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A B S T R A C T

We investigated the magneto-optical properties of the Pöschl–Teller GaAs/AlAs quantum well (QW) due to the
electron–interface optical (IO) phonon interaction based on the optically-detected (OD) magneto–IO-phonon
resonance (MIOPR) effect. The methods of the operator projection and the profile were used to calculate the
MO-absorption power (MOAP) and measure the full width at half maximum (FWHM) of the OD-MIOPR peaks.
The results are as follows: The well-width (𝐿𝑊 ), the temperature of the electron–phonon system (𝑇 ), and the
magnetic field (𝐵) strongly affect the MOAP and the FWHM of the OD-MIOPR peaks for both the two emission
and absorption cases of IO-phonons in both the materials of the well and the barrier. The FWHMs in both the
materials of the well and the barrier for the absorption case of an IO-phonon are bigger than those for the
emission case. The FWHM due to IO-phonon interaction in the GaAs material of the well is stronger than that
in the AlAs material of the barrier for both the two IO-phonons emission and absorption cases. Especially, the
result also showed that the FWHMs in the Pöschl–Teller QW are always bigger than those in the rectangular
QW for the two emission and absorption cases of IO-phonons in both the GaAs and AlAs materials of the well
and the barrier, respectively. Our specific results are expected to be promising data for potential applications
in optoelectronic devices.
1. Introduction

In recent years, there has been an increasing interest in studying
semiconductor heterostructures, such as superlattice structures, inver-
sion layers, quantum wells, and the like. The confined electronic states
in such systems cause many new physical effects and properties with
practical importance in micro- and optoelectronics device fabrication.
Due to spatial separation from donor impurities, the mobility of a
two-dimensional (2D) electron gas is significantly enhanced in het-
erostructure semiconductors at low temperatures. However, at high
temperatures, electron interactions with optical phonons dominate the
determination of various electronic properties, including mobility [1,
2]. 2D semiconductor structures are known to have unique properties
and potential applications due to their high specific surface area [3],
strong quantum confinement [4], and different electronic structures
compared to bulk semiconductor structures [5–7]. Confining electrons
in such nanostructures enhances radiative recombination efficiency,
making them valuable for optoelectronic applications [8]. In recent
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years, there has been an increasing interest in utilizing GaAs quantum
wells that are embedded in AlAs/GaAs superlattices. This is because
by replacing the AlGaAs alloy barriers with short-period superlattices,
advanced microelectronic and optoelectronic devices such as quantum
well lasers, LEDs, solar cells, photodetectors and micro-sensors, etc.
can be produced with improved performance parameters [9,10]. Re-
cently developed experimental techniques have revealed substantial
atomic-scale roughness at GaAs/Al(Ga)As interfaces, including through
chemical lattice mapping [11]. Various types of 2D materials possess
distinctive features that make them practical for numerous applications
such as bio-applications, topological spintronics, optoelectronics, elec-
tronics, and energy devices [12,13]. The optoelectronic properties of
such materials change significantly when their thickness is reduced to
a single or a few atomic layers, resulting in a shift from indirect to
direct band-gap [14,15]. It is well known that phonon interaction plays
a crucial role in the device physics of intersubband lasers based on QW
structures. Through transitions of confined electrons between excited
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conduction band states due to interaction by phonons, especially optical
phonons localized in quantum wells, the physics of such intersubband
laser devices generate photons. The above judgment for the role of op-
tical phonons is particularly true for intersubband electron transitions
due to their interaction in QW structures [16]. There has been signifi-
cant interest in studying the issue of el–O-ph interaction in QW struc-
tures. In fact, there have been investigations of electron–optical-phonon
interaction energies [17–19], the scattering rate [20–22], cyclotron
resonance [23,24], the hot electron–optical phonon interactions [25],
optical properties [26], magneto-optical properties [27–38], etc. In
most of these works, the usual Fröhlich interaction based only on bulk
and confined optical-phonons has been used. However, it was recog-
nized recently that optical phonons in heterostructure semiconductors
can be influenced strongly by the presence of heterointerfaces [39]. The
present paper aims to elucidate the difference in the contributions of
interface phonons to el–O-ph interactions between Pöschl–Teller and
rectangular quantum wells. The unique features of the Pöschl–Teller
potential lie in its tunable asymmetry, and the associated Schrödinger
equation is solvable through the analytical method. The presence of
heterointerfaces leads to optical phonon confinement in each layer and
IO-phonons which are localized in the vicinity of interfaces. It has been
theoretically demonstrated that in some cases, interface phonons can
significantly contribute to the interaction between optic phonons and
electrons [40]. There exist IO-phonons in heterostructure semiconduc-
tors that are localized in the vicinity of the interfaces and they have
frequencies situated in the forbidden gap between transverse optical
(TO) and longitudinal optical (LO) bulk phonons. It is well-known
that at room temperature as well as higher temperatures, the el–IO-ph
scattering mechanism can be considered to be a principal mechanism
affecting electron transitions. A complete understanding of el–IO-ph
scattering mechanisms and intensities is essential to further progress in
nanodevice fields. In semiconductors containing polar materials such
as gallium arsenide (GaAs), it is the optical phonons that exert a great
influence on transport and optical properties. Therefore it is necessary
to better understand el–O-ph interactions and optical phonon modes
in heterostructures, particularly for IO-phonons and el–IO-ph interac-
tions. GaAs is a vital semiconductor and is a compound of arsenic
and gallium. It is used in a variety of applications, such as optoelec-
tronic devices, infrared and laser diodes, solar cells, integrated circuits
at microwave frequencies, light-emitting diodes, photovoltaic cells,
thermoelectric devices, tunnel field-effect transistors, etc. In addition,
GaAs has also been used in aerospace and military applications, like
sensors, secure communications, and radars. There are two methods
for producing GaAs nano-structures: by employing either top-down or
bottom-up methods where various electrochemical etching techniques
can be used for producing these structures. GaAs nanostructures come
in various forms, including nano-wires and discs, quantum dots and
wells, quantum rings and wires, nanopores, and so on. Electrochem-
ically formed porous GaAs nano-structures are highly desirable for
many various applications. Their distinct nanoscale characteristics and
significant surface-to-volume ratio are the reasons for this. In addition,
porous GaAs has a wide range of applications. It can be used as a
virtual substrate for InGaAs, an anti-reflective coating for GaAs solar
cells because of its low elasticity, and a temporary carrier for reducing
solar cell weight through layer transfer processes. Porous GaAs has even
been demonstrated to provide quick response to humidity sensing [41].
In the context of GaAs/AlAs quantum well, the inclusion of AlAs
barriers results in the formation of GaAs/AlAs interfaces within the
conducting channel. As the scattering rates due to IO-phonons are
expected to rise with decreasing well width, it is crucial to ascertain
the significance of IO-phonons as the well width varies. As a matter of
fact, there are investigations have been conducted on the importance
of IO-phonons in el–O-ph interaction and scattering such as polar IO-
phonons in double heterostructures [40], in wurtzite nanocrystals [42],
in wurtzite GaN/AlN QWs [43], in a wurtzite GaN-AlN nano-wire [44],
2

