (induced by an external
electric eld).10,24–26 Usually, heavy atoms are suitable candi-
dates for these properties.27–31 One of the well-known NQSHIs is
monolayer PbBiI, which has recently been proposed theoreti-
cally.23 It demonstrates an unconventional in-plane spin texture
with time-reversal symmetry-protected states. When the bulk
state is protected by the time-reversal symmetry, the conven-
tional bulk backscattering mechanism is forbidden, which is
important for transport in spintronics. Nevertheless, both bulk
and edge states in QSHIs can be inuenced by internal and
external stimuli such as the electron–electron interaction,32–37

magnetic eld,38–42 and bias eld.1–3

In this work, we focus on monolayer PbBiI because the
backscattering mechanism is forbidden in this material as one
of the obstacles of clean transport in a system. Since the effec-
tive mass of electrons is of importance in thermoelectric
features, electronic transport is much easier in the absence of
backscattering. And for this reason, we would propose this
monolayer PbBiI as one of the potential systems in the ther-
moelectric industry. Here, we theoretically increase the ther-
moelectric PF of the PbBiI compound via a staggered exchange
eld to eventually increase the thermoelectric performance of
the system. Here, the staggered exchange eld originates from
the magnetic proximity effect. The PF is a function of the band
dispersion of electrons and for this reason, we modulate the
electronic properties to tune ZT . We, in a nutshell, aim at
nding novel physical insights for practical thermoelectric
applications by observing the effect of unconventional features
of NQSHIs in the presence of an external eld.

To organize the paper, in Sec. 2, we start with the low-energy
Hamiltonian model of PbBiI in the presence of a staggered
exchange eld. We then use the Kubo–Greenwood (KG)
approach to calculate the Onsager transport coefficients
required for the PF. Section 3 presents the numerical calcula-
tions and we end the paper in Sec. 4 with a summary of the
results.
2 Four-band Hamiltonian model

To start, one needs to understand the basic theoretical formu-
lation of monolayer PbBiI, see Fig. 1. The electronic states of
this system are characterized by four bands23 stemming from in-
plane and out-of-plane p orbitals of Bi atoms since the role of
Pb–I dimers in the effective orbital hybridization of the lattice is
negligible. It has been shown that the pz-Bi orbitals form the
highest valence bands, while the lowest conduction bands
originate from the px,y-Bi orbitals. For p orbitals, the orbital
angular momentum is L ¼ 1 and together with the spin angular
momentum S ¼ 1/2, four effective bands of PbBiI are from the
total angular momentum of J1,2 ¼ {1/2, 3/2} and spin directions
This journal is © The Royal Society of Chemistry 2022
mJ ¼ { +1/2,�1/2}.23,43–45 Based on these states, the tight-binding
low-energy Hamiltonian of monolayer PbBiI is given by:23

H ~k ¼ H 0 þ H int;~k; (1)

where H 0 is a diagonal 4 � 4 matrix with on-site energies { �31/

2, �31/2, +33/2, +33/2} and

H int;~k ¼

0
BBBBBB@

z1=2k
2 iaR;1=2k� 0 gk�

�iaR;1=2kþ z1=2k
2 gkþ 0

0 gk� �z3=2k2 0

gkþ 0 0 �z3=2k2

1
CCCCCCCCA
: (2)

In the above expression, k� ¼ kx � iky and k2 ¼ kx
2 + ky

2 are
momenta and 31/2 ¼ 0.1685 eV, 33/2 ¼ 0.1575 eV, z1/2 ¼
0.008187 eV Å�2, z3/2 ¼ 0.038068 eV Å�2, aR,1/2 ¼ 3.0919 eV Å�1,
and g ¼ �3.5853 eV Å�1.23

The essential and interesting features of PbBiI electronic
states in our work can be generated by an external staggered
exchange eld. To this end, we update the pristine Hamiltonian
through the following exchange eld as

