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ABSTRACT. We study the Monge-Ampère operator within the
framework of Dinh-Sibony’s intersection theory defined via den-
sity currents. We show that if u is a plurisubharmonic function
belonging to the Błocki-Cegrell class, then the Dinh-Sibony n-
fold self-product of ddcu exists and coincides with the classically
defined Monge-Ampère measure (ddcu)n.

1. INTRODUCTION

Let Ω be a domain in Cn and let u be a plurisubharmonic (p.s.h. for short) func-
tion on Ω. A question of central importance in pluripotential theory and its ap-
plications is whether one can define the Monge-Ampère measure

(ddcu)n = dd
cu∧ · · · ∧ dd

cu

in a meaningful way. Recall that dc := (i/(2π))(∂̄ − ∂) and dd
c = (i/π) ∂ ∂̄.

For bounded p.s.h. functions, the definition of (ddcu)n and the study of
its fundamental properties are due to Bedford-Taylor [BT76]. The problem of
finding the largest class of p.s.h. functions where the Monge-Ampère operator is
suitably defined and continuous under decreasing sequences was studied for a long
time, and a complete characterization of this class was finally achieved by Cegrell
[Ceg04] and Błocki [Blo06]. We denote this class by D(Ω) and call it the Błocki-
Cegrell class.

The question of defining (ddcu)n = dd
cu∧· · ·∧dd

cu is an instance of the
fundamental problem of intersection of currents. Indeed, if we set T := dd

cu,
then T is a positive closed (1,1)-current on Ω and (ddcu)n is the self-intersection
Tn = T ∧ · · · ∧ T . The intersection theory of currents has been quite well devel-
oped thanks to the work of many authors. The case of bi-degree (1,1)-currents
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is more accessible because of the existence of p.s.h. functions as local potentials.
For this reason, this case was soon developed (see [CLN69, BT76, FS95, Dem]).
Later on, other notions of intersection were introduced, such as the non-pluripolar
product [BT87, BEGZ10] (see also [Vu20-2] for recent developments) and the
Andersson-Wulcan product of (1,1)-currents with analytic singularities [AW14].
All these generalized notions differ from classical ones by the fact that, in one way
or another, one removes the singular set of the currents before intersecting them.
As a drawback, there is a mass loss in this procedure.

A general intersection theory for currents of higher bi-degree was developed
only later. Most notably, Dinh-Sibony proposed two different notions of intersec-
tion, one using what they call superpotentials [DS09] and, more recently, another
one based on the notion of density currents, that we consider here. We refer to
the original paper [DS18] and also [Vu19] for generalizations and simplified ar-
guments. Both approaches have already found many applications in dynamical
systems and foliation theory.

The main goal of the present paper is to study the Monge-Ampère operator
from the point of view of the theory of density currents. We now briefly recall this
notion. More details are given in Section 2.

Let X be a complex manifold and let T1, . . . , Tm be positive closed currents
on X. Consider the Cartesian product Xm and the positive closed current T =
T1 ⊗ · · · ⊗ Tm on Xm. Let

∆ = {(x, . . . , x) : x ∈ X} ⊂ Xm

be the diagonal and N∆ be its normal bundle inside Xm. Using a certain type of
local coordinates τ inXm around∆with values inN∆, which are called admissible
maps, we can consider the current τ∗T defined around the zero section of N∆.

For λ ∈ C∗, let Aλ : N∆ → N∆ be the fiberwise multiplication by λ. A
density current R associated with (T1, . . . , Tm) is a positive closed current on N∆
such that there exists a sequence of complex numbers {λk}k∈N converging to ∞
for which

R = lim
k→∞

(Aλk)∗τ∗T,

for every admissible map τ. We then say that the Dinh-Sibony product T1 ⋏
· · · ⋏ Tm of T1, . . . , Tm exists if there is only one density current R associated
with (T1, . . . , Tm) and R = π∗S for some positive closed current on ∆, where
π : N∆→ ∆ is the canonical projection. In that case we define

T1 ⋏ · · · ⋏ Tm := S.

Our main result is the following (see Theorem 4.5 below).

Main Theorem. LetΩ be a domain in Cn and let u1, u2, . . . , um, 1 ≤m ≤ n,
be plurisubharmonic functions in the Błocki-Cegrell class. Then, the Dinh-Sibony
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product of ddcu1, . . . ,dd
cum is well defined, and

(1.1) dd
cu1 ⋏ · · · ⋏ dd

cum = dd
cu1 ∧ · · · ∧ dd

cum.

In particular, for every u in the Błocki-Cegrell class, the operator

u֏ (ddcu)⋏n := dd
cu ⋏ · · · ⋏ dd

cu

is well defined and coincides with the usual Monge-Ampère operator.
The last conclusion of the above theorem says, in other words, that the domain

of definition of the Monge-Ampère operator defined via Dinh-Sibony’s product
contains the Błocki-Cegrell class. The righthand side of (1.1) is obtained in the
standard way, that is, by considering sequences of smooth p.s.h. functions decreas-
ing touj , j = 1, . . . ,m, much as in the case wherem = n and all theuj are equal.
The fact that this mixed product is well defined and independent of the chosen
sequence is the content of Proposition 4.2 below. Although not explicitly stated
in the literature, this fact might be well known among experts. The case m = n
can be found in [Ceg04], and the case m < n covered by Proposition 4.2 follows
from simple modifications of arguments from [Ceg04] and [Blo06].

Our main theorem is a strengthening of Theorem 1.1 in [KV19] proven by
the last two authors, and it follows from a more general result (see Theorem 3.1).
This yields an optimal result that covers the most general case where the classical
Monge-Ampère operator is well defined and continuous with respect to decreasing
sequences.

The proof of Theorem 3.1 in the present work uses different techniques than
the ones in [KV19], providing new and clearer arguments. In particular, the in-
tegrability assumption on the uj required in [KV19] cannot be dropped with the
techniques used there, so they cannot be applied in our situation. Here, we bypass
this difficulty and show that those assumptions are actually unnecessary, yielding
the optimal result. In order to achieve that, we obtain almost everywhere vanishing
properties for Lelong numbers with respect to singular currents in the considered
class (cf. Lemma 3.2). Also, by systematically working with a well-chosen set of
test forms (cf. Definition 3.3), we can easily get the compactness of the family
of dilated currents (Lemma 3.8 below), which was overlooked in [KV19]. We
refer to the end of this introduction and the comments after Theorem 3.1 for an
overview of the arguments and the new ingredients of the proof.

It is worth mentioning that the many notions of intersection quoted here are
related to one another. As mentioned before, the present paper together with
[KV19] show that the intersection via density currents cover all known classical
products of (1,1)-currents. For higher bi-degree currents it is also known that
the density product generalizes the product of currents with continuous super-
potentials (see [DNV18]). Concerning generalized notions of products of (1,1)-
currents, such as the non-pluripolar product and the Andersson-Wulcan product,
some comparison results were obtained in [KV19]. The general phenomenon
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is that, in some sense, these products are dominated by the corresponding den-
sity currents. Moreover, the ideas of the present paper were further developed in
[Vu20] to prove that the Dinh-Sibony product of (1,1)-currents of full mass in-
tersection in Kähler classes on a compact Kähler manifolds exists and is equal to
their (relative) non-pluripolar product.