in GaAs-AlAs superlattices [45], in quantum wells [46,47], in single and
double heterostructures [2], and in GaN/ZnO heterostructures [16].
The investigation of el–IO-ph interaction in general and the optical
absorption features in particular of heterostructure semiconductors has
been of great interest from both applied and theoretical perspectives
because of its crucial role in the production of optoelectronic devices.
For single heterostructure semiconductors such as quantum wells, the
problem of the contribution of the IO-phonons to el–O-ph interactions,
we have also performed some works in very recent years as follows: the
el–IO-ph scattering in QWs due to phonon absorption (emission) [48],
the cyclotron–IO-phonon-resonance in semi-parabolic QWs [49], the
influence of IO-phonons compared with confined phonons on cyclotron
resonance in QWs [50], the contribution of various kinds of IO-phonons
to the el–IO-ph scattering in two-dimensional electronic system [51],
etc. Despite the extensive investigations conducted, the influence of IO-
phonons on the el–O-ph interaction has not yet been elucidated fully in
most of these studies because of various confining potential QWs that
have not been considered. To date, there have not yet been detailed the-
oretical investigations on the el–IO-ph interaction in Pöschl–Teller and
finite square potential QWs which are of great practical importance.
Simultaneously, the effects of the quantum confinement potential of
the electron on the strength of the el–IO-ph interaction have not yet
been considered in the past years. Therefore a detailed investigation of
the MO transition properties due to the el–IO-ph interaction for both
two absorption and emission cases of an IO-phonons in the Pöschl–
Teller QW structures is necessary to provide valuable insights into the
production of optoelectronic devices and future experimental studies.
In particular, the obtained result for the Pöschl–Teller QW was com-
pared with that for the rectangular QW which has been previously
published to elucidate the difference in the contributions of IO-phonons
to el–O-ph interactions between two these two potential shapes. The
comparative results obtained from the study may have significant
consequences for practical device applications based on QW structures
where the el–IO-ph interaction is one of the important mechanisms
for carrier relaxation. In this paper, the MO-properties of the Pöschl–
Teller GaAs-AlAs QW due to the el–IO-ph interaction for both the
two absorption and emission cases of an IO-phonon in GaAs-well and
AlAs-barrier materials based on the OD-MIOPR effect are studied. In
particular, in addition to studying the crucial roles of IO-phonons for
the MO-properties of the Pöschl–Teller GaAs/AlAs QW, we also try to
elucidate the difference in the contributions of IO-phonons to el–O-
ph interactions between Pöschl–Teller and rectangular QWs. In other
words, the influence of the quantum confinement potential of electrons
in QWs on the contributions of IO-phonons to el–ph interactions is
also clarified in this work. In order to carry out this investigation, we
will proceed with the following steps. First, we derive the confinement
potential, the energy, and the wave function of the electron in the
Pöschl–Teller QW. Second, we carry out accurate computations for the
matrix element of the el–IO-ph interaction, in this case, IO-phonon
modes play a very crucial role. Third, using the operator projection
method in order to calculate accurately the MO conductivity tensor of
the Pöschl–Teller QW electron due to the el–IO-ph interaction. Then,
by inserting the MOCT expression into the MOAP one, and at the
same time carrying out the systematic computations, we obtain the
explicit expression for the MOAP due to the el–IO-ph interaction in the
Pöschl–Teller QW. Finally, in order to complete this study, we utilize
mathematical software to accurately numerically calculate and visually
represent the physical graphs. The physical meaning of this work will
be discussed in detail using analytical, numerical, and visual results.
The outline of this paper is as follows. In Section 2, we present the
potential Pöschl–Teller QW model, which includes the electron’s con-
finement potential, energy, and wave function. More importantly, the
IO-phonon modes and the matrix element of the el–IO-ph interaction
in Pöschl–Teller QW are also presented in this section. In Section 3,
we carry out accurate computations for the MOCT and the MOAP due
to the el–IO-ph interaction in the Pöschl–Teller QW. Section 4 is the

numerical results and discussion. Finally, Section 5 is the conclusion.
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2. Electron–interface optical phonon interaction in Pöschl–Teller
QWS

2.1. Pöschl–Teller QW model

We investigate a single Pöschl–Teller QW model that enables elec-
trons to freely move in the (𝑥, 𝑦) plane but are confined in the quantum-
well growth direction (𝑧-direction). Where the form of Pöschl–Teller
confining potential is defined by [52–56]:

𝑉 (𝑧) = ℏ2𝜆2

2𝑚∗

[

𝜂(𝜂 − 1)
sin2(𝜆𝑧)

+
𝜈(𝜈 − 1)
cos2(𝜆𝑧)

]

, (1)

here 𝜆 = 𝜋∕(2𝐿𝑊 ) in which 𝐿𝑊 refers to the well-width, 𝑚∗ represents
he effective mass. The Pöschl–Teller potential, 𝑉 (𝑧), can be adjusted

for asymmetry utilizing parameters 𝜂 and 𝜈. Where if 𝜂 is equal to
𝜈, the confined potential, 𝑉 (𝑧), of the electron in this QW becomes
perfectly symmetrical. We study a Pöschl–Teller quantum system under
a static, uniform magnetic field of strength 𝐵 applied in the direction of
growth of the QW. When employing the effective mass approximation,
the eigenvalues of a single electron in the Pöschl–Teller QW and its
eigenfunctions are expressed in a specific format as follows [54–56]:

𝛹 ,𝑚 = 1
√

𝐿𝑦
𝜓 (𝑥 − 𝑥0)𝑒

𝑖𝑘𝑦𝑦𝛶𝑚(𝑧) (2)

and

𝐸 ,𝑚 =
(

 + 1
2

)

ℏ𝜔𝑐 +
𝜆2ℏ2(𝜂 + 𝜈 + 2𝑚)2

2𝑚∗ . (3)

Where, the subband and Landau indexes are represented respectively
by 𝑚 and  , and they can take on values of 0, 1, 2, etc. The quantities
𝑦 and 𝑘𝑦 are the well-width and the wave vector in the 𝑦-direction.
he quantity 𝜓 (𝑥 − 𝑥0) is the harmonic oscillator function in which
0 = −𝑟2𝑐𝑘𝑦 and 𝑟𝑐 = ℏ∕

√

𝑚∗𝜀 denotes the cyclotron-radius, with
= ℏ𝑒𝐵∕𝑚∗. The electronic wave-function in the QW growth direction,
𝑚(𝑧), is given by [54–56]

𝑚(𝑧) = 𝐴𝑚 sin𝜂(𝜆𝑧) cos𝜈 (𝜆𝑧)

× 2𝐹1
[

−𝑚, 𝜂 + 𝜈 + 𝑚, 𝜂 + 1∕2; sin2(𝜆𝑧)
]

,
(4)

here 2𝐹1
[

−𝑚, 𝜂 + 𝜈 + 𝑚, 𝜂 + 1∕2; sin2(𝜆𝑧)
]

is the hypergeometric func-
tion, and 𝐴𝑚 the normalization constant. In Eq. (3), the cyclotron
energy is represented by ℏ𝜔𝑐 where ℏ𝜔𝑐 = |𝑒|𝐵∕(𝑚∗𝑐).

2.2. Matrix element of el–IO-ph interaction in Pöschl–Teller QW

The matrix element of the el–IO-ph interaction in GaAs/Al-As poten-
tial Pöschl–Teller QW is expressed in a specific format as follows [57,
58]

|⟨𝑖|𝐻𝑒𝑙−𝐼𝑂−𝑝ℎ|𝑓 ⟩|
2 =

2𝑒2𝜋𝑓𝜁𝜂𝛺
𝑆0𝑞ℏ𝜔𝜁𝜗(1 ±𝛺)

| 𝜁
𝑚𝑚′ (𝑞)|

2
|𝐽 , ′ (𝜉)|2

× 𝛿𝑘𝑓⊥ ,𝑘𝑖⊥±𝑞⊥
,

(5)

here 𝑆0 = 𝐿𝑥𝐿𝑦, and 𝜔𝜁𝜗 the frequency of the IO-phonon modes, it
takes the form
𝜔2
𝜁𝜗 =

𝜒𝜁 ± [𝜒2
𝜁 − ℏ4(𝜃1𝜁 + 𝜃2𝜁 )(𝜃1𝜁𝜔2

𝐿𝑂1𝜔
2
𝑇𝑂2 − 𝜃2𝜁𝜔

2
𝐿𝑂2𝜔

2
𝑇𝑂1)]

1∕2

ℏ2(𝜃1𝜁 + 𝜃2𝜁 )
,

(6)

where the quantities such as 𝜒𝜁 , 𝜃1𝑠, and 𝜃1𝑠 are described by the
following expressions:

𝜒𝜁 = ℏ2[𝜃1𝜁 (𝜔2
𝑇𝑂2 + 𝜔

2
𝐿𝑂1) + 𝜃2𝜁 (𝜔

2
𝑇𝑂1 + 𝜔

2
𝐿𝑂2)]∕2, (7)

𝜃1𝑠 = 𝜃1∞(1 −𝛺), 𝜃2𝑠 = 𝜃2∞(1 +𝛺), (8)
3

𝜃1𝑎 = 𝜃1∞(1 +𝛺), 𝜃2𝑎 = 𝜃2∞(1 −𝛺). (9)
Where, the dielectric constants at high frequency are represented by
𝜃1∞ and 𝜃2∞ for the well GaAs-material and the barrier AlAs-material.
Here, the subscripts 1 and 2 display the well GaAs-material and barrier
AlAs-material. The two quantities 𝛺 and 𝑓𝜁𝜗 in Eq. (5) take the form
of

𝛺 = exp (−𝑞𝐿𝑊 ) (10)

and

𝑓𝜁𝜗 =
ℏ2(𝜔2

𝜁𝜗 − 𝜔
2
𝑇𝑂1)(𝜔

2
𝜁𝜗 − 𝜔

2
𝑇𝑂2)

