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Various filling fractions of the van Hove singularities (vHs) in the vicinity of the Fermi energy give rise 
to exotic phenomena. Here, we tune vHs in a new family member of quantum spin Hall insulators PbBiI 
via two mechanisms of C3v symmetry breaking; applying an in-plane magnetization exchange field and 
an inversion symmetry breaking field. Depending on the mechanism and dispersion direction of host 
electrons, we find Weyl nodes in the electronic band structure, and in turn, bare vHs deform away from 
the Fermi energy. Moreover, the number of vHs increases due to the reconstruction of the Fermi surface 
induced by the above mechanisms. Overall, we indeed propose two efficient mechanisms to tune/create 
vHs for various emergent applications in optoelectronics.

© 2023 Elsevier B.V. All rights reserved.
1. Introduction

Quantum spin Hall insulators (QSHIs) with fully spin-polarized 
helical edge modes lead to important applications for spintronics 
and low-power information processing based on topological ef-
fects [1–4]. Mainly, inherent spin-orbit coupling (SOC) and band 
inversion in these systems make them interesting in condensed 
matter physics [5–8]. Upon breaking the inversion symmetry be-
tween spin-dependent states, an extrinsic Rashba SOC emerges for 
chiral spin textures [2,9–11]. Heavy elements such as Bi, Pb, and W 
are proper candidates for providing novel features because of their 
strong SOCs [12–16].

Recently, honeycomb lattices of IV, V, and VII elements, e.g., 
monolayer PbBiI, have proposed novel insights due to the presence 
of a Rashba-like SOC and an unconventional spin texture [17–22]. 
The evolution of the Wannier center of charges confirms that PbBiI 
is a QSHI [17]. In such structures, the time-reversal symmetry pro-
tects both the edge and bulk states, which results in less energy 
loss in practical applications. Similar to conventional QSHIs, the 
properties of such materials can be controlled by electron-electron 
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interaction [23–29], bias voltage [5,30,31], an external magnetic 
field [32–36], etc.

In monolayer buckled PbBiI, Pb-Bi bonds weakly stack with I 
atoms [17,37–39] and the ab initio calculations [17,40–42] have 
presented that the highest valence (lowest conduction) band is 
mainly originated from the px,y (pz)-Bi orbitals, implying that 
the contribution of Pb-I dimers is negligible. The SOC basis 
| J , jz〉 (with total angular momentum J and spin direction jz) 
of Bi atoms mainly determine the effective electronic band struc-
ture of PbBiI single-layer. The buckled structure follows from the 
C3v symmetry including three operators, namely time-reversal 
symmetry T : | J , jz〉 �→ 2 jz〈 J , jz|, threefold rotation symmetry 
R3 : | J , jz〉 �→ e2i jzπ/3| J , jz〉 along the z-axis, and the mirror sym-
metry Mx : | J , jz〉 �→ −i| J , jz〉 in the y-z plane.

According to a recent proposition for C3v symmetry break-
ing (CSB) protocol on the band engineering of monolayer Pb-
BiI [19], which leads to interesting optical properties, we aim at 
engineering the van Hove singularities (vHs) around the Fermi en-
ergy through two CSB mechanisms. We first apply an in-plane 
magnetization and then an inversion symmetry-breaking field to 
see how these fields can be used to tune the location of vHs as 
well as to induce new vHs. Upon applying CSB fields, the Fermi 
surface undergoes a large reconstruction and as a result of this, 
vHs get away from the Fermi energy and it is important to see 
how they become flat. Here, we mainly focus on the broadening 
of bands in the presence of CSB fields, which affects all intrin-
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Fig. 1. Top and side views of monolayer PbBiI with the buckled parameter d � 1.3 Å 
and bond length h = 1.35 Å. Gray rhombic denotes the unit cell.

sic electronic features of the system. Physically, the emergence of 
vHs can be understood from the overlap of orbitals between the 
atoms in a lattice. Depending on the strength of this overlap/hy-
bridization, the broadening of bands will be changed. A flat band 
is formed from states that have very little orbital overlap between 
the lattice sites, while parabolic bands mainly stem from strong 
overlaps. Investigation of vHs is important for optoelectronic ap-
plications because the optical absorption spectrum of solid stems 
from the electronic band structure. Hence, tuning the vHs modifies 
the optical features.

