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1. Introduction

Let [, denote the finite field of ¢ elements, where ¢ is a power of a fixed prime
number p. Let I, (n) = (ac‘fm, ...,z2") denote the m-th Frobenius power ideal in the
polynomial algebra S(n) = F4[x1,...,z,]. Denote by Q,,(n) the truncated polynomial
ring S(n)/In(n). The general linear group G, = GL,(F,) acts on S(n) by linear sub-
stitutions of variables. Since I,,,(n) is a G-invariant ideal, Q,,(n) inherits a G,,-action
from S(n). As we will be working with a fixed number of generators n, we will usually
omit n from the notation.

This paper addresses the problem of computing invariants of the truncated ring Q,,(n)
under the action of various parabolic subgroups of G,,. This problem arises in several
contexts, including algebraic combinatorics ([11], [12], [9], [4]), algebraic topology ([1],
[7], [8]) and number theory [2]. In particular, as shown in [9, Conjecture 1.3], knowing
the Hilbert series of Q,,(n)“ provides the Hilbert series of the cofixed space Sg of
the polynomial ring under the action of the general linear group. Surprisingly, while
the invariant ring S has been completely determined since the beginning of the 20th
century, by the fundamental work of Dickson [3], the problem of determining Sg is still
an open problem in modular invariant theory.

For a positive integer n, a composition of n of length ¢ is an ordered set a =
(a1,...,ap) of positive integers «; such that |a| = a3 + ... + ay = n. We will also
consider weak compositions, which are ordered sets of non-negative integers. The set
of weak compositions of a given length is partially ordered by declaring that § < «
iff B; < «; for all i. If a is a composition of n, we denote by P(«) the corresponding
parabolic subgroup of G,,. In [9], Lewis, Reiner, and Stanton proposed a marvelous set
of conjectures about the Hilbert series of the invariant ring Q,,(n)”(®) for arbitrary m
and any composition « of n, expressed in terms of a new combinatorial object called the
(g,t)-binomial coefficient, introduced in [12]:

Conjecture 1.1. (/9, Parabolic Conjecture 1.5]) The Hilbert series of the ring of invariants
of Qm(n) under the action of the parabolic subgroup P(a) is:

— e(m,a,f) m
Com)= 2 P

)
B,8<a,|Bl<m at

where e(m,a, B) = Y (a; — Bi) (@™ — ¢P), B; = B1 + ...+ Bi, and for a composition
a=(ay,...,ap) of d with partial sum a1 + ...+ «; = A;, the (q,t) binomial coefficient

[i] is defined as the quotient
q,t

s

[d] H?;é(l — a'=d)
e T T T (1 — =)
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In particular, in the most interesting case where a = (n), they conjectured that

Conjecture 1.2. ([9, Conjecture 1.2]) The Hilbert series of the ring of invariants of Qm(n)
under the action of the general linear group G, is:

min(n,m)

Com(t) = 3 0 R m .
q,t

k=0

These conjectures are inspired by properties of the ¢-Catalan and ¢-Fuss-Catalan
numbers, connecting Hilbert series of certain invariant subspaces with the representation
theory of rational Cherednik algebras for Coxeter and complex reflection groups. Some
partial results about these two conjectures have been obtained (see Drescher-Shepler
[4], Goyal [5], and the original paper [9]). Nevertheless, the role of these combinatorial
objects in the series remains quite mysterious.

In our previous work [6], we proved their parabolic conjecture for the minimal
parabolic subgroup B by constructing an explicit basis for the [F,-vector space Q,, (n)B
for all m and n. We also refined their conjectures by proposing an explicit F,-basis for

Om (n)P(a)_

Conjecture 1.3. A basis for the space of P(a)-invariants of Q.,(n) is given by the set
B, (a) consisting of elements of the form

e (f15f§'”;+??m (- fwéﬁiﬁfm(f”))

where f < a,|B8] < m, B; = 1+ ...+ B; (by convention, By = 0) and f; €
(I)Bi,lAZ:*Bifl g Agi_Bi'

Here 6, is the operator constructed in [6] and Al is a certain subspace of the Dickson
algebra D, ([3]) of all GL-invariant polynomials:

A;n C Ds = IFq[cgs,s—h ] Qs,lv QS,O]'

The Dickson invariants @), ; are crucial to our investigation and will be reviewed in detail
in Section 2. The Frobenius-like operator @ is a ring map from Dy to Ds41 which sends
Qs,i 10 Quy1iv1-

The reader of [6] may notice that in this conjecture, we describe a member of the
conjectural generating set B,,(«) explicitly rather than by induction. In addition, we
make use of the core subspace A" (see 2.2 below) of the Dickson algebra instead of V7*
in the original conjecture. The two candidates for core spaces can be used interchangeably,
but A7 is more convenient for explicit calculation, as we will see later.

In the case a = (n) so that P(«) is the full general linear group, we have
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Conjecture 1.4. The set B,,(n) consisting of the following family of elements:
Ositim (f), f € AT, 0 < s <min(m, n),
forms a basis for the Fy-vector space of G, -invariants of Qum,(n).

