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We prove that the generalized Gauss map of a nonflat complete minimal
surface immersed in R" can omit a generic hypersurface D of degree at most
nn+2(n + 1)"+2.

1. Introduction

Let f = (x1,x2,...,%x,) : M — R" be an oriented surface immersed in R”. Using
systems of isothermal coordinates (x, y), one can consider M as a Riemann surface.
We are interested in the class of minimal surfaces, namely, those which have minimal
areas for all small perturbations. It is a well-known fact that if M is minimal, then
its generalized Gauss map g : M — CP"~!, defined as

8(z) == [0f/0z],

where z = x + iy is a holomorphic chart on M, is a holomorphic map.

In the particular case where n = 3, recalling that the classical Gauss map of M is
the map sending each point p € M to the point in the unit sphere corresponding to
the unit normal vector of M at p. By identifying the unit sphere with the complex
projective line via the stereographic projection, one can view the classical Gauss
map as a map of M into CP'. Osserman [18] proved that if M is a nonflat complete
minimal surface immersed in R3, then the complement of the image of its Gauss
map is of logarithmic capacity zero in CP!. This interesting result could be regarded
as a significant improvement of the classical Bernstein’s theorem. Strengthening
this result, Xavier [22] proved that in this situation, the Gauss map of M can avoid
at most 6 points. Sharp result was obtained by Fujimoto [10], where he proved that
indeed, the Gauss map of M can avoid at most 4 points.

Passing to higher-dimensional case, first step was made by Fujimoto [9], where
the intersection between the generalized Gauss maps of a complete minimal surface
immersed in R” and family of hyperplanes in CP"~! was considered. Precisely,
Fujimoto established that:
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Theorem 1.1. If the generalized Gauss map of a nonflat complete minimal surface
in R" is nondegenerate, it can omit at most ¢ = n* hyperplanes in CP"~! in general
position.

Later, Fujimoto himself [11] decreased the number of hyperplanes in the above
statement to g = %n(n 4+ 1) and it turns out that this number is sharp. Ru [19]
was able to remove the nondegenerate assumption of the generalized Gauss map
in Fujimoto’s result. Since then, by adapting tools and techniques from value
distribution theory of holomorphic curves to study generalized Gauss maps, many
generalizations of the above works of Fujimoto—Ru were made. Note that in these
results, it is required the presence of many hypersurfaces.

In this paper, based on recent progresses towards the hyperbolicity problem [1;
2;4; 6;7;8; 13; 21], we consider the case when there is only one hypersurface of
high enough degree.

Theorem 1.2 (Main Theorem). Let M be a nonflat complete minimal surface
immersed in R" and let G : M — CP"~! be its generalized Gauss map. Then G
can avoid a generic hypersurface D C CP"~! of degree at most

d= nn+2(n + 1)n+2.

2. Logarithmic jet differentials

Let X be a complex projective variety of dimension n. For a point x € X, consider
the holomorphic germs (C, 0) — (X, x). Two such germs are said to be equivalent
if they have the same Taylor expansion up to order k in some local coordinates
around x. The equivalence class of an analytic germ f : (C, 0) — (X, x) is called the
k-jet of f, denoted by ji(f), which is independent of the choice of local coordinates.
A k-jet ji(f) is said to be regular if d f(0) # 0. For a given point x € X, denote
by ji(X). the vector space of all k-jets of analytic germs (C, 0) — (X, x), set

Jk(X) = U Jk(X).X7
xeX

and consider the natural projection
7w (X)) = X.

Then J;(X) carries the structure of a holomorphic fiber bundle over X, which is
called the k-jet bundle over X. Note that in general, J;(X) is not a vector bundle.
When k& = 1, the 1-jet bundle J;(X) is canonically isomorphic to the tangent
bundle Tx of X.