To end this introduction, let us outline the structure and the key points of
the proof of our main theorem. Our main result will follow from a more gen-
eral theorem showing that if a mixed product is well defined in the sense that it
is obtained via decreasing sequences of smooth p.s.h. functions, then the corre-
sponding Dinh-Sibony product exists and coincides with the classical one. This
is the content of Theorem 3.1 below. Its proof is obtained by induction on the
number of currents involved and uses the following key facts: the vanishing of
Lelong numbers with respect to the currents obtained in previous steps (Lemma
3.2), the interpretation of Lelong numbers as the mass of dilated currents (Lemma
3.4) and the observation that the dilation procedure in the definition of density
currents yields canonical regularizations via decreasing sequences of p.s.h. func-
tions (cf. the proof of Lemma 3.7). A more detailed outline is given below, after
the statement of Theorem 3.1. Finally, in Theorem 4.5, we prove our main theo-
rem by verifying that functions in the Błocki-Cegrell class satisfy the assumptions
of Theorem 3.1.

2. PRELIMINARIES ON DENSITY CURRENTS

In this section, we recall the definition and basic properties of tangent and density
currents. For details, the reader is referred to the original paper [DS18] and to
[KV19], [Vu19], [DNV18] for more material.

Let X be a complex manifold of dimension n and V be a smooth complex
submanifold of X of dimension ℓ. Let T be a positive closed (p,p)-current on X
with 0 ≤ p ≤ n.

Let NV be the normal bundle of V in X and denote by π : NV → V the
canonical projection. We identify V with the zero section ofNV . Let U be an open
subset of X with U ∩V ≠ 0. An admissible map on U is a smooth diffeomorphism
τ from U to an open neighbourhood of V ∩ U in NV such that τ is the identity
map on V ∩U and the restriction of its differential dτ to NV |V∩U is the identity.
Using a Hermitian metric on X, we can always find an admissible map defined on
a small tubular neighbourhood of V (see [DS18, Lemma 4.2]). This map is not
holomorphic in general. However, if one only works on a small open set of X, it
is easy to obtain holomorphic admissible maps.

For λ ∈ C∗, let Aλ : NV → NV be the multiplication by λ along the fibers
of NV . Consider the family of currents (Aλ)∗τ∗T on NV |V∩U parametrized by
λ ∈ C∗. We define a tangent current, following [DS18, KV19, Vu19].

Definition 2.1. A tangent current of T along V is a positive closed current
R on NV such that there exist a sequence (λk)k≥1 in C∗ converging to ∞ and a
collection of holomorphic admissible maps τj : Uj → NV , j ∈ J, whose domains
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cover V such that
R = lim

k→∞
(Aλk)∗(τj)∗T

on π−1(Uj ∩ V) for every j ∈ J.

Before continuing, let us make some comments on Definition 2.1. In [DS18],
the authors considered the situation where X is Kähler and suppT ∩V is compact.
There, a tangent current to T along V is defined as a limit current of the family
(Aλ)∗τ∗T as |λ| → ∞, where τ is a global admissible map, defined on an open
tubular neighborhood of V (see [DS18, Definition 4.5]). Then, they proceed to
show (cf. [DS18, Proposition 4.4]) that tangent currents are independent of the
choice of global admissible maps and can be localized in the following sense: if U
is an open subset of X and S = limk→∞(Aλk)∗τ∗T , then for every local admissible
map τ′ : U → NV we have S = limk→∞(Aλk)∗τ

′
∗T on π−1(U ∩ V). Therefore,

our definition of tangent currents is equivalent to that of [DS18] when suppT∩V
is compact and X is Kähler. Note also that, in this situation, it is shown in [DS18]
that tangent currents always exist.

However, in the cases we consider here, suppT ∩V is not necessarily compact.
Therefore, it is unclear whether we can use the original definition of [DS18]. This
is because using only global admissible maps it is hard to ensure that the family
(Aλ)∗τ∗T is compact and that the limit currents are independent of τ. That is
why we adopt a more flexible definition using local holomorphic admissible maps.

As in the compact setting, tangent currents depend in general on the sequence
(λk)k≥1. The existence of tangent currents in the local setting is a more delicate
matter, and we have to prove it in our particular situation. However, if such
currents exist, they are still independent of the choice of admissible maps.

Lemma 2.2. [KV19, Proposition 2.5] Let τ : U → NV be a holomorphic ad-
missible map. Assume there is a sequence (λk)k≥1 tending to ∞ such that (Aλk)∗τ∗T
converges to some current R on π−1(U ∩ V). Then, for any other admissible map
τ′ : U ′ → NV , we have

R = lim
k→∞

(Aλk)∗τ
′
∗T

on π−1(U ∩U ′ ∩ V).
A density current is a particular type of tangent current where V is the diagonal

inside a product space. More precisely, let m ≥ 1, and let Tj be positive closed
(pj , pj)-currents for 1 ≤ j ≤m on X. We usually assume that

p = p1 + · · · + pm ≤ n.

Let T = T1 ⊗ · · · ⊗ Tm be their tensor product. Then, T is a positive closed
(p,p)-current on Xm. Let ∆ = {(x, . . . , x) : x ∈ X} ⊂ Xm be the diagonal.
A density current associated with T1, . . . , Tm is a tangent current of T along ∆. A
density current is a positive closed (p,p)-current on the normal bundle N∆ of ∆
inside Xm.
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Let π : N∆ → ∆ be the canonical projection. The following definition is
given in [DS18].

Definition 2.3. We say that the Dinh-Sibony product T1 ⋏ · · · ⋏ Tm of
T1, . . . , Tm exists if there is a unique density current R associated with T1, . . . , Tm
and R = π∗S for some current S on ∆ = X. In this case, we define

T1 ⋏ · · · ⋏ Tm := S.

3. DINH-SIBONY PRODUCT AND CLASSICAL PRODUCTS

Let Ω be a domain in Cn. For a p.s.h. function u on Ω and a point x ∈ Ω, we
denote by ν(u,x) the Lelong number of u at x. See [Dem] for various definitions
and properties of the Lelong number.

The aim of this section is to prove the following general result. Our main
theorem will be a consequence of it.

Theorem 3.1. Let m ≥ 2 and p ≥ 0 be such that m − 1 + p ≤ n. Let
u1, . . . , um−1 be p.s.h. functions on Ω, and let T be a positive closed (p,p)-current
on Ω. Assume that for every subset J = {j1, . . . , jk} ⊂ {1, . . . ,m − 1}, there is a
current RJ on Ω so that, for any open set U ⊂ Ω, for j ∈ J and any sequence of
smooth p.s.h. functions (uℓj)ℓ∈N decreasing to uj on U as ℓ → ∞, one has

(3.1) dd
cuℓj1

∧ · · · ∧ dd
cuℓjk ∧ T -→ RJ on U as ℓ →∞.

We then define dd
cuj1 ∧ · · · ∧ dd

cujk ∧ T as the current RJ . If J = 0, we set
RJ := T .