H ~k ¼ H 0 þ H int;~k � jmJ j
 
M J1 0

0 M J2

!
5sz; (3)

where sz is the z-component of the Pauli matrix and M Ji with i¼
{1, 2} is the exchange eld, induced by the magnetic proximity
effect, for the total angular momentum Ji.46 For spin-up elec-
trons, rst and third diagonal elements are modied by eqn (3),
while for spin-down electrons, second and fourth diagonal
elements of the Hamiltonian are modied. With the magnetic
proximity effect as the source of such a staggered eld, we
mainly mean staggered exchange magnetization and we would
produce such a eld through two possible methods. First, we
would sandwich PbBiI with two different ferromagnets. Second,
we would attach a honeycomb-lattice antiferromagnet47 or
ferrimagnet to PbBiI.

This staggered eld originally arises when induced exchange
elds acting on two sublattices in a system are different. This is
well understood for silicene with a similar buckled struc-
ture.48–50 However, there is a difference between the Kane–Mele
models of silicene and PbBiI. Since the matrix elements in the
effective Hamiltonian of PbBiI involve only the next nearest
J. Mater. Chem. A, 2022, 10, 16620–16626 | 16621
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neighbor hopping terms, there are no terms involving nearest-
neighbor hopping terms. The Pb–I dimer only mediates the
interaction between Bi atoms and its effect is effectively intro-
duced within the next nearest neighbor hopping terms. In
contrast, in other buckled honeycomb lattice systems, such as
germanene and silicene among others, the nearest neighbor
hopping terms are essential to their description. Moreover, in
the proposed model the basis is formed by four orbitals per site
and in the Kane–Mele model the basis has two orbitals per
atom, even if we remove the nearest neighbor contributions in
the Kane–Mele model, we would not get the PbBiI effective
model. So, this difference introduces a different description of
the staggered eld in the PbBiI system, which is not the case in
other buckled honeycomb lattices. Accordingly, the exchange
elds induced into the system through the magnetic proximity
effect act on two suborbitals of two different sublattices as one
of the possible interactions between orbitals. So, in the real
space, it acts similarly on two Bi sublattices but we consider the
interaction between different suborbitals for the effective stag-
gered potential.

3 Electronic transport coefficients

In this section, we rely on the KG approach51,52 to study the
thermoelectric PF of monolayer PbBiI in the absence and
presence of the external staggered exchange eld. In doing so,
one needs the charge and thermal currents within the tight-
binding framework.53 We stick to the KG formalism since it is
valid for all temperatures.54 On the other hand, we use the linear
response theory for the Onsager transport coefficients55 in
which the currents can be traced by both electric eld and
temperature gradients. Let us notate the electric eld and
temperature gradient along the a-direction, respectively, as Ea
and VaT. The charge and thermal currents are, respectively,

linked to these elds through J ch
b ¼P

a

 
L ab

11E
a � L ab

12

eT
VaT

!

and J th
b ¼P

a

 
L ab

21E
a � L ab

22

eT
VaT

!
56,57 where e is the electron

charge and the Onsager coefficients satisfy the symmetry
L ab

mn ¼ L ab
nm for {m, n} ¼ {1, 2}.

To calculate these transport coefficients, we rst calculate
the current–current time-correlation functions51,52,57 with the
help of single-particle Green's functions and their time
derivatives:

L ab
mnðiuÞ ¼

kBT

iuV

ð1=kBT
0

dseius
�
TsJ a

mðsÞJ b
nð0Þ

�
; (4)

where s is the imaginary time, V is the volume of the system, and
iu is the Matsubara frequency.57 Here we are interested in the
static limit of the above equation, i.e. the case of u / 0, where
L ab

mn ¼ limu/0ImL ab
mnðiu/uþ idÞ with the numerical

phenomenological parameter d ¼ 1 meV:

L ab
mnðTÞ ¼ CmnT

ðþN

�N
dEEmþn�2F abðE ÞvE ½nFDðE ;TÞ�; (5)
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FabðE Þ ¼
X