This paper is organized as follows. In Sec. 2, we present the 
Hamiltonian model of monolayer PbBiI in the absence and pres-
ence of CSB fields. In Sec. 3, we present the numerical results for 
the electronic band structure and density of states to character-
ize the Fermi surface and vHs, respectively. Finally, we provide a 
summary of the paper in Sec. 4.

2. Theory and method

Let us start with the geometry-lattice of monolayer PbBiI in 
Fig. 1. The buckling parameter and bond length of this structure 
is d � 1.3 Å and h = 1.35 Å, respectively. For S = 1/2 and the 
p-orbital angular momentum of L = 1 of Bi atoms, the total angu-
lar momentum for both spin directions jz = {+1/2, −1/2} is given 
by J = {1/2, 3/2}. As mentioned in the introduction, the SOC ba-
sis of Bi atoms | J , jz〉 mainly forms the Hamiltonian model of the 
host system. Close to the �-point in the first Brillouin zone char-
acterized by the momenta k± = kx ± iky and k =

√
k2

x + k2
y , the 

tight-binding approximation [17] leads to

H	k = H0 +Hint , (1)

where

H0 =

⎛
⎜⎜⎝

−ε12 0 0 0
0 −ε12 0 0
0 0 +ε32 0
0 0 0 +ε32

⎞
⎟⎟⎠ , (2a)

Hint =

⎛
⎜⎜⎝

ζ12k2 iαR,12k− 0 γ k−
−iαR,12k+ ζ12k2 γ k+ 0

0 γ k− −ζ32k2 0
γ k+ 0 0 −ζ32k2

⎞
⎟⎟⎠ , (2b)

and ε12 = 0.1685 eV, ε32 = 0.1575 eV, ζ12 = 0.008187 eV/Å2, ζ32 =
0.038068 eV/Å2, αR,12 = 3.0919 eV/Å, and γ = −3.5853 eV/Å are 
the model parameters from the ab initio calculations [17]. In the 
pristine lattice, we deal with an isotropic electronic band structure 
including a bulk gap Eg � 0.275 eV and a Rashba-like (RL) spin 
splitting gap ER � 0.051 eV [17–22].

Turning to the CSB fields, we first change the orbital hybridiza-
tion of Bi orbitals with opposite spin directions jz = {+1/2, −1/2}
via an in-plane magnetization field HM =FMτ0 ⊗σx (τ0 stands for 
the identity matrix in the momentum space and σx is the Pauli-x-
matrix of spin space), which can be induced to the system by 
a magnetic dopant or an external magnetic field [43]. Secondly, 
we turn on two different gauge shifts [44] for inversion symmetry 
2

Fig. 2. Dressed band structure of monolayer PbBiI by the in-plane magnetization 
field at (a) FM = 0 eV, (b) FM = 0.5[ε32 + ε12], (c) FM = ε32 + ε12, and (d) FM =
2[ε32 + ε12]. Gapless phase and Weyl nodes in (b) and (c), respectively, propose 
possible electronic phase transitions in PbBiI.

breaking (ISB) between the total angular momenta J = {1/2, 3/2}
by a field HISB = FISBτx ⊗ σx (τx stands for the Pauli-x-matrix in 
the momentum space). Hence,

HM
	k = H	k +FMτ0 ⊗ σx , (3a)

HISB
	k = H	k +FISBτx ⊗ σx , (3b)

HF
	k = H	k +F J2 ⊗ σx , (3c)

where in the last term we consider both fields together includ-
ing J2 = τ0 + τx . In the presence of CSB fields, we deal with an 
anisotropic electronic band structure and dressed bulk and RL gaps. 
The band structures are obtained by diagonalizing the Hamiltoni-
ans [45–48].