For an open subset U C X, for w € H(U, Ty), for a k-jet ji (f) € Ji(X)|y, the
pullback f*w is of the form A(z) dz for some analytic function A, where z is the
global coordinate of C. Since each derivative AY) (0 < j <k — 1) is well defined,
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independent of the representation of f in the class ji(f), the analytic 1-form w
induces the holomorphic map

2-1) o J(X)|y — (]:k’ Jk(f) = (A(Z), A(Z)(l), e A(Z)(k_l)),

Hence on an open subset U, a given local holomorphic coframe w; A --- Aw, # 0

yields a trivialization
H(U, Ji (X)) — U x (CH"

by providing the following new nk independent coordinates:
0 — (mpo0;, @ 00,...,0,00),

where @; are defined as in (2-1). The components in ) (I<i<n,1<j<k)of
@; oo are called the jet-coordinates. In a more general setting, where w is a section
over U of the sheaf of meromorphic 1-forms, the induced map @ is meromorphic.

Now, suppose that D C X is a normal crossing divisor on X. This means that
at each point x € X, there exist some local coordinates zi, ..., Z¢, Z¢+1, - - -5 Zn
(£ = €(x)) centered at x in which D is defined by

D:{Zl"'ZZZO}-

Following litaka [14], the logarithmic cotangent bundle of X along D, denoted by
T (log D), corresponds to the locally free sheaf generated by
do o dz

yeees U+ -5 20
<1 2

in the above local coordinates around x.

A holomorphic section s € H (U, Ji(X)) over an open subset U C X is said to be
a logarithmic k-jet field if @ o s are analytic for all sections w € HO(U’, Ty (log D)),
for all open subsets U’ C U, where @ are induced maps defined as in (2-1). Such
logarithmic k-jet fields define a subsheaf of J;(X), and this subsheaf is itself a
sheaf of sections of a holomorphic fiber bundle over X, called the logarithmic k-jet
bundle over X along D, denoted by Ji (X, — log D) (see [16]).

The group C* admits a natural fiberwise action defined as follows. For local

coordinates
s eees 20 2Utls - s 2n (€ =1L(x))

centered at x in which D = {z; ...z = 0}, for any logarithmic k-jet field along D
represented by some germ f = (fi, ..., fu), if ¢, (z) = Az is the homothety with
ratio A € C*, the action is given by

(log(fi o)) =i(log )V o, (1<i=<0),
(fiop)D =x1 P og, (C+1<i=<n).
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A logarithmic jet differential of order k and degree m at a point x € X is
a polynomial Q(f @, ..., f®) on the fiber over x of J;(X, —log D) enjoying
weighted homogeneity:

QUk(fop) =2"Qk(f)) (reC).
Consider the symbols
d/logz; (1<j<k,1<i<¢) and d/z; (I1<j<k £+1<i<n).

Set the weight of d’ logz; or d’z; to be j. Then a logarithmic jet differential of
order k and weight k along D at x is a weighted homogeneous polynomial of
degree m whose variables are these symbols. Denote by E ,f; 2 T¢(log D), be the
vector space spanned by such polynomials and set
EZY Ti(log D) := | E{y Ty (log D).
xeX

By Faa di Bruno’s formula [3; 15], one can check that £ kG g T (log D) carries the
structure of a vector bundle over X, called logarithmic Green—Griffiths vector bun-
dle [12]. A global section of E anCf Ty (log D) is called a logarithmic jet differential
of order k and weight m along D. Locally, a logarithmic jet differential form can
be written as

¢ n
(2-2) Z AO(] ..... o (l_[(d 10g Zi)al-i l_[ (dzi)otl_,->
i=1

Al,y.eny areN" i=¢+1
lop [42]an |4k |=m V4 n
o (H(d" logzi)™ [ (d"zi)“k-f),
i=1 i=0+1
where
o= (o1, 00,) N (I1<A<k)
are multiindices of length
el = Y i,
1<i<n

and where Ay, . o are locally defined holomorphic functions.