(𝜔2
𝜁+ − 𝜔2

𝜁−)(𝜃1𝜁 + 𝜃2𝜁 )
, (11)

here, 𝑞 is the IO-phonon wave-vector, and the frequency of the LO- and
TO-phonons in the well GaAs-material (barrier AlAs-material) which
are represented by 𝜔𝐿𝑂1 and 𝜔𝑇𝑂1 (𝜔𝐿𝑂2 and 𝜔𝑇𝑂2). 𝜁 reveals the sym-
metric (s) IO-phonon mode and antisymmetric (a) IO-phonon mode.
𝜗 = ± is to distinguish between two IO-modes in the well GaAs-material
(-) and the barrier AlAs-material (+).  𝜁

𝑚𝑚′ (𝑞), in Eq. (5) denotes the
overlap integral, is expressed in a specific format as follows

 𝜁
𝑚𝑚′ (𝑞) = ∫

∞

−∞
𝛶 ∗
𝑚′ (𝑧)[𝑒𝑞𝑧 ± 𝑒−𝑞𝑧]𝛶𝑚(𝑧)𝑑𝑧, (12)

nd 𝐽 , ′ (𝜉) is a quantity which is given by

𝐽 , ′ (𝜉)|2 =
𝑁2!𝑒−𝜉𝜉𝑁1−𝑁2

𝑁1!
[𝐿𝑁1−𝑁2

𝑁2
(𝜉)]2, (13)

with 𝜉 = 𝑟2𝑐𝑞
2∕2, 𝑁1 = 𝑚𝑎𝑥{ , ′}, 𝑁2 = 𝑚𝑖𝑛{ , ′}, and 𝐿𝑁1−𝑁2

𝑁2
(𝜉)

is the Laguerre polynomial.

3. Conductivity tensor and absorption power

3.1. MO-conductivity tensor produced by el–IO-ph interaction in Pöschl-
Teller QW

When a circularly polarized electromagnetic wave is incident upon a
quantum system with angular frequency 𝜔, the MOCT of the electrons
produced by el–IO-ph interaction in Pöschl–Teller QW is represented
by [59–62]

+−(𝜔) =
𝑖
𝜔

lim
𝛥→0+

∑

𝛾
(𝑗+𝛾 )

∗𝑇𝑅{𝜌0(𝐻)[ , 𝑐†𝛾 𝑐𝛾+1]}, (14)

where the value of 𝑗+𝛾 can be determined by using the formula 𝑗+𝛾 =
𝑖𝑒[2(𝛾 + 1)ℏ𝜔𝑐∕𝑚∗]1∕2. The many-body trace is represented by 𝑇𝑅,
hile the grand canonical density operator is denoted by 𝜌0(𝐻). The
perator 𝑐+𝛾 (𝑐𝛾+1) is utilized for both electronic creating (annihilating)
n the |𝛾⟩ (|𝛾 + 1⟩) state within the Pöschl–Teller QW. The operator

is defined by  = (ℏ�̄� − )−1+, where + = 𝑥 + 𝑖𝑦 the current
ensity operator, and  the Liouville operator. Calculating further the
OCT of electrons in the Pöschl–Teller QW can be achieved through

he projection operators which are defined as

𝛾 =
⟨⟩𝛾

⟨+⟩𝛾
+ and 𝑄𝛾 = 1 − 𝑃𝛾 , (15)

ere

⟩𝛾 = 𝑇𝑅{𝜌0(𝐻)[ , 𝑐†𝛾 𝑐𝛾+1]}. (16)

pplying the relation, 𝑃𝛾+𝑄𝛾 = 1, on the right hand side of the Liouville
perator , and at the same time utilizing the identity (𝐴𝐵) which is
etermined by the expression (𝐴 − 𝐵)−1 = 𝐴−1 + 𝐴−1𝐵(𝐴 − 𝐵)−1 and
+⟩𝛾 = 𝑗+𝛾 (𝑓𝛾+1 − 𝑓𝛾 ) in calculation, we finally possess the precise
epresentation of the MOCT produced by el–IO-ph interaction in the
öschl–Teller QW, as shown below:

+−(𝜔) =
𝑖 lim

+

∑ |𝑗+𝛾 |
2(𝑓𝛾+1 − 𝑓𝛾 )

, (17)

ℏ𝜔 𝛥→0 𝛾 �̄� − 𝜔𝑐 − 𝛾 (�̄�)
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here the Fermi–Dirac distribution function is represented by 𝑓𝛾 =
1∕{exp[(𝐸𝛾 −𝐸𝐹 )∕𝑘𝐵𝑇 ] + 1} in which 𝐸𝐹 refers to the Fermi level, and
the line-width function by 𝛾 (�̄�) which takes the form

𝛾 (�̄�) =
1

ℏ(𝑓𝛾+1 − 𝑓𝛾 )
∑

𝜇

∑

𝑞
|𝛾,𝜇(𝑞)|2

×
[ (1 + 𝜚𝑞)𝑓𝛾+1(1 − 𝑓𝜇)
ℏ�̄� + ℏ𝜔𝜁𝜗 − 𝛾+1,𝜇

−
𝜚𝑞𝑓𝜇(1 − 𝑓𝛾+1)

ℏ�̄� + ℏ𝜔𝜁𝜗 − 𝛾+1,𝜇

−
(1 + 𝜚𝑞)𝑓𝜇(1 − 𝑓𝛾+1)
ℏ�̄� − ℏ𝜔𝜁𝜗 − 𝛾+1,𝜇

+
𝜚𝑞𝑓𝛾+1(1 − 𝑓𝜇)

ℏ�̄� − ℏ𝜔𝜁𝜗 − 𝛾+1,𝜇

]

+ 1
ℏ(𝑓𝛾+1 − 𝑓𝛾 )

∑

𝜇

∑

𝑞
|𝜇,𝛾+1(𝑞)|2

×
[ (1 + 𝜚𝑞)𝑓𝜇(1 − 𝑓𝛾 )
ℏ�̄� + ℏ𝜔𝜁𝜗 − 𝜇𝛾

−
𝜚𝑞𝑓𝛾 (1 − 𝑓𝜇)

ℏ�̄� + ℏ𝜔𝜁𝜗 − 𝜇𝛾

−
(1 + 𝜚𝑞)𝑓𝛾 (1 − 𝑓𝜇)
ℏ�̄� − ℏ𝜔𝜁𝜗 − 𝜇𝛾

+
𝜚𝑞𝑓𝜇(1 − 𝑓𝛾 )

ℏ�̄� − ℏ𝜔𝜁𝜗 − 𝜇𝛾

]

.

(18)

In Eq. (18), 𝛾,𝜇(𝑞) and 𝜇,𝛾+1(𝑞) is the matrix-elements of the el–IO-
ph interaction in QW, they take the form, 𝛾,𝜇(𝑞) = 𝑉𝑞⟨𝛾|𝑒𝑖𝐪.𝐫 |𝜇⟩ and
𝜇,𝛾+1(𝑞) = 𝑉𝑞⟨𝜇|𝑒𝑖𝐪.𝐫 |𝛾 + 1⟩, in which the symbol 𝑉𝑞 represents the
el–IO-ph coupling factor, while 𝐫 the electronic position vector. 𝜇𝛾 is
discrepancy in electronic energy between two |𝜇⟩ and |𝛾⟩ states, ℏ𝜔𝜁𝜗
the IO-phonon energy, and 𝜚𝑞 = [exp (ℏ𝜔𝜁𝜗∕𝑘𝐵𝑇 ) − 1]−1 the Planck
distribution function for the IO-mode in the Pöschl–Teller QW.

3.2. MO-absorption power produced by el–IO-ph interaction in Pöschl-
Teller QW

The formula for the average MO-absorption power of the electron
due to el–IO-ph interaction per unit volume for the Pöschl–Teller QW
produced by an electromagnetic wave, is represented by [61,62]

𝑃 (𝜔) =
𝐸2
0
2
𝑅𝑒{+−(𝜔)}, (19)

where 𝐸0 is the electrical-field amplitude, 𝑅𝑒{+−(𝜔)} represents the
real part of the MOCT produced by el–IO-ph interaction per unit
volume of the potential Pöschl–Teller QW.