To determine the location and intensity of vHs in the absence 
and presence of CSB fields, we stick to the electronic density of 
states (DOS) through [49]

DOS = − 1

π
Tr

∑
	k

Im
[
G(	k,E)

]
, (4)

where G(	k, E) = [E + iη − HM/ISB/F
	k ]−1 is the Green’s function 

with a phenomenological factor η = 2 meV. In the electronic DOS, 
weaker logarithmic divergence (due to the presence of critical 	k
points, where ∂E/∂	k = 0) corresponds to the vHs [50–52] and we 
tune the order parameters (bulk gap Eg and RL gap ER) via CSB 
fields in the Hamiltonians to affect the vHs. We briefly comment 
that in the presence of disorder fields, the vHs become different. 
To this end, one needs to use the Dyson equation for the inter-
acting Green’s functions employing the T-matrix theory and Born 
approximation [53].

3. Numerical results

At the Fermi energy and 	k = 0, i.e. at the band center of the 
structure, one only deals with H0 in Eq. (1) so that we have two 
degenerate dispersions in both valence and conduction bands. The 
energy difference between the lowest conduction band −ε12 and 
highest valence band ε32 is simply given by ε32 + ε12 � 0.326 eV. 
As a benchmark, we would vary the fields of CSB below, at, and 
above this energy to see how variability in the position of the vHs 
with respect to the Fermi level occurs. In what follows, we first 
look at the electronic band structure for the three regimes above-
mentioned to see how the Fermi surface (as the main origin of 
vHs) undergoes the alteration with CSB fields. Second, we continue 
with the electronic DOS to address vHs.

3.1. FM effects

In Fig. 2(a), we plot the band structure for pristine monolayer 
PbBiI. From the bottom to the top, we have first, second, third, 
and fourth bands. The bulk gap Eg � 0.275 eV appears between 
the second and third ones, while the RL gap ER � 0.051 eV ap-
pears between the first and second ones. As soon as we turn on 
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Fig. 3. Dressed electronic DOS of monolayer PbBiI by the in-plane magnetization 
field at (a) FM = 0 eV, (b) FM = 0.5[ε32 + ε12], (c) FM = ε32 + ε12, and (d) 
FM = 2[ε32 + ε12]. Depending on the dispersion direction of host electrons and the 
regime of the field with respect to the benchmark energy difference ε32 +ε12, more 
number of vHs (corresponding to various weak and strong orbital hybridizations be-
tween lattice sites) compared to two bare ones in the pristine PbBiI is evident.

the in-plane magnetization field FM = 0.5[ε32 + ε12] in Fig. 2(b), 
the band structure starts to alter such that both gaps change. In-
terestingly, the bulk gap vanishes, while the RL gap locates at 
different momenta than the pristine ones. For FM = ε32 + ε12 in 
Fig. 2(c), two gapless states emerge in the vicinity of the Fermi 
surface, sol-called Weyl nodes [54–56]. For the third regime, i.e., 
FM = 2[ε32 + ε12] in Fig. 2(d), the bulk gap reopens at different 
momenta. In all three regimes, the RL gap still appears at differ-
ent momenta. Moreover, for all three regimes, the third and fourth 
bands at higher energies far from the Fermi energy cross each 
other at a momentum far away from the band center. Although 
it is easy to plot the Fermi surface of each new band via a contour 
plot of a certain energy level, a side view of the band structure is 
adequate to confirm that the Fermi surface is reconstructed by FM. 
Such phase transitions due to the gap changes should also mani-
fest themselves in the electronic DOS.