Assigning the weight s for (d*z;)/z;, then one can rewritten d/ logz; as an
isobaric polynomial of weight j of variables (d°z;)/z; (1 <s < j) with integer
coefficients, namely

, dz: \* diz:\Pi
4

B=(B1,....5)eN '
Bi+2Br++jBj=]

where b g € Z. Conversely, one can also express (d’z;)/z; as an isobaric polynomial
of weight j of variables d* logz; (1 <s < j) with integer coefficients [2]. Thus
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one can also use the following trivialization of logarithmic jet differentials:

¢ dz; Bi N
(2-3) Z Bﬁl ----- Bk (1_[(—) 1_[ (dzl.)ﬁl,i>
i=1

Bi..... BreN" < i=0+1

|B1 1421 B2+ +k| B |=m ¢ de,' Bri 1 L
. (H(Z—) l—[ (d Zi)ﬂk'i>,
i=1

! i=0+1
where
Br= B, Brn) eN'" (1 <A=<k)

are multiindices of length
Bil= )" Buis

1<i<n

and where Bg, g, are locally defined holomorphic functions.

Demailly [5] refined the Green—Griffiths’ theory and considered the subbundle
Eim T (log D) of EZC T (log D), whose sections are logarithmic jet differentials
that are invariant under arbitrary reparametrization of the source C. Let

(X,D,V)

be a log-direct manifold, i.e., a triple consisting of a projective manifold X, a
simple normal crossing divisor D on X and a holomorphic subbundle V' of the
logarithmic tangent bundle 7x(—log D). Starting with a log-direct manifold
(X0, Do, Vo) := (X, D, Tx(—log D)), one then defines X| := P(V) together with
the natural projection m; : X1 — Xy. Setting Dy := 7| Dy, so that 7| becomes a
log-morphism, and defines the subbundle V| C Tx,(—1log D) as

Vi = {& € Tx, r.op (—log Dy) 1 ,& € C-v},

one obtains the log-direct manifold (X, Dy, V1) from the initial one. Any germ of
a holomorphic map f : (C, 0) — (X \ D, x) can be lifted to f!': C - X; \ D;.
Inductively, one can construct on X = X the Demailly—Semple tower:

(X, D, Vi) = - -+ — (X1, D1, V1) = (Xo, Do, V),

together with the projections 7y : Xy — Xo. Denote by Oy, (1) the tautological line
bundle on Xj. Then the direct image (14)Ox, (m) of O, (m) = O, (1)®™, denoted
by Ei Ty (log D), is a locally free subsheaf of E,?ncf T¢(log D) generated by all
polynomial operators in the derivatives up to order k, which are furthermore invariant
under any change of parametrization (C, 0) — (C, 0). From the construction, one
can immediately check that:

Theorem 2.1 (direct image formula). For any ample line bundle A on X, one has

(2-4)  HX,ExnTi(logD)® A= H(X;, Ox,(m) @ mf A7H).
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The bundles EZS Ty (log D), Eg T (log D) are fundamental tools in studying
the degeneracy of holomorphic curves into C\ D. By the fundamental vanishing
theorem of entire curves [5; 21], for any ample line bundle .4 on X, a nontrivial
global section of E,?nf T¢(log D) ®.A~! gives a corresponding algebraic differential
equation that all entire holomorphic function f : C — X \ D must satisfy. The
existence of these sections was proved recently [6; 15], provided that the order of
jet is high enough. However, despite many efforts, the problem of controlling the
base locus of these bundles can be only handled under the condition that the degree
of D must be very large compared with the dimension of the variety [1; 2; 7; 8; 21].

Now we consider the case where D is a generic hypersurface of degree d in CP".
To guarantee the existence of logarithmic jet differentials along D, we consider the
order jet k =n + 1 and put

K'=sk(k+1), §=(k+Dn+k.

Fixing two positive integers € > 0 and r > 8*~'k(e + k). For a smooth hyper-
surface D, denote by Y; (D) the log-Demailly—Semple k-jet tower associated to
(CP", D, Tepn(—log D)). For a line bundle L on Oy, (p), denote by Bs(Oy, (p)L)
the base locus of the line bundle L. We will employ the following key result in [2].