In order to obtain the precise representation of the MO-absorption
power produced by el–IO-ph interaction in the Pöschl–Teller QW, we
now have to proceed with systematic computations for 𝑅𝑒{+−(𝜔)} in
Eq. (19). In Eq. (17), we have �̄� = 𝜔− 𝑖𝛥 in which 𝛥→ 0+. This results
in 𝛾 (�̄�) being a complex quantity, and hence it can be developed under
the following form

𝛾 (�̄�) = 𝛾 (𝜔) + 𝑖𝛾 (𝜔), (20)

here, 𝛾 (𝜔) and 𝛾 (𝜔) represent the line-shift and the line-width,
respectively. To achieve the objectives mentioned in the Introduction
of this study, we focus on calculation for the line-width, 𝛾 (𝜔). On
the other hand, in comparison to 𝜔𝑐 , the term 𝛾 (𝜔) can be left out in
the extreme quantum limit. Utilizing the Dirac identity takes the form
lim𝛥→0+ [1∕(𝑥− 𝑖𝛥)] = 𝑝(1∕𝑥) + 𝑖𝜋𝛿(𝑥) and Eq. (20), once the calculation
process is complete, we are left with the result for 𝛾 (𝜔) is as follows:

𝛾 (𝜔)

= 𝜋
ℏ(𝑓𝛾+1 − 𝑓𝛾 )

∑

𝜇

∑

𝑞
|𝛾,𝜇(𝑞)|2

×
[

(1 + 𝜚𝑞)𝑓𝛾+1(1 − 𝑓𝜇)𝛿(𝑍+
1 ) − 𝜚𝑞𝑓𝜇(1 − 𝑓𝛾+1)𝛿(𝑍

+
1 )

− (1 + 𝜚𝑞)𝑓𝜇(1 − 𝑓𝛾+1)𝛿(𝑍−
1 ) + 𝜚𝑞𝑓𝛾+1(1 − 𝑓𝜇)𝛿(𝑍

−
1 )

]

+ 𝜋
ℏ(𝑓𝛾+1 − 𝑓𝛾 )

∑

𝜇

∑

𝑞
|𝜇,𝛾+1(𝑞)|2

×
[

(1 + 𝜚𝑞)𝑓𝜇(1 − 𝑓𝛾 )𝛿(𝑍+
2 ) − 𝜚𝑞𝑓𝛾 (1 − 𝑓𝜇)𝛿(𝑍

+
2 )

− (1 + 𝜚𝑞)𝑓𝛾 (1 − 𝑓𝜇)𝛿(𝑍−
2 ) + 𝜚𝑞𝑓𝜇(1 − 𝑓𝛾 )𝛿(𝑍

−
2 )

]

,

(21)

where 𝑍±
1 and 𝑍±

2 are given by

±

4

𝑍1 = ℏ𝜔 ± ℏ𝜔𝜁𝜗 − 𝛾+1,𝜇 (22)
and

𝑍±
2 = ℏ𝜔 ± ℏ𝜔𝜁𝜗 − 𝜇𝛾 . (23)

Using the two Eqs. (17) and (20), we obtain

+−(𝜔) =
1
ℏ𝜔

∑

𝛾
|𝑗+𝛾 |

2 (𝑓𝛾 − 𝑓𝛾+1)𝛾 (𝜔)

(𝜔 − 𝜔𝑐 )2 + [𝛾 (𝜔)]2

+ 𝑖|𝑗+𝛾 |
2 (𝑓𝛾+1 − 𝑓𝛾 )(𝜔 − 𝜔𝑐 )

(𝜔 − 𝜔𝑐 )2 + [𝛾 (𝜔)]2
.

(24)

After carrying out the development steps, we get 𝑅𝑒{+−(𝜔)} of the
MOCT produced by el–IO-ph interaction in the potential Pöschl–Teller
QW as:

𝑅𝑒{+−(𝜔)} = 1
ℏ𝜔

∑

𝛾

|𝑗+𝛾 |
2(𝑓𝛾 − 𝑓𝛾+1)𝛾 (𝜔)

(𝜔 − 𝜔𝑐 )2 + [𝛾 (𝜔)]2
. (25)

By inserting Eq. (25) into Eq. (19), the expression for photon frequency
(𝜔) dependence of the average MOAP of the electron per unit volume
for the Pöschl–Teller QW produced by el–IO-ph interaction, is obtained
as

𝑃 (𝜔) =
𝐸2
0

2ℏ𝜔
∑

𝛾

|𝑗+𝛾 |
2(𝑓𝛾 − 𝑓𝛾+1)𝛾 (𝜔)

(𝜔 − 𝜔𝑐 )2 + [𝛾 (𝜔)]2
. (26)

Finally, in order to achieve the explicit representation of the MOAP,
𝑃 (𝜔), in Eq. (26) produced by the el–IO-ph interaction in the potential
Pöschl–Teller QW, we now have to proceed with systematic computa-
tions for the matrix-elements |𝛾,𝜇(𝑞)|2 and |𝜇,𝛾+1(𝑞)|2 in Eq. (21) by

aking use of the relations are given by

𝜇
⋯ →

∑



∑

𝑚
⋯ ,

𝑞
⋯ →

𝑆0𝐿𝑊
4𝜋2 ∫

∞

0
𝑞⊥𝑑𝑞⊥ ∫

∞

−∞
𝑑𝑞𝑧⋯ . (27)

nce the systematic calculation process is complete, we are left with
he final result for the line-width function of the absorption spectrum,
𝛾 (𝜔), as follows:

𝛾 (𝜔)

= 𝑒2

16ℏ2𝜋

∑

 ′

∑

𝑚′

∑

𝜗=±

1
(𝑓+1,𝑚 − 𝑓 ,𝑚)

× ∫

∞

0
𝑑𝑞
𝑓𝜁𝜗
𝜔𝜁𝜗

𝛺(1 ±𝛺)−1| 𝜁
𝑚′𝑚(𝑞)|

2
|𝐽 , ′ (𝜉)|2

[ (

1 + 𝜚𝑞(𝜔𝜁𝜗)
)

𝑓+1,𝑚(1 − 𝑓 ′ ,𝑚′ )𝛿(ℜ+
1 )

− 𝜚𝑞(𝜔𝜁𝜗)𝑓 ′ ,𝑚′ (1 − 𝑓+1,𝑚)𝛿(ℜ+
1 )

− (1 + 𝜚𝑞(𝜔𝜁𝜗))𝑓 ′ ,𝑚′ (1 − 𝑓+1,𝑚)𝛿(ℜ−
1 )

+ 𝜚𝑞(𝜔𝜁𝜗)𝑓+1,𝑚(1 − 𝑓 ′ ,𝑚′ )𝛿(ℜ−
1 )

]

+ 𝑒2

16ℏ2𝜋

∑

 ′

∑

𝑚′

∑

𝜗=±

1
(𝑓+1,𝑚 − 𝑓 ,𝑚)

× ∫

∞

0
𝑑𝑞
𝑓𝜁𝜗
𝜔𝜁𝜗

𝛺(1 ±𝛺)−1| 𝜁
𝑚′𝑚(𝑞)|

2
|𝐽+1, ′ (𝜉)|2

[ (

1 + 𝜚𝑞(𝜔𝜁𝜗)
)

𝑓 ′ ,𝑚′ (1 − 𝑓 ,𝑚)𝛿(ℜ+
2 )

− 𝜚𝑞(𝜔𝜁𝜗)𝑓 ,𝑚(1 − 𝑓 ′ ,𝑚′ )𝛿(ℜ+
2 )

−
(

1 + 𝜚𝑞(𝜔𝜁𝜗)
)

𝑓 ,𝑚(1 − 𝑓 ′ ,𝑚′ )𝛿(ℜ−
2 )

+ 𝜚𝑞(𝜔𝜁𝜗)𝑓 ′ ,𝑚′ (1 − 𝑓 ,𝑚)𝛿(ℜ−
2 )

]

,

(28)

here ℜ±
1 and ℜ±

2 are given by the two equations as below:
±
1 = ℏ𝜔 − ( + 1 − ′)ℏ𝜔𝑐 ± ℏ𝜔𝜁𝜗

− 𝜆2ℏ2

2𝑚∗
[

(𝜂 + 𝜈 + 2𝑚)2 − (𝜂 + 𝜈 + 2𝑚′)2
]

(29)

and
ℜ±

2 = ℏ𝜔 − ( ′ − )ℏ𝜔𝑐 ± ℏ𝜔𝜁𝜗

− 𝜆2ℏ2 [

(𝜂 + 𝜈 + 2𝑚′)2 − (𝜂 + 𝜈 + 2𝑚)2
]

.
(30)
2𝑚∗
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We use Lorentzian widths 𝛶 , ′ and 𝛶+1, ′ instead of Dirac delta
unctions in our calculation for Eq. (28). Two equations describe the
idths are [63]:

(ℜ±
1 ) =

1
𝜋

𝛩±
 , ′

(ℜ±
1 )

2 + (𝛩±
 , ′ )2

(31)

and

𝛿(ℜ±
2 ) =

1
𝜋

𝛩±
+1, ′

(ℜ±
1 )

2 + (𝛩±
+1, ′ )2

, (32)

where the Lorentzian widths 𝛩 , ′ and 𝛩+1, ′ are determined by
(

𝛩±
 ′ ,

)2
= 𝑒2

2𝜋ℏ𝐿𝑊

∑

𝜗=±
∫

∞

0
𝑑𝑞
𝑓𝜁𝜗
𝜔𝜁𝜗

[

𝜚𝑞(𝜔𝜁𝜗) +
1
2
± 1

2

]

× 𝛺(1 ±𝛺)−1| 𝜁
𝑚′𝑚(𝑞)|

2
|𝐽 , ′ (𝜉)|2,

(33)

(

𝛩±
+1, ′

)2
= 𝑒2

2𝜋ℏ𝐿𝑊

∑

𝜗=±
∫

∞

0
𝑑𝑞
𝑓𝜁𝜗
𝜔𝜁𝜗

[

𝜚𝑞(𝜔𝜁𝜗) +
1
2
± 1

2

]

× 𝛺(1 ±𝛺)−1| 𝜁
𝑚′𝑚(𝑞)|

2
|𝐽+1, ′ (𝜉)|2.