~k

X
m;n

n
m;n
~k;a
n
m;n
~k;b
Im
�
TrG~kðE Þ

�2
; (6)

where Cmn ¼ �ħð�eÞ4�m�nkB=2V and nFDðE ;TÞ are the Fermi–
Dirac distribution functions. Moreover,
G~kðE Þ ¼ ½E þ id� H ~k��1 and n

m;n
~k;a

¼ ħ�1vE~k
m;n=vka with m ¼ �1

and n ¼ �1 for {J1, J2} and {mJ}, respectively. Finally, having
these coefficients, the thermoelectric PF for an arbitrary direc-
tion ab reads as

PðTÞ ¼ L 2
12ðTÞ

T2L 11ðTÞ : (7)

In the following, we immediately present the numerical calcu-
lations since the analytical expressions of band dispersions and
corresponding charge/thermal current and thermoelectric PF
are lengthy.
4 Numerical results

It is necessary to note that the system is isotropic in the absence
and presence of a staggered exchange eld since the eld is an
on-site potential and does not act on the off-diagonal elements
of the effective Hamiltonian. So, all xx, yy, and xy components
of Onsager coefficients are identical. For this reason, we would
work withPðTÞ in the following at the temperature range 20 K#

T# 1000 K. In general, the size of the bulk band gap, the density
of states, and the effective mass (characterized by the concavity
of bands) of carriers are the effective parameters to control the
PF. For this reason, we rst focus on the band dispersions to
explore the above features with the exchange eld, and
secondly, we turn to the PF analysis.

To understand the effects of the staggered exchange eld on
the PF of PbBiI, we look at the electronic band structure in
Fig. 2(a)–(d) and then compare the corresponding PFs in
Fig. 2(e). In the rst scenario, the exchange eld M J1 is only
turned on, implying that the total angular momentum J ¼ 1/2 is
only included in the electronic transitions. Both the charge and
thermal currents are affected by this exchange eld because of
the changes made in the momentum of host electrons and the
spatial distribution of corresponding electronic states (wave-
functions). These, in turn, penetrate the PF. Upon applying the
exchange eld individually at M J1 ¼ 0:2 eV in Fig. 2(b), only the
M-like band (upper band of valence side) and the L-like band
(lower band of valence side) get away from each other in the
vicinity of the G-point such that there is no valence band-
touching anymore. Correspondingly, see the blue line of
Fig. 2(e), the thermopower increases signicantly by 32% (from
1.65 to 2.3 mW cm�1 K�2) without any temperature shi of PF's
shoulder. The larger density of states for the valence bands due
to increased concavity and effective mass of carriers are the
main reasons for this enhancement. The origin of the broad
shoulder near 400 K is, however, the bipolar conduction of
carriers. Above this shoulder temperature, the thermal effects
are more dominant than the quantum effects and the PF
approaches zero.

We nd that the contribution of a critical exchange eld
M c

J1 ¼ 2ð31=2 þ 33=2Þ ¼ 0:652 eV, which only depends on the on-
This journal is © The Royal Society of Chemistry 2022



Fig. 2 The electronic band structure of the PbBiI single-layer in the
absence (a) M J1 ¼ 0 and presence of respectively individual (b)
M J1 ¼ 0:2 eV, (c) M J1 ¼ 0:652 eV, and (d) M J1 ¼ 0:8 eV. Panel (e) indi-
cates the corresponding power factors P ðTÞ as functions of temper-
ature. The critical individual staggered exchange field for Ji is given by
M c

J1 ¼ 2ð31=2 þ 33=2Þ ¼ 0:652 eV.