Then, the Dinh-Sibony product of ddcu1, . . . ,dd
cum−1, T is well defined, and

one has

dd
cu1 ⋏ · · · ⋏ dd

cum−1 ⋏ T =(3.2)

= R{1,...,m−1} = dd
cu1 ∧ · · · ∧ dd

cum−1 ∧ T .

Before stating the preparatory results, let us briefly outline the structure of the
proof. From the definition of density product we have to show that R1,λ → π∗R1

as λ → ∞, where R1,λ is the dilation of the tensor product of T and dd
cuj ,

j = 1, . . . ,m − 1, along the diagonal, and R1 := dd
cu1 ∧ · · · ∧ dd

cum−1 ∧ T .
We will argue by induction on m. After fixing a suitable coordinate system on
(Cn)m = (Cn, y1) × · · · × (Cn, ym) it is enough to work with two types of test
forms Φ. For each type, the estimates are of a different nature.

• Forms of type I: Φ = ϕ1(y1) ∧ ϕ2(y2) ∧ · · · ∧ ϕm(ym), where ϕj
are positive (pj , pj)-forms on (Cn, yj) and at least one among ϕ1, . . . ,
ϕm−1 is not of top degree. In this case we have that 〈R1,λ,Φ〉 → 0 as
λ → ∞ (see Lemma 3.5). Here, we use Lemma 3.2, saying that the Le-
long numbers of uj are negligible with respect to the currents obtained
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in previous steps, and a characterization of Lelong numbers in terms of
dilated currents (Lemma 3.4).

• Forms of type II: Φ = ϕ1(y1) ∧ϕ2(y2) ∧ · · · ∧ϕm(ym), where ϕj is
a radial (n,n)-form for every j = 1, . . . ,m− 1. In this case we have that
〈R1,λ,Φ〉 → 〈R1, π∗Φ〉 as λ → ∞ (see Lemma 3.7). Here, we use that
the sequence of dilations yields canonical regularizations via decreasing
sequences of p.s.h. functions.

Working with forms of type I allows us to prove that the limit currents have
minimal horizontal dimension and, therefore, are the pullback of some current
Rh1,∞ in the diagonal (cf. Lemma 3.11). On the other hand, working with forms

of type II lets us recognize the current Rh1,∞ as being R1.
We now present the auxiliary lemmas we will need. The proof of Theorem 3.1

is given in the end of this section.

Lemma 3.2. Let the notation and the hypothesis be as in Theorem 3.1. Then,
for every J ⊂ {1, . . . ,m − 1} and every 1 ≤ k ≤ m − 1 such that k 6∈ J, we have
that ν(uk, ·) = 0 almost everywhere with respect to the trace measure of RJ .

Proof. We work locally. Let J ⊂ {1, . . . ,m − 1}. Let (uℓj)ℓ∈N be a sequence
of smooth p.s.h. functions decreasing to uj as ℓ → ∞ for j ∈ J. Further, let also

k ∈ {1, . . . ,m − 1} \ J. Let (uℓk)ℓ∈N be a sequence of locally bounded p.s.h.
functions decreasing to uk. We claim that

(3.3) dd
cuℓk ∧ RJ → RJ∪{k} as ℓ →∞.

Consider first the case where uℓk is smooth. Let Φ be a test form with compact

support and ε > 0 a constant. Using (3.1) and the fact that uℓk is smooth we can
find, for each ℓ ≥ 1 an index sℓ satisfying

∣∣∣
〈
dd
cuℓk ∧ RJ − dd

cuℓk ∧
∧

j∈J

dd
cu
sℓ
j ∧ T ,Φ

〉∣∣∣(3.4)

=
∣∣∣
〈
RJ −

∧

j∈J

dd
cu
sℓ
j ∧ T ,dd

cuℓk ∧ Φ
〉∣∣∣ ≤ ε.

We can choose (sℓ)ℓ so that it increases to ∞ as ℓ → ∞. Hence, u
sℓ
j decreases to

uj for j ∈ J and by hypothesis, one obtains

dd
cuℓk ∧

∧

j∈J

dd
cu
sℓ
j ∧ T → RJ∪{k} as s →∞.

It follows that
∣∣∣
〈
dd
cuℓk ∧

∧

j∈J

dd
cu
sℓ
j ∧ T − RJ∪{k},Φ

〉∣∣∣ ≤ ε
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for ℓ is big enough. Combining this with (3.4) gives

|〈ddcuℓk ∧ RJ − RJ∪{k},Φ〉| ≤ 2ε

for ℓ big enough. Therefore, (3.3) follows if uℓk is smooth.

The case of general uℓk follows from a regularization argument. Let uℓ,δk
be a standard smooth regularization of uℓk obtaining from convolution against

a smoothing kernel, so that uℓ,δk decreases to uℓk as δ → 0. For each ℓ, let δℓ be
small enough such that

(3.5) |〈ddcuℓk ∧ RJ − dd
cu
ℓ,δℓ
k ∧ RJ ,Φ〉| ≤ ε.

We can choose δℓ to be decreasing in ℓ. Hence, u
ℓ,δℓ
k are smooth p.s.h. functions

decreasing to uk as ℓ →∞. By the first part of the proof, we see that ddcu
ℓ,δℓ
k ∧RJ

converges to RJ∪{k}. This combined with (3.5) gives

|〈ddcuℓk ∧ RJ − RJ∪{k},Φ〉| ≤ 2ε

for ℓ big enough. Hence, (3.3) follows.
Recall that our goal is to prove RJ has no mass on {ν(uk, ·) > 0}. Let

w(x) = ‖x‖2, where x is the standard coordinate system on Cn. Let N be a large
constant, and set

uℓk := log(euk + 1/ℓeNw).

Then, theuℓk are locally bounded p.s.h. functions that decrease tou as ℓ →∞.
Suppose RJ has positive mass on V := {ν(uk, ·) > 0}, that is, 1VRJ ≠ 0. Notice

that uk = −∞ on V implies uℓk = Nw − logℓ on V . It follows that

dd
cuℓk ∧ RJ ≥ dd

cuℓk ∧ (1VRJ) = dd
c(uℓk1VRJ) = Ndd

cw ∧ (1VRJ).

Let K be a fixed compact set that is charged by 1VRJ . Then, the mass of
Ndd

cw ∧ (1VRJ) over K equals cN for some constant c > 0 independent of ℓ.
By the above inequality and (3.3) one gets that the mass of RJ∪{k} on K is ≥ cN.
Choosing N large enough gives a contradiction. This finishes the proof. ❐

Let (x1, . . . , xm) be the canonical coordinate system in Ωm and ∆ be the
diagonal of Ωm. Let yj := xj − xm for 1 ≤ j ≤ m − 1 and ym := xm. Then,
(y1, . . . , ym−1, ym) forms a new coordinate system on Ωm and

∆ = {yj = 0 : 1 ≤ j ≤m− 1}
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which is identified with Ω. Using these coordinates, we identify naturally the
normal bundle of ∆ with the trivial bundle π : (Cn)m−1 ×Ω → Ω. Observe that
the change of coordinates ̺ : Ωm → (Cn)m−1 ×Ω given by

̺(x1, . . . , xm) = (x1 − xm, . . . , xm−1 − xm, xm)

:= (y1, . . . , ym) := (y ′, ym) := y

is a holomorphic admissible map. By Lemma 2.2, it will be enough to work only
with ̺.