In the pristine monolayer PbBiI, importantly, there are two vHs 
around the zero Fermi energy isotropically along both x and y di-
rections, as shown in Fig. 3(a). The location of these two singulari-
ties varies as the FM is applied and accordingly, new vHs emerge. 
We find that the flatter vHs at FM = 0.5[ε32 + ε12] in Fig. 3(b) is 
located at the zero energy along the x-direction due to two gap-
less phases of the system in this regime. Additionally, two more 
vHs appear in the valence (due to the new RL gap position) and 
conduction (due to the band-crossing of third and fourth energy 
bands) sides. While only two vHs take place along the y-direction. 
In turn, this is a direct consequence of the anisotropic effect of 
CSB fields on the vHs in monolayer PbBiI. For FM = ε32 + ε12 in 
Fig. 3(c), one immediate result is the appearance of a wider dis-
persion. Furthermore, six and four vHs are formed along the x- and 
y-direction, respectively. The higher number of vHs is due to Weyl 
nodes in this regime such that the flatter vHs again belongs to 
the x-direction. As mentioned before, the system is re-gapped for 
FM = 2[ε32 + ε12], so, in Fig. 3(d), the gap around the zero energy 
is wider and the number of vHs along both directions is doubled. 
The vHs-doubling effect stems from the curvature of valence and 
conduction bands which is not the same as the pristine gapped 
phase. In contrast to two other regimes, this one leads to the flat-
ter vHs along the y-direction. As a general remark, it is necessary 
to point out that the bulk gap along both directions increases with 
FM ≥ ε32 + ε12. In terms of orbital hybridization in the presence 
of FM, it is also worth mentioning that the orbitals of lattice sites 
3

Fig. 4. Dressed band structure of monolayer PbBiI by the ISB field at (a) FISB = 0 eV, 
(b) FISB = 0.5[ε32 + ε12], (c) FISB = ε32 + ε12, and (d) FISB = 2[ε32 + ε12]. The sys-
tem is mostly gapped with the ISB field, in contrast to the in-plane magnetization 
field.

Fig. 5. Dressed electronic DOS of monolayer PbBiI by the ISB field at (a) FISB =
0 eV, (b) FISB = 0.5[ε32 + ε12], (c) FISB = ε32 + ε12, and (d) FISB = 2[ε32 + ε12]. 
In this mechanism, y-direction is the winner of flatter bands for weakest orbital 
hybridizations.

weakly overlap along the x-direction for FM ≤ ε32 +ε12, while this 
occurs along the y-direction for FM > ε32 + ε12.

3.2. FISB effects

Given that the different types of vHs around the Fermi level 
originate from the CSB field, another field like FISB should show 
different novel features in monolayer PbBiI. We now investigate 
FISB effects on the vHs in Fig. 4(b)-(d) focusing on the same three 
regimes. While there are almost negligible effects in the conduc-
tion bands, valence bands, and the Fermi level contribute to novel 
insights for both bulk and RL gaps. We find that the majority of the 
effects come up with gap opening. It is necessary to point out that 
in the case of FISB = 0.5[ε32 + ε12] in Fig. 4(b), the gapless phase 
in the valence band is not the bulk gap, but as a band-crossing ef-
fect between first and second bands, it occurs close to the Fermi 
level.

The most relevant number of vHs is then identical for all three 
regimes, except FISB = 0.5[ε32 +ε12] due to the crossing of valence 
bands close to the Fermi level. The first regime, Fig. 5(b), exhibits 
three vHs along the x-direction, while one still finds two vHs along 
the y-direction such that y-direction vHs are flatter. In the sec-
ond regime, Fig. 5(c), it is still safe to report two vHs along both 
directions. Similarly, y-directions provide the flatter vHs. In the x
component of the third regime, Fig. 5(d), the vHs in the conduction 
band is weak and one would report one vHs along the x-direction, 
while two vHs along the y-direction still take place with the most 
flatness. In terms of bulk gap, increasing trend for FISB ≥ ε32 + ε12
still holds true. Compared to the in-plane magnetization field FM, 
electrons dispersing along the y-direction provide flatter vHs in 
the presence of an ISB field. So, this shows that lattice sites over-
lap very weakly with the ISB field along the y-direction.
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Fig. 6. Dressed band structure of monolayer PbBiI by the F field at (a) F = 0 eV, 
(b) F = 0.5[ε32 + ε12], (c) F = ε32 + ε12, and (d) F = 2[ε32 + ε12]. Depending on 
the regime, more physical insights including the gapless phase and Weyl nodes can 
be extracted with a mixture of both previous mechanisms.