Fig. 3 The electronic band structure of the PbBiI single-layer in the
absence (a) M J2 ¼ 0 and presence of respectively individual (b)
M J2 ¼ 0:2 eV, (c) M J2 ¼ 0:652 eV, and (d) M J2 ¼ 0:8 eV. Panel (e) indi-
cates the corresponding power factors P ðTÞ as functions of temper-
ature. The critical individual staggered exchange field for Ji is given by
M c

J2 ¼ 2ð31=2 þ 33=2Þ ¼ 0:652 eV.
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site potentials of basis states, to the electronic band structure in
Fig. 2(c) is the formation of a triplet fermion accompanied by
reduction of the contribution of interband transitions to the
charge and thermal currents. The triplet fermion effective mass
manifests itself on both the PF's shoulder and intensity. Thus,
the corresponding PF, see the red line of Fig. 2(e), does not
illustrate an enhancement of PF, but it causes a shoulder
temperature shi from 400 K to 440 K. The PF is reduced
because of the smaller density of states and effective mass of
carriers.

However, for M J1 ¼ 0:8 eV in Fig. 2(d), the PF in Fig. 2(e) is
signicantly increased by 53% (from 1.65 to 2.85 mW cm�1 K�2)
compared to previous strengths, see the green line. Also, the
shoulder temperature is shied from 400 K to 460 K. The reason
can be traced back to the electron-like doped phase of the
system since two bands touch each other on the conduction
side, which results in a larger density of states and effective
mass of carriers in themonolayer PbBiI. The system experiences
an electronic phase transition at M c

J1 and the phases below and
above this eld are different.

In the next step, we turn on the second exchange eld M J2 in
Fig. 3 to act on the total angular momentum J ¼ 3/2 including
This journal is © The Royal Society of Chemistry 2022
both spins. Similarly, to obtain a comprehensive understanding
of the role of M J2 on the PF, we rst explore the evolution of
electronic band structure in Fig. 3(a)–(d). In contrast to the
previous selection of the exchange eld, the second one sepa-
rates the conduction bands at M J2 ¼ 0:2 eV in Fig. 3(b). The
corresponding PF in Fig. 3(e), see the blue line, displays an
enhancement of 58% (from 1.65 to 3 mW cm�1 K�2) without any
temperature shi. We again encounter a critical exchange eld
M c

J2 ¼ 2ð31=2 þ 33=2Þ ¼ 0:652 eV at which three of four bands
touch each other on the valence side in Fig. 3(c) and the triplet
fermion is again formed. In contrast to the angular momentum
J¼ 1/2, at this strength of perturbation effect for J¼ 3/2, we nd
133% (from 1.65 to 8.2 mW cm�1 K�2) enhancement of PF in
Fig. 3(e), see the red line, associated with a shi of temperature
from 400 K to 480 K. In this case, the electronic transitions
originate from this point that in our theory, the electronic
transitions occur from the valence band to the conduction band
and this phenomenon becomes signicant with more bands in
the valence side when turning on M J2 such that the density of
states and effective mass of carriers reach their maximum
values.
J. Mater. Chem. A, 2022, 10, 16620–16626 | 16623



Table 1 A comparison between the highest PF of monolayer PbBiI (in
units of mW cm�1 K�2) and other topological materials such as Sn-
doped Bi1.1Sb0.9Te2S (Sn-BSTS),60 Na2RbBi,61 and TCIs62,63

T [K] PPbBiI
M J2

¼0:8 eV PSn-BSTS PNa2RbBi PTCI

300 6.00 5.85 2.00 0.40

Journal of Materials Chemistry A Paper
To gather further evidence, we increase the second eld to
0.8 eV in Fig. 3(d) above the critical eld. Surprisingly, we nd
an enhancement of 108% (from 1.65 to 5.6 mW cm�1 K�2) for PF
in Fig. 3(e), see the green line, compared to the same strength of
the rst exchange eld of Fig. 2(d). As before, the density of
states, band dispersion, and effective mass of carriers which are
different than the pristine ones lead to such an enhancement
with a temperature shi from 400 K to 500 K.

