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Abstract

To study a 0-dimensional scheme X in P" over a perfect field K, we use the
module of Kéhler differentials Q}z  of its homogeneous coordinate ring R and
its exterior powers, the higher modules of Kahler differentials Q’Ig/ k- One of
our main results is a characterization of weakly curvilinear schemes X by the
Hilbert polynomials of the modules Q2% K which allows us to check this property
algorithmically without computing the primary decomposition of the vanishing
ideal of X. Further main achievements are precise formulas for the Hilbert
functions and Hilbert polynomials of the modules Q’]g/ i for a fat point scheme
X which extend and settle previous partial results and conjectures. Underlying
these results is a novel method: we first embed the homogeneous coordinate
ring R into its truncated integral closure R. Then we use the corresponding

map from the module of Kahler differentials Q}% s Q% K to find a formula

for the Hilbert polynomial HP(Q}, / 5) and a sharp bound for the regularity
index ri(Q, / ). Next we extend this to formulas for the Hilbert polynomials
HP(Q / ) and bounds for the regularity indices of the higher modules of Kéhler
differentials. As a further application, we characterize uniformity conditions on
X using the Hilbert functions of the Kéhler differential modules of X and its
subschemes.
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1. Introduction

The study of O-dimensional subschemes X of a projective space P”, in par-
ticular of finite sets of points, has a long and rich history. Traditional tools used
in this area are the homogeneous vanishing ideal Ix of X in P = K|z, ..., z,],
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the homogeneous coordinate ring R = P/Ix, its Hilbert function HFx (i) =
dimg (R;), and the canonical module wgr of R. In several previous works, the
authors introduced and started using the Kahler differential module Q}% /K of R
and even the entire Kéhler differential algebra €3, - = AR(Q}%/K) in order to
advance this topic (see [4], [7], and [8]).

In the present paper we systematize this approach, extend it by several new
techniques, solve and unify previous partial results and conjectures, and derive
a number of useful applications to some computational tasks. Let us describe
the individual contributions in more detail.

In Section 2 we recall some basic objects related to a 0-dimensional scheme X
in the projective space P™ over a perfect field K, in particular its homogeneous
vanishing ideal Ix C P = K[Xo,...,X,], its homogeneous coordinate ring
R = P/Ix, and its Hilbert function HFx (i) = dimg (R;) for i € Z. We always
assume that the support of X is contained in the affine space D (Xy) and
denote its affine coordinate ring by S = K[X1,..., X,|/I$". After identifying
the homogeneous ring of quotients of R with S[xo, zg 1, we introduce a new
tool, namely the embedding of R into its truncated integral closure R~S [%o].

These techniques come to fruition in Section 3, where we introduce and
study the Kahler differential module Q}% K and its Hilbert function HFQ}? e
The main new results are the description of HP(Q} / x) and a sharp bound
ri(Qp g) < 27x + 1 for the (Hilbert) regularity index of Q. Here rx is the
regularity index of X, i.e., the first degree from where on the Hilbert function
agrees with the value of the Hilbert polynomial (see Prop. 3.4). After finding the
Hilbert function and the Hilbert polynomial of R (see Prop. 3.7), we construct

the canonical map & : Q} /K Q% K explicitly, show that Ker(®) is exactly

the torsion submodule of Q}z K and use it to prove our first main result, namely
the formula

HP(Qp k) = deg(X) + dimg (25 )

for the Hilbert polynomial of Q}% K Notice that, in the current setting, this
Hilbert polynomial agrees with the multiplicity mult(Q}, / ) of the finitely gen-
erated graded R-module Q}z K

Further tools are provided in Section 4 in order to study the torsion submod-
ule TQF, /i and other important submodules of Q5 /- The Euler derivation 4 :
R — Rgiven by 6(f) =i f for f € R; gives rise to the Fuler forme : Q}%/K — R
which satisfies e(dz;) = x; for i = 0,...,n. The Koszul complex over ¢ is called
the Euler-Koszul complex of R, and the image of £(2) : AQQ}%/K — Q}%/K is
called the Koszul submodule Ug i = (xidr; — xjdz; |0 < i < j < n) of Q}Q/K.
Both TQ}B/K and Ug/ i are contained in Ker(e) (see Props. 4.2 and 4.4). The
Koszul submodule is equal to Ker(e) if char(K) is zero or > 2rg + 1, and in
the other cases the (small) difference between the two submodules is laid out in
detail in Prop. 4.6.

Next up, we apply the preceding results in Section 5 to the higher Kéahler
differential modules Q’];Z/ > Where m > 1. After recalling the presentation and



computation of Q’]??/K (see Prop. 5.2), we use the embedding R < R to prove
the formula
HP(QF/ k) = dimg(Qg)x) + dimK(QgL/;g)

for the Hilbert polynomial of QQ/K and the sharp bound ri(Q’]’;Z/K) <rg+m
for its regularity index (see Prop. 5.4).

In final three sections we apply and extend these algebraic results to char-
acterize and compute geometric properties of the scheme X. In Section 6 we
look at (weakly) curvilinear schemes which are defined by the property that the
maximal ideals of their local rings are unigenerated. Notice that this generalizes
slightly the condition that these local rings are of the form K[z]/(p*) with an
irreducible polynomial p. Special cases are, of course, smooth schemes for which
it is known that they can be characterized by Q}g JK = 0, or, equivalently, by

HP(Q}%/K) = deg(X) (see Prop. 6.1). Note that this allows us to check smooth-
ness of X without computing the primary decomposition of Ix. In a similar
vein, we characterize non-smooth weakly curvilinear schemes by Q}q x 7 0and
Qg’/ i = 0 for m > 2. Equivalently, the scheme X is weakly curvilinear, but not
smooth, if and only if

HP(Qh ) > deg(X), HP(Q ) = HP(Qh ;) — deg(X), and
HP(QF) ;) =0form >3

(see Prop. 6.6). Thus we can check algorithmically whether X is weakly curvilin-
ear without computing a primary decomposition. Using the dimensions of the
residue class fields of the local rings of X, we can also write down explicit for-
mulas for the Hilbert polynomials of QF /i and Q2 /i in the weakly curvilinear
case (see Cor. 6.8).

The next application is contained in Section 7 where we consider fat point
schemes X. They are defined by vanishing ideals of the form Ix = I;1*N---N1"
where the points p; in the support of X are assumed to be K-rational and
m; > 1. The case of a reduced scheme, i.e., the case m; = -+ = m; = 1, is easily
characterized by HP(Q}DL/K) =tand HP(Q’}Z/K) = 0 for m > 2 (see Remark 7.1).
The general case reduces to the study of Kahler differential modules of rings of
the form S = A/q*, where A = K[X1,...,X,] and q = (X1,...,X,,). Here we
obtain explicit formulas for the values of the Hilbert function of Q?/ ¢ which

only depend upon the value of § = dim g (dq* A Q’Xﬁé) (see Prop. 7.2).

If char(K) = 0 or char(K) > k, we succeed in determining this value ¢ using
a number of subtle and detailed arguments (see Props. 7.4, 7.5, and 7.6). Thus
we are able to derive the explicit formula

dim () = () (") + (") A D)

for $ = K[X1,...,X,]/(X1,...,X,)F and char(K) = 0 or char(K) > k (see
Thm. 7.8). Under a more stringent assumption about the characteristic of K, we
also provide another proof based on the exactness of the Euler-Koszul complex
(see Prop. 7.9 and Remark 7.10).