Proposition 2.2 [2, Corollary 4.5]. There exist B, B € N such that for any « > 0

and for any generic hypersurface D € |(’)a;f,r(;r)k) s |, one has

_ 2 k—lk _ : _
Bs(Oy,(p) (B + a8 k) @, OLS S M) (D) Uy (D).

Using this result, Brotbek—Deng confirmed the logarithmic Kobayashi conjecture
in the case where the degree of D is large enough. We extract from their proof that:

Theorem 2.3. Let D C P"(C) be a generic smooth hypersurface in P" (C) having

large enough degree
d> (l’l + 1)n+3(n +2)n+3.

Let f : A — CP”" be a nonconstant holomorphic disk. If f(A) ¢ D, then for
jet order k = n + 1, there exist some weighted degree m, vanishing order m with
m > 2m and some global logarithmic jet differential

2 € H(CP", EZS Tp. (log D) ® Ogpn (1))
such that
(2-5) Z(jk(f) #0.

Proof. We follow the arguments in [2, Corollary 4.9], with a slightly modification
to get higher vanishing order. First, putting

ro=28"1 + 816+ D2 =81+ (6 +2).
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Since
k(k+8—1+k8) < 8+ 1)%,

any integer number d > (rg + k) § + 28 can be written as
d=e+ (r+k)§,
where k <e <k+68—1and r > 285 1k’ + 8¥~1 k(e + k§). For such d, since

, B+ad K as K
lim — = 1 <7,
00 —B —q(8k=lk(e +k8) —r) r—38"1k(e+kd)

using Proposition 2.2, for « >> 1 large enough, there exists some global logarithmic
jet differential

2 € HO(CP", EZS T¢ . (log D) ® Ogpn (1))

satisfying (2-5) with m = B+ a8 'k', m = —B — a(8* Vk(e + k8) — r) and
m > 2m. Hence it remains to giving a lower bound for (r¢ + k) § + 28. This could
be done by a straightforward computation:

(ro+k)8+28= (81 + DG +2) +k+2)8 <+ D" +2"5. O

3. Value distribution theory for holomorphic maps from unit disc into
projective spaces

Let E = Zi o; a; be a divisor on the unit disc A where o; > 0, a; € A and let
k € NU {oo}. For each 0 < ¢ < 1, denote by A, the disk {z € C, |z| < t}. Summing
the k-truncated degrees of the divisor on disks by

n™(t, E):= ) minfk,es} (0 <t<1),

a,-eA,

the truncated counting function at level k of E is then defined by taking the loga-
rithmic average

,
NWmErszg}Qmm<r<u
0
When k = oo, we write n(t, E), N(r, E) instead of n!®l(z, E), N'*®I(r, E). Let
f : A — CP" be an entire curve having a reduced representation f =[fo:---: f]
in the homogeneous coordinates [zg: - - - : z,] of CP". Let D = {Q =0} be a divisor
in CP" defined by a homogeneous polynomial Q € C[z, ..., z,] of degree d > 1.
If f(A) ¢ D, we define the truncated counting function of f with respect to D as

N¥ @, D) == NHM(r, (Q 0 f)o),

where (Q o )¢ denotes the zero divisor of Q o f.
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The proximity function of f for the divisor D is defined as

2 10N\ 1d

1 £ re®) 101l d
. D) = log——m—n———

my(r. D) /o €0 (rei®)| 27

where || Q] is the maximum absolute value of the coefficients of Q and

If @)l =max{| fo(2)I, ..., |fu(2)I}
Since |Q ()] < QI - I £1|¢, one has m ¢ (r, D) > 0.
Lastly, the Cartan order function of f is defined by

1 27 )
T0) =5 /0 log]l £ (re™®) | d6.

With the above notations, the Nevanlinna theory consists of two fundamental
theorems (for comprehensive presentations, see [17; 20]).

Theorem 3.1 (First Main Theorem). Let f : A — P"(C) be a holomorphic curve
and let D be a hypersurface of degree d in CP" such that f(A) ¢ D. Then for
every r > 1, the following holds:

m ¢ (r, D)+ Ny (r, D) = d Ty(r) + O(1),

whence
(3-1) Ny(r,D)<dTs(r)+ O(1).