For 1 ≤ j ≤m− 1, let Tj := dd
cuj , T̃ := π∗T , and

ũj(y
′, ym) := ̺∗uj(y ′, ym) = uj(yj +ym).

We can check that ũj is locally integrable with respect to

dd
cũj+1 ∧ · · · ∧ dd

cũm−1 ∧ T̃

for j =m − 1, . . . ,1; and for every sequence (uℓj)ℓ∈N of smooth p.s.h. functions

decreasing to uj and ũℓj := ̺∗u
ℓ
j , we have

(3.6) dd
cũℓ1 ∧ · · · ∧ dd

cũℓm−1 ∧ T̃ → dd
cũ1 ∧ · · · ∧ dd

cũm−1 ∧ T̃

as ℓ → ∞. (For the meaning of the righthand side, see Definition 3.13 below.)
The above assertions follow from reasoning similar to the one in Lemma 2.3 of
[KV19]. Consequently, we get

̺∗(T1 ⊗ · · · ⊗ Tm−1 ⊗ T) = dd
cũ1 ∧ · · · ∧ dd

cũm−1 ∧ T̃ .

Now, for 1 ≤ j ≤m− 1, let

Rj,λ := (Aλ)∗̺∗(Tj ⊗ · · · ⊗ Tm−1 ⊗ T)

= (Aλ)∗(dd
cũj ∧ · · · ∧ dd

cũm−1 ∧ T̃ ),

and for J ⊂ {1, . . . ,m− 1}, let

RJ,λ := (Aλ)∗
( ∧

j∈J

dd
cũj ∧ T̃

)
.(3.7)

Define also

Rj := R{j,...,m−1} = dd
cuj ∧ · · · ∧ dd

cum−1 ∧ T .

We need to show that

R1,λ
|λ|→∞
-----------------------------------------------------------------------------------------------------------------------------------------------→ π∗R1.
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We will do that by testing R1,λ against forms of different types.
For future use, we note that

(3.8) R1,λ = dd
cu1(λ

−1y1+ym)∧· · ·∧dd
cum−1(λ

−1ym−1+ym)∧T(ym).

This is clear when the uj are smooth and the general case follows by regularizing
the uj and using (3.6).

In the definition below and throughout this paper, in dyj ∧ dyj will be a
shorthand notation for the standard volume form on (Cn, yj), that is,

in dyj ∧ dyj :=
( n∑

k=1

idy
j
k ∧ dy

j
k

)n
.

Definition 3.3. Let Φ be a differential form on

(Cn, y1)× (Cn, y2)× · · · × (Cn, ym).

We say that Φ is a positive split form if it can be written as

Φ = ϕ1(y
1)∧ϕ2(y

2)∧ · · · ∧ϕm(y
m),

where ϕj are positive (pj , pj)-forms on (Cn, yj).
An (n,n)-form ϕj on (Cn, yj) is radial if it is rotation invariant, namely, if

it is of the form
ϕj(y

j) = χ(‖yj‖2) · in dyj ∧ dyj

for some smooth function χ.

In the sequel we will need the following expression of the Lelong number in
terms of tangent currents. We denote by β the standard Kähler form of Cn, and
by Bρ(0) the open ball of radius ρ centered at the origin in Cn.

Lemma 3.4. Let S be a positive closed (p,p)-current defined near the origin in
Cn. Let Aλ(z) = λz and set Sλ := (Aλ)∗S. Let λk be an increasing sequence tending
to ∞ such that Sλk converges to S∞. Let

σS∞ = S
∞ ∧ (1/(n− p)!)βn−p

be the trace measure of S∞ and ν(S; 0) be the Lelong number of S at the ori-
gin. Then, there is a constant cp > 0 depending only on p such that ν(S; 0) =
limλk→∞ cpσSλk (B1(0)) = cpσS∞(B1(0)) and the limit is decreasing.

Proof. To simplify the notation we may assume the limit of (Aλ)∗S as λ tends
to infinity exists and is equal to S∞. Set cp := (n − p)!/πn−p. Then, by the
definition of Lelong number [Dem] we have

ν(S; 0) = lim
r→0

1
πn−pr 2n−2p

∫

Br (0)
S ∧ βn−p
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= lim
|λ|→∞

1
πn−p

|λ|2n−2p
∫

B1/|λ|(0)
S ∧ βn−p

= lim
|λ|→∞

1
πn−p

∫

B1/|λ|(0)
S ∧ (Aλ)

∗βn−p

= lim
|λ|→∞

1
πn−p

∫

B1/|λ|(0)
(Aλ)

∗[(Aλ)∗S ∧ β
n−p]

= lim
|λ|→∞

1
πn−p

∫

B1(0)
(Aλ)∗S ∧ β

n−p

≥
1

πn−p

∫

B1(0)
S∞ ∧ βn−p = cpσS∞(B1(0)).

In the second equality we have used that A∗λβ = |λ|
2β, and in the last inequality

we have used the fact that if a sequence of measures mλ converges to m and U is
open, then lim infλmλ(U) ≥m(U). Hence,

(3.9) ν(S; 0) ≥ cpσS∞(B1(0)).

Repeating the above argument on closed balls, and using the fact that if a
sequence of measures mλ converges to m then lim supλmλ(K) ≤ m(K) for all
closed sets K, we get that ν(S; 0) ≤ cpσS∞(B1(0)). Now, the current S∞ is invari-
ant by (At)∗ for every t ∈ C∗ (see [DS18]), and hence its mass is homogeneous,
namely, σS∞(Bρ(0)) = ρ2n−2pσS∞(B1(0)) for every ρ > 0 and similarly for the
closed ball. For 0 < ρ < 1 this gives

ν(S; 0) ≤ cpσS∞(B1(0)) = cpρ2p−2nσS∞(Bρ(0)) ≤ cpρ2p−2nσS∞(B1(0)).

Letting ρ ր 1 gives ν(S; 0) ≤ cpσS∞(B1(0)). Together with (3.9) this gives
the desired result.

It is a standard fact that all the above limits are decreasing as r → 0, or equiv-
alently as λ→∞ (see [Dem, III.5]). ❐

Theorem 3.1 will be proved by induction on m. The induction step will
make use of the next lemma. Let u1, . . . , um−1 and T be as in Theorem 3.1.
Then, for J ⊂ {1, . . . ,m − 1}, let RJ,λ be the current defined in (3.7) and RJ =∧
j∈J dd

cuj ∧ T , defined as in the statement of Theorem 3.1.

Lemma 3.5. With the above notation and the hypothesis of Theorem 3.1, assume
that RJ,λ → π∗RJ as λ→∞ for every J ⊂ {1, . . . ,m− 1} such that |J| ≤m− 2.

Let Φ be a positive split test form with compact support on

(Cn, y1)× · · · × (Cn, ym).