Fig. 7. Dressed electronic DOS of monolayer PbBiI by the F field at (a) F = 0 eV, 
(b) F = 0.5[ε32 +ε12], (c) F = ε32 +ε12, and (d) F = 2[ε32 +ε12]. Upon applying a 
mixture of in-plane magnetization and ISB fields, orbitals start to overlap differently 
compared to the individual overlap structure of the two mechanisms.

3.3. F effects

We now study the effects of the applied F field, as a mixture 
of both in-plane magnetization and ISB fields. We have already 
verified the emergence of Weyl nodes in the band structure with 
FM (not with FISB) and we expect to have them with F as well. 
The F evolution of the band structure for monolayer PbBi is sum-
marized in Fig. 6. In contrast to the Weyl nodes appeared with 
FM = ε32 + ε12, they appear with F < ε32 + ε12. Additionally, con-
duction bands never cross each other, while this was not the case 
with two fields separately. As the combined field becomes larger 
than the benchmark energy difference ε32 + ε12, band crossing in 
the valence side disappears, while we observed it before with indi-
vidual fields. A more interesting result is a nearly zero gap (we will 
show later in the electronic DOS that it is not completely zero) for 
F ≥ ε32 + ε12, while zero single gapless phase was only possible 
before with FM < ε32 + ε12.

We focus next on tracking the change in energy (relative to 
the Fermi level) of the vHs in the electronic DOS. The alteration 
that these vHs experience under external F is shown in Fig. 7. 
In all three regimes, two vHs along the y-direction move close to 
the Fermi level (in a linear fashion) upon applied F , and subse-
quently more vHs emerge at energies below and above the Fermi 
level such that we have five (four) vHs with F < ε32 + ε12 (F ≥
ε32 +ε12). However, we find six (four) vHs with F = ε32 +ε12 (oth-
erwise) along the x-direction. In terms of orbital overlap of lattice 
sites, flatter bands, i.e. weaker hybridizations, belong to the x-
and y-direction, respectively, for F < ε32 + ε12 and F ≥ ε32 + ε12. 
These results suggest that while the individual mechanisms (with 
their associated vHs) provide important electronic structure in-
gredients in monolayer PbBiI, the role of combined mechanisms 
cannot be disregarded, and even more physical insights than indi-
vidual ones emerge.
4

4. Conclusions

We have used tight-binding and Green’s function methods to 
investigate the electronic band structure and electronic DOS of 
monolayer PbBiI as a new family of QSHIs, and we tracked the 
evolution of the two vHs in the vicinity of the Fermi energy upon 
applying two fields, namely in-plane magnetization and ISB. When 
applying the in-plane magnetization field, a gapless phase and 
Weyl nodes appear and following this, the two vHs move away 
from the Fermi level. Upon applying an ISB field, we find mostly a 
gapped structure and the two vHs similarly move away from the 
Fermi level. However, a combination effect of both fields leads to 
an opposite trend as the two vHs move closer to the Fermi level. 
Overall, various flat bands emerge depending on the dispersion di-
rection of electrons and the strength of fields, meaning that the 
mechanisms are highly orbitally selective. Our results are highly 
desirable for optoelectronic applications since the optical absorp-
tion spectrum of a system can be mainly determined by the band 
structure and the novel physical insights above-mentioned play 
important roles.
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