(34)

Finally, the calculation of the overlap integral,  𝜁
𝑚′𝑚(𝑞), is precise and

can be done as follows. By using the two Eqs. (4) and (12), and setting
𝑡 = 𝜆𝑧 ⇒ 𝑑𝑧 = 𝑑𝑡∕𝜆, with 0 ≤ 𝑡 ≤ 𝜆𝐿𝑊 , we have

 𝜁
𝑚𝑚′ (𝑞) = (35)

1
𝜆 ∫

𝜆𝐿𝑊

0
𝛶 ∗
𝑚′

( 𝑡
𝜆

) [

exp
( 𝑞
𝜆
𝑡
)

± exp
(

−
𝑞
𝜆
𝑡
)]

𝛶𝑚
( 𝑡
𝜆

)

𝑑𝑡.

After completing the systematic calculation process, we obtain the
final result for the overlap integral represented by the two expressions
 𝜁+
𝑚𝑚′ (𝑞) and  𝜁−

𝑚𝑚′ (𝑞) as below:

𝜁+
𝑚𝑚′ (𝑞) =

2𝐴𝑚𝐴𝑚′

𝜆 ∫

𝜆𝐿𝑊

0
𝑑𝑡 sin2𝜂(𝑡) cos2𝜈 (𝑡) cosh

(

𝑞
𝜆 𝑡
)

× 2𝐹1
[

−𝑚, 𝜂 + 𝜈 + 𝑚, 𝜂 + 1
2 , sin

2(𝑡)
]

× 2𝐹1
[

−𝑚′, 𝜂 + 𝜈 + 𝑚′, 𝜂 + 1
2 , sin

2(𝑡)
]

(36)

and

 𝜁−
𝑚𝑚′ (𝑞) =

2𝐴𝑚𝐴𝑚′

𝜆 ∫

𝜆𝐿𝑊

0
𝑑𝑡 sin2𝜂(𝑡) cos2𝜈 (𝑡) sinh

(

𝑞
𝜆 𝑡
)

× 2𝐹1
[

−𝑚, 𝜂 + 𝜈 + 𝑚, 𝜂 + 1
2 , sin

2(𝑡)
]

× 2𝐹1
[

−𝑚′, 𝜂 + 𝜈 + 𝑚′, 𝜂 + 1
2 , sin

2(𝑡)
]

,

(37)

where 𝐴𝑚 = 1∕
√

𝐽𝑚, with 𝐽𝑚 is determined by

𝑚 = 1
𝜆 ∫

𝜆𝐿𝑊

0
sin2𝜂(𝑡) cos2𝜈 (𝑡)

× 2𝐹1
[

−𝑚, 𝜂 + 𝜈 + 𝑚, 𝜂 + 1
2 , sin

2(𝑡)
]2
𝑑𝑡.

(38)

Here, the values of the overlap integrals,  𝜁+
𝑚𝑚′ (𝑞) and  𝜁−

𝑚𝑚′ (𝑞), in
qs. (36) and (37) produced by the el–IO-ph interaction in the Pöschl–
eller QW are obtained by numerical calculations. Based on analytical
indings, we employ precise computational techniques to conduct nu-
erical calculations on GaAs/AlAs material. The reliable results of the

raphical representations produced by the el–IO-ph interaction in the
öschl–Teller QW are obtained. The physical conclusions of this study
re in the next section.

. Numerical results and discussion

To clarify the difference in the MO-properties which produced by
he el–IO-ph interaction between the Pöschl–Teller and rectangular
aAs/AlAs QWs in both the two absorption and emission cases of an

O-phonon in the well and barrier, numerical calculations on the GaAs-
ell and AlAs-barrier materials were proceeded in this investigation
nd obtained the important results as below. Where the parameters of
5

he GaAs-well and AlAs-barrier materials utilized [58,64]: ℏ𝜔𝑇𝑂1 and
Fig. 1. The four wave-functions of the Pöschl–Teller confinement electron at 𝐿𝑊 =
5
3
× 12.65 × 10−9 m and 𝜂 = 𝜈 = 2 for the ground state (𝑚 = 0), and the three excited

states include: first (𝑚 = 1), second (𝑚 = 2), and third (𝑚 = 3) excited states.

Fig. 2. Photon-energy (ℏ𝜔) dependent MOAP due to the el–IO-ph interaction in
both the well and barrier of the Pöschl–Teller GaAs/AlAs QW at 𝐵 = 10 T, 𝐿𝑊 =
√

5
3
× 12.65 × 10−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

𝜔𝑇𝑂2 of 33.29 meV and 44.28 meV; ℏ𝜔𝐿𝑂1 and ℏ𝜔𝐿𝑂2 of 36.25 meV
nd 50.09 meV; 𝜃1∞ and 𝜃2∞ of 10.89 and 8.16, respectively; 𝐸0 =
.0 × 106 V∕m and 𝑚∗ = 0.067𝑚0 (𝑚0 is the free electronic mass).
ssuming that 𝑚 = 0;𝑚′ = 0, 1 and  = 0, ′ = 1 are occupied by
uantum-well electrons.

In Fig. 1, we plotted the four wave-functions of the Pöschl–Teller
onfinement electron at 𝐿𝑊 =

√

5
3 × 12.65 × 10−9 m and 𝜂 = 𝜈 = 2

for the ground state (𝑚 = 0), and the three excited states include: first
(𝑚 = 1), second (𝑚 = 2), and third (𝑚 = 3) excited states. From the
plot, it can be obviously seen that at the value 𝜂 = 𝜈 = 2, the profile
of the Pöschl–Teller electronic potential perfectly is symmetrical at the
position 𝜆𝑧 = 𝜋∕4. The obtained profiles of the four wave-functions
of the Pöschl–Teller confinement electron are evident and relatively
reasonable.

In Fig. 2, we plotted the photon-energy (ℏ𝜔) dependent MOAP due

to the el–IO-ph interaction in both the GaAs-well and AlAs-barrier of
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Fig. 3. Photon-energy dependent MOAP due to the el–IO-ph interaction at the four OD-MIOPR peaks in the two emission and absorption cases of an IO-phonon in the well
GaAs-material (Figs. 3(b) and 3(c)) and barrier AlAs-material (Figs. 3(a) and 3(d)) of the Pöschl–Teller GaAs/AlAs QW. Where 𝐵 = 10 T, 𝐿𝑊 =

√

5
3
×12.65× 10−9 m, 𝜂 = 𝜈 = 2, and

𝑇 = 300 K.
the Pöschl–Teller GaAs/AlAs QW at 𝐵 = 10 T, 𝐿𝑊 =
√

5
3 × 12.65 ×

10−9 m, 𝑇 = 300 K, and 𝜂 = 𝜈 = 2. From the obtained plot, we see
that it clearly appeared the five resonant peaks are numbered from
(1)-number to (5)-number and described as follows: The (1)-number
peak is shown in the above plot as the cyclotron resonance (CR) peak
is caused by satisfying the condition of the CR, ℏ𝜔 = ℏ𝜔𝐶 , i.e., ℏ𝜔1 =
17.287 (meV). Furthermore, the (2) and- (5)-number peaks are shown in
the above plot as the two OD-MIOPR peaks in the two absorption ((2)-
number peak) and emission ((5)-number peak) cases of an IO-phonon
in the AlAs-barrier material of the Pöschl–Teller GaAs/AlAs QW are
caused by corresponding satisfying the two conditions of the two OD-
MIOPRs are that ℏ𝜔 = (2 − 1)ℏ𝜔𝐶 − 𝜀0[(𝜂 + 𝜈 + 2𝑚1)2 − (𝜂 + 𝜈 +
2𝑚2)2] − ℏ𝜔𝐼𝑂−𝐵 and ℏ𝜔 = (2 −1)ℏ𝜔𝐶 − 𝜀0[(𝜂 + 𝜈 + 2𝑚1)2 − (𝜂 + 𝜈 +
2𝑚2)2]+ℏ𝜔𝐼𝑂−𝐵 , i.e., ℏ𝜔2 and ℏ𝜔5 of 65.300 (meV) and 179.983 (meV).
Where 𝜀0 = (𝜋ℏ)2∕(8𝑚∗𝐿2