Assume that Φ is not of bi-degree (n,n) on yk for some 1 ≤ k ≤ m − 1. Then,
〈R1,λ,Φ〉 → 0 as λ →∞.
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Proof. By assumption,

Φ = ϕ1(y
1)∧ · · · ∧ϕm−1(y

m−1)∧ϕm(y
m),

where each ϕj is positive and compactly supported. Observe that we only need
to consider forms Φ such that R1,λ ∧Φ has full degree; otherwise, the last product
vanishes and the result is trivial.

Notice that the current R1,λ has only terms of degree 0, 1, or 2 on each yj ,
j = 1, . . . ,m−1. Therefore, it suffices to consider the case whereϕj has bi-degree
(n− 1, n− 1) or (n,n) for every j = 1, . . . ,m− 1. Set

J =
{
j ∈ {1, . . . ,m− 1} : ϕj has bi-degree (n,n)

}

and

K =
{
k ∈ {1, . . . ,m− 1} : ϕk has bi-degree (n− 1, n− 1)

}
.

It follows from the assumption on Φ that K is non-empty and |J| ≤ m − 2.
Hence, by hypothesis,

lim
|λ|→∞

RJ,λ = π
∗RJ .

Set ϕJ =
∧
j∈Jϕj and ϕK =

∧
k∈Kϕk. Since J ∪ K = {1, . . . ,m − 1}, we

have that Φ =ϕJ ∧ϕK ∧ϕm. It follows from (3.8) that

R1,λ ∧ Φ =
∧

k∈K

(ddcuk(λ
−1yk +ym))∧ϕK ∧ RJ,λ ∧ϕJ ∧ϕm.

Since R1,λ ∧ Φ is a current of top degree in (Cn, y1) × · · · × (Cn, ym), it
must have bi-degree (n,n) on each yj (otherwise, R1,λ ∧ Φ = 0 and the lemma
is trivial). Hence, for j ∈ J only the derivatives of uj with respect to ym will
contribute, while for k ∈ K, only the derivatives of uk with respect to yk will
contribute. This gives

(3.10) R1,λ ∧ Φ =
∧

k∈K

(ddcykuk(λ
−1yk +ym))∧ϕK ∧ RJ,λ ∧ϕJ ∧ϕm.

Here, the symbol ddcyk means that we only consider the (weak) derivatives

with respect to the yk variables. The fact that the above wedge product is well
defined is obvious when the uj are smooth. This is less obvious for non-smooth
functions, but it can be justified as in [KV19, Lemma 2.3]. Now, for fixed ym

and k ∈ K we have that
∣∣∣∣
∫

yk
dd
c
ykuk(λ

−1yk +ym)∧ϕk(y
k)

∣∣∣∣ ≤

≤ ck

∫

Bk
dd
c
ykuk(λ

−1yk + ym)∧ βn−1(yk),
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where ck > 0 is a constant independent of ym, β is the standard Kähler form
on (Cn, yk), and Bk is a ball in (Cn, yk) containing the support of ϕk. By
Lemma 3.4, the integral on the righthand side of the above inequality decreases
to a constant independent of ym times the Lelong number of the (1,1)-current
dd
c
ykuk(y

k + ym) at yk = 0, which is equal to ν(uk, ym). Here, we use that

the Lelong number of a positive closed (1,1)-current coincides with the Lelong
number of any of its local potential (cf. [Dem, III.6.9]). Hence, for every ym one
has

lim sup
|λ|→∞

∣∣∣∣
∫

yk
dd
c
ykuk(λ

−1yk + ym)∧ϕk(y
k)

∣∣∣∣ ≲ ν(uk, ym).

Combining this with (3.10), the hypothesis that RJ,λ → π∗RJ as λ → ∞, and
Lemma 3.6 below, one obtains

lim sup
|λ|→∞

|〈R1,λ ∧ Φ〉| ≲
∫

ym

( ∏

k∈K

ν(uk, y
m)
)
RJ ∧ϕm.

The last integral in the above inequality vanishes because ν(uk, ·) = 0 almost
everywhere with respect to RJ , by Lemma 3.2. Therefore,

lim sup
|λ|→∞

|〈R1,λ ∧ Φ〉| = 0,

concluding the proof of the lemma. ❐

We have used the following well-known result.

Lemma 3.6. Let X be a locally compact Hausdorff space. Let mλ be a sequence
of Radon measures on X whose supports are contained in a fixed compact subset of
X. Assume that mλ → m as λ → ∞. Then, for any sequence (fλ)λ of continuous
functions decreasing pointwise to a function f , we have that

lim sup
λ→∞

∫

X
fλ dmλ ≤

∫

X
f dm.

Lemma 3.7. Under the assumptions of Theorem 3.1, let

Φ = ϕ1(y
1)∧ · · · ∧ϕm−1(y

m−1)∧ϕm(y
m)

be a positive split test form with compact support on (Cn, y1) × · · · × (Cn, ym).
Assume that ϕj is a radial (n,n)-form for every j = 1, . . . ,m− 1. Then,

〈R1,λ,Φ〉 → 〈R1, π∗Φ〉 as λ →∞.

Proof. After multiplying Φ by a positive constant, we can assume that
∫

(Cn,yj)
ϕj = 1 for every j = 1, . . . ,m− 1.
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Notice that π∗Φ = ϕm and ϕm has bidegree (n−m− p + 1, n−m− p + 1).
For j = 1, . . . ,m− 1, define

uλj (y
m) :=

∫

(Cn ,yj)
uj(λ

−1yj +ym)ϕj(y
j).

Observe that uλj is a convolution against a (radially symmetric) smoothing

kernel on a disc of radius |λ|−1 centered at ym. Hence, uλj is a smooth p.s.h.
function on (Cn, ym) decreasing pointwise to uj(ym) as λ → ∞ (see Chap-
ter I.4.18 in [Dem]). By (3.1) we get that

(3.11) dd
cuλ1 ∧ · · · ∧ dd

cuλm−1 ∧ T
λ→∞
-----------------------------------------------------------------------------------------------------------------→ R1.

Recall from (3.8) that

R1,λ = dd
cu1(λ

−1y1 +ym)∧ · · · ∧ dd
cum−1(λ

−1ym−1 +ym)∧ T(ym).

Using the fact that the bidegree of each ϕj , j = 1, . . . ,m−1, is maximal, one has

dd
cuj(λ

−1yj + ym)∧ϕj = dd
c
ymuj(λ

−1yj + ym)∧ϕj j = 1, . . . ,m− 1.

Hence,

R1,λ ∧ Φ = dd
c
ymu1(λ

−1y1 +ym)∧ϕ1(y
1)∧ · · ·

· · · ∧ dd
c
ymum−1(λ

−1ym−1 +ym)

∧ϕm−1(y
m−1)∧ T(ym)∧ϕm(y

m).