On the other side, in the harder part, so-called Second Main Theorem, one tries
to bound the order function from above by some sum of certain counting functions.
Such types of results were given in several situations, and most of them were relied
on the following key estimate.

Theorem 3.2 (logarithmic derivative lemma). Let g be a nonconstant meromorphic
Jfunction on the unit disc and let k > 1 be a positive integer number. Then for any
0 <r < 1, the following estimate holds:

1
Mg/ (1) 1= Mgty 4 (r, 00) = 0(10g E) + O(log Ty (r)) I,

where the notation || means that the above estimate holds true for all 0 < r < 1
outside a subset E C (0, 1) with

/ dr
< Q.
El—r
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4. An application of the logarithmic derivative lemma

It is a well-known fact that the growth of the order function of an entire holomorphic
curve could be used to determine its rationality. Replacing the source of the curve
by the unit disc A, one has:

Definition 4.1. A holomorphic map f : A — CP”" is said to be transcendental if

Ty (rl) —

1—r

lim sup
r—1 log

Theorem 4.2. Let [ : A — CP" be a holomorphic map and D C CP" be a generic
hypersurface having large enough degree:

d > (l’l + 1)n+3(n +2)n+3.
If f avoids D, then it is not transcendental.

Proof. Employing the logarithmic jet differentials supplied by Theorem 2.3, fol-
lowing the arguments as in [13] and using the logarithmic derivative lemma for
meromorphic functions on unit disc, one gets

[ . —o(
71(r) <N}, D)+0 (log 1)+ 0(0g Ty (1) = O ({1 )+ 0log T; ) .
whence concludes the proof. ([

We will also need the following results due to Fujimoto [9].

Proposition 4.3 [9, Proposition 2.5]. Let ¢ be a nowhere zero holomorphic function
on A which is not transcendental. Then, for each positive integer number A, the
following estimate holds:

2 A—1 /
d .
/ ¢ (re'?)
o |dz>71"\ ¢
Corollary 4.4 [9, Lemma 3.4]. Let ¢1, ..., ¢, be nowhere zero holomorphic func-
tions on A which are not transcendental. Then, for any n-tuple of positive integer

numbers (A, ..., Ay) and for any positive real number t with tn < 1, the following
estimate holds:

27| 1 I\*j—D
@' \Hi )
TV TE A
0 i \¥

where s =1(3"i_; A;)-

40 < Const. 1 1 © 1
(0] <r< .
== %1=r

t

Const. 1y
do < log O<r<1,
A—ryr\ 1
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5. Proof of the Main result

Proposition 5.1. Let D C CP”" be a generic smooth hypersurface of degree d and
let f: A — CP"\ D be a nondegenerate holomorphic curve. Suppose that there
exists a global logarithmic jet differential

2 € H'(P"(C), ESS T¢p, (log D) ® Ocpn (1))
such that
(5-1) Z(n(f) #0.

Then, there exists a positive constant K such that

2 . ; & ; K 1 2m/m
/O 2T eI 0 < (log 1 _r)

for (0O <r <1).

Proof. Let s be the canonical section of the ample line bundle £ := Og¢p- (1). Since
2 vanishes on £ with vanishing order 71, in any local chat U, of CP", one can
represent &s™ as an isobaric polynomial 27y of weight m of variables

with local holomorphic coefficients, where u; ; are rational functions on CP".

Consequently, we get that
d ;o f)
§ u‘}" ,of ’

Since 0 < % < 1, using the elementary inequality

12N ILFIT <

(X1+"'+xr)2/m <x]2/m-i-~'--i-xr2/ﬁ (xi > 0),

( )‘(uj)hof))
Ganof

2m i Const. 1 \2m/m
def(l—r)z’”/’ﬁ (IOgl—r) O<r<1).

the above estimate yields

2/m

| 2Gu (e[ 11 £ re?)