𝑊 ). Here, the (2)-number OD-MIOPR peak
describes the simultaneous absorption of the energies of an IO-phonon
in the AlAs-barrier material (ℏ𝜔𝐼𝑂−𝐵) and of an incident photon (ℏ𝜔)
by the Pöschl–Teller potential confinement electron to shift from 1 to
2 and 𝑚1 to 𝑚2 in the Pöschl–Teller GaAs/AlAs QW. The (5)-number
OD-MIOPR peak describes in detail the emission of the energy of an
IO-phonon in the AlAs-barrier material (ℏ𝜔𝐼𝑂−𝐵) and the absorption
of an incident photon (ℏ𝜔) by the Pöschl–Teller potential confinement
electron to shift from 1 to 2 and 𝑚1 to 𝑚2 in the Pöschl–Teller
GaAs/AlAs QW. Finally, the (3) and- (4)-number peaks are shown in
the above plot as the two OD-MIOPR peaks in the two absorption ((3)-
number peak) and emission ((4)-number peak) cases of an IO-phonon in
the GaAs-well material of the Pöschl–Teller GaAs/AlAs QW are caused
by corresponding satisfying the two conditions of the two OD-MIOPRs
are that ℏ𝜔 = (2−1)ℏ𝜔𝐶 −𝜀0[(𝜂+𝜈+2𝑚1)2−(𝜂+𝜈+2𝑚2)2]−ℏ𝜔𝐼𝑂−𝑊
and ℏ𝜔 = (2 −1)ℏ𝜔𝐶 − 𝜀0[(𝜂 + 𝜈 + 2𝑚1)2 − (𝜂 + 𝜈 + 2𝑚2)2] + ℏ𝜔𝐼𝑂−𝑊 ,
i.e., ℏ𝜔3 and ℏ𝜔4 of 111.455 (meV) and 133.830 (meV). Based on
the two conditions of the two OD-MIOPRs in the GaAs-well material,
we can see that the (3)/(4)-number OD-MIOPR peak describes the
6

simultaneous absorption/emission of the energies of an IO-phonon in t
the GaAs-well material (ℏ𝜔𝐼𝑂−𝑊 ) and of an incident photon (ℏ𝜔) by
the Pöschl–Teller potential confinement electron to shift from 1 to
2 and 𝑚1 to 𝑚2 in the potential Pöschl–Teller GaAs/AlAs QW.

Our study has the main purpose is to compare the el–IO-ph inter-
action strength in the potential Pöschl–Teller GaAs/AlAs QW with that
in the potential rectangular GaAs/AlAs QW in both the two absorp-
tion and emission cases of an IO-phonon not only in the GaAs-well
material but also in the AlAs-barrier material of the two types of the
quantum wells. Therefore, the MO properties are caused by the el–
IO-ph interaction of the potential Pöschl–Teller GaAs/AlAs QW based
on the characteristics of both the four OD-MIOPR peaks (from (2)-
peak to (5)-peak) were studied in detail and compared with those of
the rectangular GaAs/AlAs QW, as were shown in the figures below.
Our specific results are expected to be promising data for potential
applications in optoelectronic devices.

In Fig. 3, we plotted the ℏ𝜔-dependent MOAP due to the el–IO-
ph interaction at the four OD-MIOPR peaks in the two emission and
absorption cases of an IO-phonon in the well GaAs-material (Figs. 3(b)
and 3(c)) and barrier AlAs-material (Figs. 3(a) and 3(d)) of the Pöschl–
Teller GaAs/AlAs QW. Where 𝐵 = 10 T, 𝐿𝑊 =

√

5
3 × 12.65 × 10−9 m,

𝜂 = 𝜈 = 2, and 𝑇 = 300 K. To perform an important aim of this study
as above mentioned, the characteristics of both the four OD-MIOPR
peaks (from (2)-peak to (5)-peak) have to study in detail aimed at
obtaining the MO properties are caused by the el–IO-ph interaction
of the Pöschl–Teller GaAs/AlAs QW and compare with those of the
rectangular GaAs/AlAs QW. Thus, these four specific OD-MIOPR peaks
as indicated in Fig. 3 were separated from Fig. 2 for a reason that
can be more evidently observed. Where Figs. 3(a) and 3(b) indicate
respectively the two OD-MIOPR peaks in the barrier and the well along
with an IO-phonon absorption. Figs. 3(c) and 3(d) indicate respectively
the two OD-MIOPR peaks in the well and the barrier along with an
IO-phonon emission.

In Figs. 4, 6, and 8 we plotted the ℏ𝜔-dependent MOAP due to
he el–IO-ph interaction with various values of the 𝑇 (Fig. 4), the
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Fig. 4. Photon-energy dependent MOAP due to the el–IO-ph interaction with different 𝑇 -values at the four OD-MIOPR peaks in the two emission and absorption cases of an IO-phonon
in the well GaAs-material (Figs. 4(b) and 4(c)) and barrier AlAs-material (Figs. 4(a) and 4(d)) of the Pöschl–Teller GaAs/AlAs QW. Where 𝐵 = 10 T, 𝐿𝑊 =

√

5
3
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Fig. 5. 𝑇 -dependent FWHM of the four OD-MIOPR peaks in the two emission and
absorption cases of an IO-phonon in the well GaAs-material (the filled and empty
red-circles) and barrier AlAs-material (the filled and empty blue-triangles) of the
Pöschl–Teller GaAs/AlAs QW due to the el–IO-ph interaction. Where 𝐵 = 10 T,
𝐿𝑊 =

√

5
3
× 12.65 × 10−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

𝐿𝑊 (Fig. 6), and the 𝐵 (Fig. 8) at the four OD-MIOPR peaks in the
two emission and absorption cases of an IO-phonon in the well GaAs-
material (figures (b) and (c)) and barrier AlAs-material (figures (a) and
(d)) of the Pöschl–Teller GaAs/AlAs QW when 𝜂 = 𝜈 = 2. Where
𝐵 = 10 T, 𝐿𝑊 =

√

5
3 × 12.65 × 10−9 m, and the orange, green, and

magenta curves refer to the 𝑇 = 300 K, 𝑇 = 250 K, and 𝑇 = 200 K,
respectively in Fig. 4 for both the four above OD-MIOPR peaks. In
Fig. 6, 𝐵 = 10 T, 𝑇 = 300 K, and the orange, green, and magenta curves
refer to the 𝐿𝑊 =

√

5
3 × 12.65 × 10−9 m, 𝐿𝑊 =

√

5
3 × 11.65 × 10−9 m,

√

5 × 10.65 × 10−9 m respectively. Finally, 𝑇 = 300 K,
7

and 𝐿𝑊 = 3
𝐿𝑊 =
√

5
3 ×12.65×10−9 m, and the orange, green, and magenta curves

refer to the 𝐵 = 10 T, 𝐵 = 11 T, and 𝐵 = 12 T, respectively in Fig. 8 for
both the four above OD-MIOPR peaks. From numerical calculations,
it can be realized that the MOAP of the confinement electron in the
potential Pöschl–Teller GaAs/AlAs QW at the OD-MIOPR peaks in the
two emission and absorption cases of an IO-phonon in the GaAs (well)
and the AlAs (barrier) increases in magnitude with the 𝑇 (see in Fig. 4),
the 𝐿𝑊 (see in Fig. 6), and the 𝐵 (see in Fig. 8). However, these OD-

IOPR-peaks’ position has no change when changing 𝑇 , but it has an
vident red (blue) shift when changing 𝐿𝑊 (𝐵). The cause of these
haracteristics is as follows: The resonance-conditions of both the four
D-MIOPR peaks in the two emission and absorption cases of an IO-
honon in the GaAs (well) and the AlAs (barrier) of the Pöschl–Teller
aAs/AlAs QW due to the el–IO-ph interaction have no dependence on

he 𝑇 , as indicated by the two Eqs.: ℏ𝜔 = (2 − 1)ℏ𝜔𝐶 − 𝜀0[(𝜂 +
+ 2𝑚1)2 − (𝜂 + 𝜈 + 2𝑚2)2] ∓ ℏ𝜔𝐼𝑂−𝐵 and ℏ𝜔 = (2 − 1)ℏ𝜔𝐶 −