Taking the integral of both sides of the above equality and using Fubini’s theorem,
one obtains

〈R1,λ,Φ〉

=

∫

(Cn ,ym)

((∫

(Cn,y1)
dd
c
ymu1(λ

−1y1 + ym)∧ϕ1(y
1)

)
∧ · · ·

· · · ∧

(∫

(Cn ,ym−1)
dd
c
ymum−1(λ

−1ym−1 +ym)∧ϕm−1(y
m−1)

))

∧ T(ym)∧ϕm(y
m)

=

∫

(Cn,ym)
dd
cuλ1(y

m)∧ · · · ∧ dd
cuλm−1(y

m)∧ T(ym)∧ϕm(y
m)

= 〈ddcuλ1 ∧ · · · ∧ dd
cuλm−1 ∧ T ,ϕm〉.

By (3.11), the last quantity tends to 〈R1,ϕm〉 = 〈R1, π∗Φ〉 as λ → ∞. This
finishes the proof. ❐
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The following result is an important consequence of the previous lemmas.

Lemma 3.8. Under the assumptions of Lemma 3.5, the mass of R1,λ on compact
sets is uniformly bounded.

Proof. Let ω :=
∑m
j=1

∑n
k=1 idy

j
k ∧ dy

j
k be the standard Kähler form on

(Cn)m = (Cn, y1) × · · · × (Cn, ym), and set Θ := ωnm−m+1−p. In order to
prove the desired assertion, using the fact that R1,λ is positive, it is enough to
check that the mass of the trace measure R1,λ ∧Θ is uniformly bounded on com-
pact subsets of Ωm.

Notice that the form Θ is a linear combination of positive split forms. There-
fore, in order to obtain the above bound, it will be enough to prove that 〈R1,λ,Φ〉
is uniformly bounded for any fixed positive split test form

Φ = ϕ1(y
1)∧ · · · ∧ϕm−1(y

m−1)∧ϕm(y
m)

with compact support.
If ϕj is not of top degree for some j = 1, . . . ,m − 1, then, by Lemma

3.5, we have that |〈R1,λ,Φ〉| → 0 as λ → ∞. In particular, |〈R1,λ,Φ〉| is uni-
formly bounded. Hence, we can assume that ϕj has bidegree (n,n) for every
j = 1, . . . ,m− 1. In this case, sinceϕj is always bounded by some radial positive
test form, we can assume furthermore that ϕj is radial for every j. From this ob-
servation and Lemma 3.7, we have 〈R1,λ,Φ〉 → 〈R1, π∗Φ〉 as λ→∞. In particular,
|〈R1,λ,Φ〉| is uniformly bounded. This finishes the proof of the lemma. ❐

We now recall from [DS18, Section 3] the notion of horizontal dimension of
currents on vector bundles. Actually, the authors consider projective fibrations,
that is, the projectivization P(E) of a given holomorphic vector bundle E. Here,
we phrase the definitions and results for vector bundles instead. The proofs can
be easily adapted from the ones in [DS18].

Let V be a Kähler manifold of dimension ℓ with Kähler form ωV and let
π : E → V be a holomorphic vector bundle over V .

Definition 3.9. Let S be a non-zero positive closed current on E. The hor-
izontal dimension (h-dimension for short) of S is the largest integer j such that

S ∧π∗ω
j
V ≠ 0.

We will need the following characterization of currents of minimal h-dimen-
sion.

Lemma 3.10. Let S be a positive closed (p,p)-current on E with p ≤ ℓ. Assume
that the h-dimension of S is smaller than or equal to ℓ − p. Then, the h-dimension
of S is equal to ℓ − p and there is a positive closed (p,p)-current Sh on V such that
S = π∗(Sh).

Proof. (See [DS18, Lemma 3.4].) ❐
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Now, let V = Ω ⊂ (Cn, ym), ωV =
∑n
k=1 dymk ∧ dȳmk := β(ym) be the

standard Kähler form on Ω and E be the trivial bundle π : (Cn)m−1 × Ω → Ω,
π(y ′, ym) = ym.

Recall from Lemma 3.8 that (R1,λ)λ is a relatively compact family of positive
closed (m− 1+ p,m − 1+ p)-currents on E.

Lemma 3.11. In the assumptions of Lemma 3.5, let R1,∞ be a limit point of
the family R1,λ as λ → ∞. Then, the h-dimension of R1,∞ is minimal, equal to
n −m + 1 − p. In particular, there is a positive closed (m − 1 + p,m − 1 + p)-
current Rh1,∞ on Ω such that R1,∞ = π∗R

h
1,∞.

Proof. Let λk be a sequence that tends to ∞ such that R1,λk → R1,∞. By
Lemma 3.10, we only need to show that R1,∞ ∧ π∗βn−m−p+2(ym) = 0. To do
this, it is enough to verify that

〈R1,∞ ∧π
∗βn−m−p+2(ym),Φ〉 = 0

for every positive split test form Φ.
Let Φ = ϕ1(y1) ∧ · · · ∧ϕm−1(ym−1) ∧ϕm(ym) be such a form. As in

the beginning of the proof of Lemma 3.5, we may assume that each ϕj , j = 1,
. . . ,m− 1, has bidegree (n,n) or (n− 1, n− 1). Since the total bidegree of Φ is
(p′, p′), where

p′ = nm− (n−m− p + 2)− (m− 1+ p) = nm−n− 1,

at least one of ϕj , j = 1, . . . ,m − 1, has bidegree (n− 1, n− 1). In this case, by
Lemma 3.5, one has 〈R1,λ ∧π∗βn−m−p+2(ym),Φ〉 → 0 as λ → ∞. This finishes
the proof. ❐

We are now in position to prove Theorem 3.1.

End of proof of Theorem 3.1. Recall our notation

Rj,λ := (Aλ)∗(dd
cũj ∧ · · · ∧ dd

cũm−1 ∧ T̃ ) (1 ≤ j ≤m− 1),

RJ,λ := (Aλ)∗
( ∧

j∈J

dd
cũj ∧ T̃

)
(J ⊂ {1, . . . ,m− 1}),

Rj := R{j,...,m−1} = dd
cuj ∧ · · · ∧ dd

cum−1 ∧ T (1 ≤ j ≤m− 1).

Recall also that proving (3.2) is equivalent to proving that

R1,λ
|λ|→∞
-----------------------------------------------------------------------------------------------------------------------------------------------→ π∗R1.

We will proceed by induction onm. Whenm = 1 the result is obvious. Now
let m ≥ 2 and assume RJ,λ → π∗RJ as λ → ∞ for every J ⊂ {1, . . . ,m− 1} such
that |J| ≤m−2. When m = 2 this assumption is vacuous. Then, the hypothesis
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of Lemma 3.5 is satisfied. By Lemma 3.8, the family (R1,λ)λ is relatively compact.
Let R1,∞ = limλk→∞R1,λk be one of its limit points. By Lemma 3.11, there is a
positive closed (m−1+p,m−1+p)-currentRh1,∞ onΩ such that R1,∞ = π∗R

h
1,∞.