As the last scenario, we will consider dual exchange elds
with the options of M J1\M J2 and M J1 .M J2 in Fig. 4. Our
analysis on the band structure leads to a hole-doped gapless
structure at M J1 ¼ 0:2 eV and M J2 ¼ 0:45 eV (blue line in
Fig. 4(b)), while an electron-doped gapless structure is obtained
at M J1 ¼ 0:45 eV and M J2 ¼ 0:2 eV (red line in Fig. 4(b))
following the inversion symmetry between the exchange elds.
Based on the previous argument on the effective electronic
transitions from the valence band to the conduction band, one
expects a larger enhancement of PF for the rst duality option.
This is conrmed by the blue line in Fig. 4(c) with 22% (from
1.65 to 2.06 mW cm�1 K�2) and 12% (from 1.65 to 1.86 mW cm�1

K�2) enhancement, respectively, for the rst and second options
associated with a temperature shi of 400 K to 420 K and 440 K.
However, this last scenario is not yet the proper way compared
to the two previous cases.

Note that the negative sign of exchange elds does not affect
the results due to the symmetry-protected denition of
exchange elds in eqn (3). Also, our investigations do not
propose both exchange elds to be turned on simultaneously
because this leads to a suppression of PF instead of an
Fig. 4 The electronic band structure of the PbBiI single-layer in the
absence (a) M J1 ¼ M J2 ¼ 0 and presence of dual (b) M J1 ¼ 0:2 eV and
M J2 ¼ 0:45 eV (blue lines), and M J1 ¼ 0:45 eV and M J2 ¼ 0:2 eV (red
lines). Panel (c) indicates the corresponding power factors P ðTÞ as
functions of temperature.
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enhancement behavior. Finally, we briey comment on the
experimental feasibility of our proposal. To experimentally
apply the desired staggered exchange potential in our model,
one either can put the PbBiI surface in proximity to a magnetic
substrate (e.g., LaFeO3)58 or can dope the system via magnetic
atoms (e.g. W, Cr, and Mo).59 As mentioned before, with the
magnetic proximity effect as the source of such a staggered
eld, we would either sandwich PbBiI with two different ferro-
magnets or would attach a honeycomb-lattice antiferromagnet47

or ferrimagnet to PbBiI.
To highlight the scientic value of the present work, we

simply compare the highest obtained PF in monolayer PbBiI
with those of other topological materials. In doing so, we use
Sn-doped Bi1.1Sb0.9Te2S (Sn-BSTS),60 Na2RbBi,61 and topological
crystalline insulators (TCIs).62,63 The comparison is shown in
Table 1. As can be seen, monolayer PbBiI in the presence of
exchange potential M J2 (because our numerical investigations
have already concluded that the effective exchange elds to
enhance the PF are the individual ones acting on each total
angular momenta with both spins) shows a better thermopower
at room temperature compared to the other listed materials.
5 Summary

Time-reversal symmetry-protected bulk and edges states of the
PbBiI compound including total angular momenta J¼ {1/2, 3.2}
lead to featuring unusual electrical conduction behaviors.
Controlling the effective mass of carriers manifests itself in the
thermoelectric performance of the system. In this paper, we
have aimed at manipulating the electronic band structure of
PbBiI by a proposed staggered exchange eld to enhance its
thermoelectric PF. A low-energy Hamiltonian model is imple-
mented within the Kubo–Greenwood formalism to calculate the
electronic transport coefficients and the PF later. We demon-
strate that an optimal exchange eld 0.652 eV, 0.8 eV, and {0.2,
0.45} eV acting on J ¼ 3/2, J ¼ 1/2 and both Js results in
a signicant enhancement of thermoelectric PF due to highly
dispersive and degenerated energy bands. The enhancement of
PF at the temperatures 480 K, 460 K, and 440 K for the above
momenta are, respectively, about 133%, 53%, and 22%. This
work is valuable in the conrmation that there is a simple way
to increase the thermoelectric performance of PbBiI.
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