Hence it suffices to prove
/zﬂ i (W0 )
0 ’ u(}l, 2 © f

By assumption, f avoids D, hence it is not transcendental by Theorem 4.2. Since
each function u‘;‘ , 1s rational, it follows that u‘}‘ , o f is also not transcendental.
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Now, observing that each term
d ;o f)
u‘}‘y ,of

can be represented as a polynomial 335" , of variables

WS, o f) ((uj{A of )/)*—‘
u‘}")\of"”’ u§,of ’
which is isobaric of weight A, using Corollary 4.4, one gets the desired result. [
We will also need the following result of Yau [23] in the sequence.

Theorem 5.2 [23]. Let M be a complete Riemann manifold equipped with a volume
form do. Let h be a nonnegative and nonconstant smooth function on M such that
Alog h = 0 almost everywhere. Then | y hf do =00 forany p > 0.

Now we enter the details of the proof of the Main Theorem. Let f be the
conjugate of G, which is a holomorphic map. It suffices to prove that f is constant.
Suppose on the contrary that this is not the case. Let  : M — M be the universal
covering of M. Then M is also considered as a minimal surface in R". Hence
without lost of generality, we may assume M = M. Since there is no compact
minimal surface in R", it follows that M is biholomorphic to either C or A. Thus
we may assume M = C or M = A. The first case was excluded by recent work
towards Kobayashi’s conjecture (see [2]). Hence it suffices to work in the case
where M = A. The area form of the metric on M induced from the flat metric

no
on R”" is given by do =2 £1P du A dv.
Let & be a global logarithmic jet differential supplied by Theorem 2.3. Then it
is clear that h = |22 (ji(f)| # 0 and A logh = O for any z out side the zero set
of h. Since A is complete, simply connected and of nonpositive curvature, it has
the infinite area with respect to the metric induced from R”. Using Theorem 5.2,
one obtains that

(5-2) / W™ do = oo.
A

On the other hand, using Proposition 5.1, one has

/hW do = z/hz/'% I £112 du dv

A A

1 2T
- z/ rdr (/ h(rei?)2/m ||f(re"9)||2d9)
0 0

1 - 1 \2m/i
<K —11 dr.
=" (1—r>2m/m<°g1—r> '
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The last integral in the above estimate is finite since 2m < ni. This contradicts (5-2).
Therefore, the map f must be constant, whence concludes the proof of the Main
Theorem.

6. Some discussions

Theorem 1.1 can be recovered via the above jet method. Indeed, according to
Siu [21], the Wronskian can be employed to build a suitable logarithmic jet dif-
ferentials. Precisely, let us consider the inhomogeneous coordinates xp, x3, ..., X,
of CP". Let {H;}i<j<4 be the family of hyperplanes in general position in CP".
For each 1 <i < ¢, denote by F; the linear form of variables xi, ..., x, defining
the hyperplane H;. Put

Wron(dxy, ..., dx,)

T R..F,

’

where Wron denotes the Wronskian. The point is that by the assumption of general
position, at any point x = (xy, ..., X;,), there exists a set I = {iy, ..., i,} having
cardinality n such that F; are nowhere zero in a neighborhood U of x for all j ¢ 1.
Locally on U, one can write w as

Wron(d log F;, (x), ...,dlog F;, (x))
ngle(x) ,

and hence, w gives rise to a logarithmic jet differentials along the divisor Z?:l H;.
The denominator Fj ... Fy, in w gives the vanishing order ¢ at the infinity hyperplane,
hence direct computation yields immediately that w is of weight m = %n(n +1)
and vanishes on the infinity hyperplane with the vanishing order m =g — (n + 1).

Finally, in view of the result of Fujimoto—Ru, one can expect that the optimal
degree bound in the statement of our Main Theorem should be %n(n +1).

w = Const.

Conjecture 6.1. Let M be a nonflat complete minimal surface in R" and let
G : M — CP"! be its generalized Gauss map. Then G could avoid a generic
hypersurface D C CP"~! of degree at most

d= %n(n +1).
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