We need to show that Rh1,∞ = R1.
Let ϕm be a test form on (Cn, ym). Take ϕ1, . . . ,ϕm−1 positive radial

(n,n)-forms with compact support such that
∫

(Cn ,yj)
ϕj = 1 for every j =

1, . . . ,m − 1. Then, Φ := ϕ1 ∧ · · · ∧ ϕm−1 ∧ ϕm is such that π∗Φ = ϕm.
Using Lemma 3.7, we get

〈Rh1,∞,ϕm〉 = 〈R
h
1,∞, π∗Φ〉 = 〈π∗Rh1,∞,Φ〉 = 〈R1,∞,Φ〉

= lim
λk→∞

〈R1,λk ,Φ〉 = 〈R1, π∗Φ〉 = 〈R1,ϕm〉.

Asϕm is arbitrary, we get Rh1,∞ = R1. This concludes the proof of the theorem. ❐

Remark 3.12. In the statement of Theorem 3.1, if we consider the case where
m− 1 + p > n, then the arguments in the above proof still work, and we obtain
that the associated density current vanishes.

Let R be a positive closed current and v be a p.s.h. function. If v is locally
integrable with respect to (the trace measure) of R, we define, following Bedford-
Taylor,

dd
cv ∧ R := dd

c(vR).

For a collection v1, . . . , vs of p.s.h. functions, we can apply the above defini-
tion recursively, as long as the integrability conditions are satisfied.

Definition 3.13. We say that the intersection of ddcv1, . . . ,dd
cvs , R is classi-

cally well defined if, for every non-empty subset J = {j1, . . . , jk} of {1, . . . , s},
we have that vjk is locally integrable with respect to the trace measure of R,
and inductively, we have that vjr is locally integrable with respect to the trace
measure of dd

cvjr+1 ∧ · · · ∧ dd
cvjk ∧ R for r = k − 1, . . . ,1, and the prod-

uct ddcvj1 ∧ · · · ∧ dd
cvjk ∧ R is continuous under decreasing sequences of p.s.h.

functions.

The last definition is slightly more restrictive than the one given in [KV19].
We have the following comparison result between the Dinh-Sibony product and
the above notion of wedge products. This result is a direct consequence of Theo-
rem 3.1.

Corollary 3.14. Let m ≥ 2 and p ≥ 0 be such that m − 1 + p ≤ n. Let
u1, . . . , um−1 be p.s.h. functions on Ω, and let T be a positive closed (p,p)-current
on Ω. Assume that ddcu1∧· · ·∧dd

cum−1∧T is classically well defined. Then, the
Dinh-Sibony product of ddcu1, . . . ,dd

cum−1, T is well defined and

dd
cu1 ⋏ · · · ⋏ dd

cum−1 ⋏ T = dd
cu1 ∧ · · · ∧ dd

cum−1 ∧ T .
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We note that [KV19, Theorem 1.1] asserts a similar conclusion, but there’s an
imprecision in the proof of the result as stated there.

4. PRODUCTS IN THE BŁOCKI-CEGRELL CLASS AND

THE DOMAIN OF DEFINITION OF THE MONGE-AMPÈRE OPERATOR

In this section we apply Theorem 3.1 to the study of the domain of definition of
the Monge-Ampère operator via Dinh-Sibony’s intersection product. Let Ω be a
domain in Cn. Denote by PSH(Ω) the set of p.s.h. functions on Ω.

Definition 4.1. The Błocki-Cegrell class on Ω is the subset D(Ω) of PSH(Ω)
consisting of functions u with the following property: there exists a measure µ
in Ω such that for every open set U ⊂ Ω and every sequence (uℓ)ℓ of smooth
p.s.h. functions on U decreasing to u pointwise as ℓ →∞, we have that (ddcuℓ)n

converges to µ as ℓ →∞.
For u ∈ D(Ω), we define (ddcu)n := µ, where µ is the above measure.

The classD(Ω) is the largest subset of PSH(Ω) where we can define a Monge-
Ampère operator that coincides with the usual one for smooth p.s.h. functions and
which is continuous under decreasing sequences (see [Ceg04, Blo06]).

We first need the following result ensuring the existence of the mixed products
in the Błocki-Cegrell class.

Proposition 4.2. Let Ω be a domain in Cn, and let u1, u2, . . . , um, 1 ≤m ≤

n, be p.s.h. functions in D(Ω). Then, there exists a positive closed (m,m)-current
Sm such that for every open set U ⊂ Ω and every sequence (uℓj)ℓ of smooth p.s.h.
functions on U decreasing to uj pointwise as ℓ →∞, we have that

dd
cuℓ1 ∧ · · · ∧ dd

cuℓm → Sm on U as ℓ →∞.

For u1, u2, . . . , um ∈ D(Ω), we define their wedge product by

dd
cu1 ∧ · · · ∧ dd

cum := Sm,

where Sm is the current that appears in the above proposition. In particular,
for u ∈ D(Ω), one sees that (ddcu)n is the Monge-Ampère measure given in
Definition 4.1.

As mentioned in the Introduction, Proposition 4.2 is known when m = n,
and the case m < n might also be known to experts. We give a proof here for
completeness, following closely the proof of [Blo06, Theorem 1.1]. A simplifying
step in [Blo06] is the fact that it suffices to work with test functions that are p.s.h.
on a ball and vanish on its boundary. In the case m < n, this step is replaced by
the following lemma.

Lemma 4.3. Let B1 ⋐ B2 ⋐ Ω be balls. Let A be the vector space generated
by forms of the type hdd

cv1 ∧ · · · ∧ dd
cvn−m, where h,v1, . . . , vn−m are p.s.h.

functions on B2 which are continuous up to ∂B2 and vanish on ∂B2. Then, every
smooth (n−m,n−m)-form ψ compactly supported in B1 is in A.



Intersection of (1,1)-Currents and the Domain of. . . 257

Proof. It is a standard fact that every smooth (n −m,n−m)-form ψ com-
pactly supported in B1 can be written as a linear combination of forms of type
η := hiγ1∧ γ̄1∧ · · ·∧ iγn−m∧ γ̄n−m, where h is a smooth function with com-
pact support in B1 and γ1, . . . , γn−m are (1,0)-forms with constant coefficients
(see [Dem, III.1.4]). Hence, it is enough to prove the desired assertion for η as
above.

Write γℓ =
∑n
j=1 ajℓ dzj , for 1 ≤ ℓ ≤ n − m, where ajℓ ∈ C. Ob-

serve iγℓ ∧ γ̄ℓ = dd
cvℓ, where vℓ(z) := π|

∑n
j=1 ajℓzj|

2, where (z1, . . . , zn)
are the standard coordinates on Cn. Let ṽℓ be the envelope constructed from
vℓ as in Lemma 4.4 for 1 ≤ ℓ ≤ n − m. We have that ṽℓ = vℓ on B1,
ṽℓ ∈ PSH(B2)∩C0(B̄2), and ṽℓ = 0 on ∂B2. This combined with the fact that h
is compactly supported in B1 gives η = hdd

cṽ1 ∧ · · · ∧ dd
cṽn−m. On the other

hand, since B2 is a ball, we can express h = h1−h2 where h1, h2 are smooth p.s.h.
functions such that h1 = h2 = 0 on ∂B2. We deduce that η ∈ A. This finishes
the proof. ❐

For the proof of Proposition 4.2, we need the following result about Monge-
Ampère measures of envelopes. The first part is classical (see [BT76, Wal69]),
while the second part is contained in the proof of Theorem 1.1 in [Blo06].