0[(𝜂 + 𝜈 + 2𝑚1)2 − (𝜂 + 𝜈 + 2𝑚2)2] ∓ ℏ𝜔𝐼𝑂−𝑊 of the OD-MIOPR peaks in
he two absorption and emission cases of an IO-phonon in the barrier
nd the well, respectively. However, the 𝑇 was included in both the
𝑞 (distribution function of an IO-phonon) and the 𝑓 ,𝑚 (distribution
unction of the Pöschl–Teller GaAs/AlAs QW electron) in the well GaAs-
aterial and the barrier AlAs-material. Simultaneously, the MOAP of

he confinement electron in the potential Pöschl–Teller GaAs/AlAs QW
t the OD-MIOPR peaks in the two emission and absorption cases
f an IO-phonon in the GaAs (well) and the AlAs (barrier) increases
n magnitude with the 𝑇 , as indicated in Fig. 4 also is reason of
he enhanced el–IO-ph scattering possibility in both in the GaAs-well
nd the AlAs-barrier materials when 𝑇 increases. Furthermore, the
nterpretation for the OD-MIOPR-peaks’ position has no change when
hanging 𝑇 , but it has a phenomenon of evident red (blue) shift when
hanging 𝐿𝑊 (𝐵), as indicated in Figs. 6 and 8 is that the four OD-
IOPR peaks are caused by the four following resonance-conditions
𝜔 = (2 −1)ℏ𝜔𝐶 − 𝜀0[(𝜂 + 𝜈 + 2𝑚1)2 − (𝜂 + 𝜈 + 2𝑚2)2] ∓ ℏ𝜔𝐼𝑂−𝐵 and
𝜔 = ( −  )ℏ𝜔 − 𝜀 [(𝜂 + 𝜈 + 2𝑚 )2 − (𝜂 + 𝜈 + 2𝑚 )2] ∓ ℏ𝜔
2 1 𝐶 0 1 2 𝐼𝑂−𝑊
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Fig. 6. Photon-energy dependent MOAP due to the el–IO-ph interaction with different 𝐿𝑊 -values at the four OD-MIOPR peaks in the two emission and absorption cases of an
IO-phonon in the well GaAs-material (Figs. 3(b) and 3(c)) and barrier AlAs-material (Figs. 3(a) and 3(d)) of the Pöschl–Teller GaAs/AlAs QW. Where 𝐵 = 10 T, 𝜂 = 𝜈 = 2, and
= 300 K.
n the two emission and absorption cases of an IO-phonon in the GaAs
well) and the AlAs (barrier) of the potential Pöschl–Teller GaAs/AlAs
W due to the el–IO-ph interaction have an explicit dependence on
oth the 𝐿𝑊 and 𝐵, as indicated by ℏ𝜔𝐶 = ℏ|𝑒|𝐵∕(𝑐𝑚∗) and 𝜀0 =

(𝜋ℏ)2∕(8𝑚∗𝐿2
𝑊 ), respectively. Therefore, from the two expressions of

𝜔𝐶 = ℏ|𝑒|𝐵∕(𝑐𝑚∗) and 𝜀0 = (𝜋ℏ)2∕(8𝑚∗𝐿2
𝑊 ), we easily understand that

the enhanced photon energy with increasing 𝐵 is for a reason that the
enhanced ℏ𝜔𝐶 with increasing 𝐵, and the reduced photon energy with
increasing 𝐿𝑊 is for a reason that the fast reduced ℏ𝜔𝐶 with increasing
𝐿𝑊 . Here is one of the main causes for the OD-MIOPR-peaks’ position
having a phenomenon of evident red (blue) shift when changing 𝐿𝑊
(𝐵). From obtained absorption-spectrum, it can be included that the
𝐿𝑊 , 𝑇 , and 𝐵 strongly affect the MOAP of the confinement electron in
the Pöschl–Teller GaAs/AlAs QW at the OD-MIOPR peaks in the two
absorption and emission cases of an IO-phonon in both the GaAs-well
and AlAs-barrier materials.

In Figs. 5, 7, and 9, we plotted 𝑇 , 𝐿𝑊 , and 𝐵-dependent FWHM
of the four OD-MIOPR peaks in the two emission and absorption cases
of an IO-phonon in the well GaAs-material (the filled and empty red-
circles) and barrier AlAs-material (the filled and empty blue-triangles)
of the Pöschl–Teller GaAs/AlAs QW due to the el–IO-ph interaction.
Where 𝐿𝑊 =

√

5
3 × 12.65 × 10−9 m, 𝜂 = 𝜈 = 2, and 𝐵 = 10 T for Fig. 5;

𝐵 = 10 T, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K for Fig. 7; finally 𝐿𝑊 =
√

5
3 ×12.65×

10−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K for Fig. 9. From the three Figs. 5,
7, and 9, we realize that the FWHM in the potential Pöschl–Teller
GaAs/AlAs QW as a function of the 𝑇 , 𝐿𝑊 , and 𝐵 at the OD-MIOPR
peaks in the two absorption and emission cases of an IO-phonon in both
the well and barrier. Namely, the FWHM of the OD-MIOPR peaks in the
two emission and absorption cases of an IO-phonon in the GaAs (well)
and AlAs (barrier) of the Pöschl–Teller potential is enhanced with 𝑇
and 𝐵 but diminished with 𝐿𝑊 . The interpretation for this cause is
that the enhanced el–IO-ph scattering possibility in the Pöschl–Teller
GaAs/AlAs QW with increasing 𝑇 or 𝐵, whereas the diminished el–
8

IO-ph scattering possibility in the Pöschl–Teller GaAs/AlAs QW with
Fig. 7. 𝐿𝑊 -dependent FWHM of the four OD-MIOPR peaks in the two emission and
absorption cases of an IO-phonon in the well GaAs-material (the filled and empty
red-circles) and barrier AlAs-material (the filled and empty blue-triangles) of the
Pöschl–Teller GaAs/AlAs QW due to the el–IO-ph interaction. Where 𝐵 = 10 T,
𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

increasing 𝐿𝑊 . More importantly, 𝑇 , 𝐿𝑊 , and 𝐵-dependent FWHM of
the four OD-MIOPR peaks in the two emission and absorption cases
of an IO-phonon in the well GaAs- and barrier AlAs-materials of the
potential Pöschl–Teller GaAs/AlAs QW due to the el–IO-ph interaction
are qualitatively consistent with experimental observations [65–70].
In addition, we also realize that the FWHMs in both the well and
barrier of the OD-MIOPR peaks in the absorption case of an IO-phonon
always have larger values than do in the emission case of an IO-
phonon. Concurrently, the FWHMs in the GaAs-well material always
have larger values than do in the AlAs-barrier one for both the two
emission and absorption cases of an IO-phonon of the OD-MIOPR peaks
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Fig. 8. Photon-energy dependent MOAP due to the el–IO-ph interaction with different 𝐵-values at the four OD-MIOPR peaks in the two emission and absorption cases of an
O-phonon in the well GaAs-material (Figs. 3(b) and 3(c)) and barrier AlAs-material (Figs. 3(a) and 3(d)) of the Pöschl–Teller GaAs/AlAs QW. Where 𝐿𝑊 =

√

5
3
× 12.65 × 10−9 m,

𝜂 = 𝜈 = 2, and 𝑇 = 300 K.
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Fig. 9. 𝐵-dependent FWHM of the four OD-MIOPR peaks in the two emission and
absorption cases of an IO-phonon in the well GaAs-material (the filled and empty
red-circles) and barrier AlAs-material (the filled and empty blue-triangles) of the
Pöschl–Teller GaAs/AlAs QW due to the el–IO-ph interaction. Where 𝐿𝑊 =

√

5
3
×12.65×

0−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

n the potential Pöschl–Teller GaAs/AlAs QW. In other words, the 𝑇 ,
𝑊 , and 𝐵-dependent FWHM in both the well and barrier of the OD-
IOPR peaks in the absorption case of an IO-phonon are stronger than

hose in the emission case of an IO-phonon. Simultaneously, the 𝑇 , 𝐿𝑊 ,
nd 𝐵-dependent FWHM in the well GaAs-material always are stronger
han those in the barrier AlAs-one in the two emission and absorption
ases of an IO-phonon. A further important feature is that the electron
nteraction by the IO-phonon in the barrier is weaker than that in
he well, however, its contribution is relatively significant wherefore
he el–IO-ph interaction in barrier cannot be neglected when studying
he el–IO-ph interaction in the potential Pöschl–Teller GaAs/AlAs QW.
9

t

his is the 𝐿𝑊 , 𝑇 , and 𝐵 strongly affect the FWHM of the OD-MIOPR
eaks in the two emission and absorption cases of an IO-phonon in
he GaAs (well) and AlAs (barrier). Therefore, the MO properties of
he el–IO-ph interaction in the Pöschl–Teller GaAs/AlAs QW can be
ontrolled/modified by changing the value of the 𝐿𝑊 , 𝑇 , and 𝐵. This
haracteristic will give a promising capacity for potential applications
n optoelectronic devices.