Lemma 4.4. Let B1 ⋐ B2 ⋐ Ω be balls compactly contained inΩ. For a negative
continuous function v ∈ PSH(Ω), set

ṽ := sup{w ∈ PSH(B2) : w < v on B1 and w < 0 on B2}.

Then, ṽ is a p.s.h. function on B2 which is continuous on B̄2 and satisfies the
following:

(1) ṽ = 0 on ∂B2;
(2) ṽ = v on B̄1;
(3) (ddcṽ)n = 0 on B2 \ B̄1.

Moreover, if u ∈ D(Ω), then for any sequence (uℓ)ℓ≥1 of smooth p.s.h. functions on
Ω decreasing to u, we have

sup
ℓ≥1

∫

B2

(ddcũℓ)
n < +∞.

Proof of Proposition 4.2. By using Lemma 4.3, the proof is parallel to that of
Theorem 1.1 in [Blo06]. We include the main differences in the argument for
completeness. Since the problem is local, in order to get the desired assertion, it
suffices to prove that there exists a current Sm on Ω such that for every ball B1 ⋐ Ω
and every sequence (uℓj)ℓ≥1 of smooth p.s.h. functions on Ω decreasing to uj for

1 ≤ j ≤m, we have dd
cuℓ1 ∧ · · · ∧ dd

cuℓm → Sm on B1 as ℓ →∞.
Let B2 ⋐ Ω be a ball containing B̄1. Let h,v1, . . . , vn−m ∈ PSH(B2)∩C0(B̄2)

be functions vanishing on ∂B2. Put η := hdd
cv1 ∧ · · · ∧ dd

cvn−m. Let ũj be
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the envelope constructed from uj as in Lemma 4.4, for 1 ≤ j ≤m. We have that

ũj = uj on B1(4.1)

ũj is continuous up to ∂B2 and is equal to 0 on ∂B2 for 1 ≤ j ≤m. Let

Sℓm := dd
cuℓ1 ∧ · · · ∧ dd

cuℓm,

S̃ℓm := dd
cũℓ1 ∧ · · · ∧ dd

cũℓm.

We will prove that 〈S̃ℓm, η〉 is convergent. By [Ceg04, Corollary 5.6], we have

∫

B2

dd
cũℓ1 ∧ · · · ∧ dd

cũℓm ∧ dd
cv1 ∧ · · · ∧ dd

cvn−m

≤

(∫

B2

(ddcũℓ1)
n
)1/n

· · ·

(∫

B2

(ddcũℓm)
n
)1/n

×

(∫

B2

(ddcv1)
n
)1/n

· · ·

(∫

B2

(ddcvn−m)
n
)1/n

.

This combined with Lemma 4.4 yields that 〈S̃ℓm, η〉 is uniformly bounded as
ℓ → ∞. With this last property, we can follow the exact same arguments from
the proof of [Blo06, Theorem 1.1]. This gives that limℓ→∞〈S̃

ℓ
m, η〉 exists and is

independent of the choice of the sequences (uℓj )ℓ≥1. Using this and Lemma 4.3,

for every smooth form ϕ compactly supported in B1, we obtain that 〈S̃ℓm,ϕ〉

converges to a number independent of the choice of (uℓj)ℓ≥1 as ℓ → ∞. On the
other hand, by (4.1), we get

〈Sℓm,ϕ〉 = 〈S̃
ℓ
m,ϕ〉.

Consequently, the limit limℓ→∞〈S
ℓ
m,ϕ〉 exists and is independent of the choice

of (uℓj)ℓ≥1 as ℓ → ∞. Hence, the current Sm defined by setting 〈Sm,ϕ〉 :=

limℓ→∞〈S̃
ℓ
m,ϕ〉 satisfies the desired property. This concludes the proof of Propo-

sition 4.2. ❐

Theorem 4.5. Let Ω be a domain in Cn, and let u1, u2, . . . , um, 1 ≤m ≤ n,
be functions in D(Ω). Then, the Dinh-Sibony product of ddcu1, . . . ,dd

cum is well
defined, and

dd
cu1 ⋏ · · · ⋏ dd

cum = dd
cu1 ∧ · · · ∧ dd

cum.

In particular, for u ∈ D(Ω), note that the Dinh-Sibony Monge-Ampère operator
u֏ (ddcu)⋏n is well defined and coincides with the usual one.
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Proof. We will apply Theorem 3.1 to u1, u2, . . . , um−1 and T = dd
cum. Let

J ⊂ {1, . . . ,m−1}. Then, the current RJ =
∧
j∈J dd

cuj∧dd
cum is well defined,

by Proposition 4.2. Now, we check the hypothesis of Theorem 3.1 for RJ . Let

(uℓj)ℓ be a sequence of smooth p.s.h. functions decreasing to uj for j ∈ J. We

need to show that
∧
j∈J dd

cuℓj ∧ dd
cum converges to RJ as ℓ → ∞. Let (uℓm)ℓ

be a sequence of smooth functions decreasing to um. Let Φ be a smooth test form
with compact support and ε > 0 a constant. For every ℓ, since dd

cuℓm → dd
cum,

there exists sℓ ∈ N such that

(4.2)
∣∣∣
〈 ∧

j∈J

dd
cuℓj ∧ dd

cu
sℓ
m −

∧

j∈J

dd
cuℓj ∧ dd

cum,Φ
〉∣∣∣ ≤ ε.

We can choose sℓ so that sℓ is decreasing in ℓ. Hence, u
sℓ
m decreases to um. By

Proposition 4.2, we get
∧
j∈J dd

cuℓj ∧ dd
cu
sℓ
m → RJ as ℓ → ∞. This combined

with (4.2) gives ∣∣∣
〈 ∧

j∈J

dd
cuℓj ∧ dd

cu
sℓ
m − RJ ,Φ

〉∣∣∣ ≤ 2ε

for ℓ big enough. Hence,
∧
j∈J dd

cuℓj ∧ dd
cum converges to RJ as ℓ → ∞. In

other words, we have checked the hypothesis of Theorem 3.1 for RJ . The desired
assertion follows. The proof is thus finished. ❐
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[BT87] , Fine topology, Šilov boundary, and (ddc)n, J. Funct. Anal. 72 (1987), no. 2,
225–251. http://dx.doi.org/10.1016/0022-1236(87)90087-5 . MR886812.

[Ceg04] URBAN CEGRELL, The general definition of the complex Monge-Ampère operator, Ann.
Inst. Fourier (Grenoble) 54 (2004), no. 1, 159–179 (English, with English and French
summaries). http://dx.doi.org/10.5802/aif.2014. MR2069125.

[CLN69] SHIING SHEN CHERN, HAROLD I. LEVINE, AND LOUIS NIRENBERG, Intrinsic
norms on a complex manifold, Global Analysis (Papers in Honor of K. Kodaira), Univ.
Tokyo Press, Tokyo, 1969, pp. 119–139. MR0254877.

[Dem] JEAN-PIERRE DEMAILLY, Complex Analytic and Differential Geometry, available at
https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf.
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