Especially in the present work, a detailed comparison between the
resent results for the potential Pöschl–Teller GaAs/AlAs QW with the
ublished ones for the potential rectangular GaAs/AlAs QWs have been
resented. Namely, the comparison of the 𝑇 , 𝐿𝑊 , and 𝐵-dependent

FWHM of the four OD-MIOPR peaks between the Pöschl–Teller and
rectangular GaAs/AlAs QWs in both the two emission and absorption
cases of an IO-phonon in the well GaAs-material (the filled and empty
red circles, and the filled and empty purple squares) and barrier AlAs-
material (the filled and empty blue triangles, and the filled and empty
yellow rectangles), as shown in Figs. 10, 11, and 12. Where the parame-
ter values are respectively taken as 𝐿𝑊 =

√

5
3×12.65×10

−9 m, 𝜂 = 𝜈 = 2,
and 𝐵 = 10 T for Fig. 10; 𝜂 = 𝜈 = 2, 𝐵 = 10 T, and 𝑇 = 300 K for Fig. 11;
and 𝐿𝑊 =

√

5
3 ×12.65×10

−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K for Fig. 12. To
larify the difference in the MO-properties, especially FWHM, between
he Pöschl–Teller and rectangular GaAs/AlAs QWs are caused by the
–IO-ph interaction in both the two absorption and emission cases of
n IO-phonon not only in the well GaAs-material but also in the barrier
lAs-material, we have individually plotted for the well GaAs-material,
arrier AlAs-material, and the combined well GaAs- and barrier AlAs-
aterials of GaAs and AlAs, as indicated respectively in Figs. (a), (b),

nd (c) of Figs. from 10–12. From obtained results in Figs. 10, 11, and
2, it can be remarked that the 𝑇 , 𝐿𝑊 , and 𝐵-dependent FWHM of the
our OD-MIOPR peaks in both the two absorption and emission cases
f an IO-phonon in the GaAs well-material and AlAs barrier-material
f the potential Pöschl–Teller GaAs/AlAs QW are always stronger than
hose of the potential rectangular GaAs/AlAs QW. In other words,
he FWHMs of the four OD-MIOPR peaks in both the two emission
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Fig. 10. Comparison of the 𝑇 -dependent FWHM of the four OD-MIOPR peaks between
the Pöschl–Teller and rectangular GaAs/AlAs QWs in the two emission and absorption
cases of an IO-phonon in the well GaAs-material (the filled and empty red-circles,
and the filled and empty purple-squares) and barrier AlAs-material (the filled and
empty blue-triangles, and the filled and empty yellow-rectangles). Where 𝐵 = 10 T,
𝐿𝑊 =

√

5
3
× 12.65 × 10−9 m, and 𝜂 = 𝜈 = 2.

nd absorption cases of an IO-phonon in the well GaAs-material and
arrier AlAs-material of the Pöschl–Teller GaAs/AlAs QW vary faster
nd have larger value than do of the rectangular GaAs/AlAs QW. This
lso gives a novel capacity for potential applications in optoelectronic
evices. Simultaneously, in this comparison, we are easily seen that
he 𝑇 , 𝐿𝑊 , and 𝐵-dependent FWHM of the OD-MIOPR peak in the
bsorption case of an IO-phonon in the GaAs well-material of the
otential Pöschl–Teller GaAs/AlAs QW are the strongest, whereas the
, 𝐿 , and 𝐵-dependent FWHM of the OD-MIOPR peak in the emission
10

𝑊

Fig. 11. Comparison of the 𝐿𝑊 -dependent FWHM of the four OD-MIOPR peaks
between the Pöschl–Teller and rectangular GaAs/AlAs QWs in the two emission and
absorption cases of an IO-phonon in the well GaAs-material (the filled and empty red-
circles, and the filled and empty purple-squares) and barrier AlAs-material (the filled
and empty blue-triangles, and the filled and empty yellow-rectangles). Where 𝐵 = 10 T,
𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

case of an IO-phonon in the AlAs barrier-material of the rectangular
GaAs/AlAs QW are the weakest.

5. Conclusions

We have reported in detail the MO-properties of the potential
Pöschl–Teller GaAs-AlAs QW due to the el–IO-ph interaction for both
the two emission and absorption cases of IO-phonons in the well
GaAs- and barrier AlAs-materials by using the OD-MIOPR effect. Our
results are found to be qualitatively consistent with observations by
experiments. Simultaneously, the present results for the Pöschl–Teller
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Fig. 12. Comparison of the 𝐵-dependent FWHM of the four OD-MIOPR peaks between
he Pöschl–Teller and rectangular GaAs/AlAs QWs in the two emission and absorption
ases of an IO-phonon in the well GaAs-material (the filled and empty red-circles, and
he filled and empty purple-squares) and barrier AlAs-material (the filled and empty
lue-triangles, and the filled and empty yellow-rectangles). Where 𝐿𝑊 =

√

5
3
× 12.65 ×

0−9 m, 𝜂 = 𝜈 = 2, and 𝑇 = 300 K.

aAs/AlAs QW also were compared with those for the rectangular QW
hich has been previously published in the Journal of Physica E [48].
he main results obtained from this work are as follows: For analytical
alculations, we have obtained the explicit expression of the MOAP
ue to the el–IO-ph interaction in the Pöschl–Teller GaAs/AlAs QW for
oth the two emission and absorption cases of IO-phonons not only in
he GaAs-well material but also in the AlAs-barrier material. Based on
he analytical calculations, numerical calculations also were performed,
nd the results show that the MOAP of the confinement electron in
he potential Pöschl–Teller GaAs/AlAs QW at the OD-MIOPR peaks
n the two emission and absorption cases of IO-phonons in well and
arrier increases in magnitude with the 𝐿 , the 𝑇 , and the 𝐵. However,
11

𝑊

hese OD-MIOPR-peaks’ position has no change when changing 𝑇 , but
it has an evident red (blue) shift when changing 𝐿𝑊 (𝐵). Moreover,
the FWHM of the OD-MIOPR peaks in the two emission and absorption
cases of IO-phonons in the GaAs (well) and AlAs (barrier) materials of
the Pöschl–Teller potential is enhanced with 𝑇 and 𝐵 but diminished
with 𝐿𝑊 . The FWHM of the OD-MIOPR peaks in the two emission and
absorption cases of IO-phonons in the well and barrier of the potential
Pöschl–Teller GaAs/AlAs QW strongly depend on the 𝐿𝑊 , 𝑇 , and 𝐵. In
other words, the 𝐿𝑊 , 𝑇 , and 𝐵 strongly affect the MOAP and the FWHM
f the OD-MIOPR peaks in the two emission and absorption cases
f IO-phonons in both the GaAs (well) and AlAs (barrier) materials.
herefore, the MO properties produced by the el–IO-ph interaction

n the Pöschl–Teller GaAs/AlAs QW can be controlled/modified by
hanging the values of 𝐿𝑊 , 𝑇 , and 𝐵. This characteristic will give a
romising capacity for potential applications in optoelectronic devices.
n addition, the 𝑇 , 𝐿𝑊 , and 𝐵-dependent FWHM due to IO-phonon

interaction in both the well and barrier of the OD-MIOPR peaks in
the absorption case of an IO-phonon are stronger than those in the
emission case of an IO-phonon. Besides, a further important feature
found from this study is that the electron interaction by the IO-phonon
in the barrier is weaker than that in the well, however, its contribution
is relatively significant wherefore the el–IO-ph interaction in barrier
cannot be neglected when studying the el–IO-ph interaction in the
Pöschl–Teller GaAs/AlAs QW. In particular, our finding shows that
the FWHMs due to IO-phonon interaction in the potential Pöschl–
Teller QW are always bigger than those in the potential rectangular
one for both the two emission and absorption cases of IO-phonons in
the GaAs-well and AlAs-barrier materials. This demonstrates that the
electron–interface optical phonon interaction strength in Pöschl–Teller
quantum wells is enhanced considerably compared to rectangular ones.
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