It is a simple counting problem that our proposed bases have the correct Hilbert series
as predicted. Hence our conjectures refine the two conjectures proposed by Lewis, Reiner,
and Stanton. Furthermore, they also explain where the summands of the Hilbert series
occur in the original conjectures: The summands of C,, ,,(t) are just the Hilbert series
of AT 0 < s < min(m,n), shifted by an appropriate degree due to the iterated delta
operator.

In [6], we have verified the refined parabolic Conjecture 1.3 for the Borel subgroup,
that is when oo = 1™. The aim of this paper is to verify our conjectures for other parabolic
subgroups, including the full general linear group, for n < 3. As an immediate corollary,
the parabolic conjecture of Lewis, Reiner and Stanton is true in these cases.

Theorem 1.5. The refined parabolic Conjectures 1.5 and 1.4 are true for n < 3 and all
m > 1. Hence, the parabolic conjecture of Lewis, Reiner, and Stanton is true in these
cases.

In this paper, we choose to work as explicitly as possible to illuminate the underlying
mechanism of our construction and to highlight the additional structure present in our
basis. Our computations reveal an interesting property of the invariant rings when con-
sidered as modules over the Dickson algebra. We also describe the action of the Steenrod
algebra. In future work, we hope to revisit this problem in greater generality.

When n = 2, the only parabolic subgroup other than the Borel subgroup is G» itself,
and the parabolic conjecture has already been verified in the original paper [9]. However,
the authors worked with the dual situation involving cofixed spaces and used a specific
property of the bivariate case to avoid the truncated ring. As a result, it remains unclear
whether the invariant subspace of Q,,(n), even in rank n = 2, can be described explicitly
using their method.

In [5, Corollary 4.3], Goyal constructed a family of G,-invariant polynomials in Q,,(n)
which corresponds to the family 85~ *(AJ*) in our notation.

To simplify the notation, we will often drop the index n in Q,,(n), S(n), and G,, when
the number of variables is well-understood from the context. If the Frobenius power m
is fixed, we write ds instead of ds,,. It is also convenient to write (eq,...,es) € A" to
indicate a Dickson monomial Qi}kl e Q?O in AY'. For any nonnegative integer a, we
denote by [a], the g-integer (¢* —1)/(¢ — 1) with the convention that [0], = 1.

Here is our first result in rank 2.

Proposition 1.6. The set B,,(2) consisting of 3 families below forms a basis for the in-
variant subspace Q.,(2)¢ of the full general linear group.
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In rank 3, other than the Borel subgroups, there are two proper parabolic subgroups.
Their corresponding rings of invariants are described in the next two propositions.

Proposition 1.7. The set B, (2,1) consisting of 6 families below forms a basis for the

P(2,1)

invariant subspace Qpm of the parabolic subgroup corresponding to the composition

(1) ;11 20 5.2, (11,42) € AT, i < [m — 2],.
(2) Q21 5003(1), (i1,12) € AT

(3) 62(Q7 0Q5.1), i1 < [m]g, i < [m—1],.

(4) 82(Q7902(1)), ir < [m]g-

(5) 51(51(6910)) i < [m]g.

(6) 61(01(01(1))).

Proposition 1.8. The set B,,(1,2) consisting of 6 families below forms a basis for the

invariant subspace QP( 2)

(1,2).

of the parabolic subgroup corresponding to the composition

(1)
(2)
3)
(4)
()
(6)

32 él; jl < [m]q’ (i17i2) € Agn_l'
53(Q2 1): g1 < [mlg, j2 < [m —1]q.
Q 052(52( ))s J1 < [m]q.
1 20) (i1,i2) € AR
') g1 < [mlg.
))-

1,
61(Q3
5) 01(02(Q7]
6 51(51(51(

Our final result, which is also the most technical, is for the full general linear group

in rank 3:

Proposition 1.9. The set B,,(3) consisting of 4 families below forms a basis for the in-

variant subspace Q,,(3)C of the full general linear group.

(1) 01(81 (0 (1)) = 2f ' Tl
(2) 52(52(AT))

(3) d3(A7)

(4) Ay
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Since the case of the Borel subgroup, which corresponds to the composition (1,1,1)
of n = 3, was treated in [6], the propositions stated above together imply the main
Theorem 1.5.

It is worth noting that when m is small relative to n, all results still hold, provided
they are interpreted appropriately. For example, when n = 3 and m = 2, the set A3 is
empty, and d3.0(A%) consists of just a single element, namely d5.0(1) = 1 € F, in degree
0. To avoid excessive attention to these special cases (whose proofs are straightforward),
we will generally assume that m is sufficiently large compared to n (in fact, m > n is
enough!).

In the process of establishing these results, we have also computed the structure of
these invariant spaces considered as modules over the Dickson algebra and the mod ¢
Steenrod algebra.

Definition 1.10. For each 0 < k < min(m,n), let F, ; denote the subspace of Q,,(n)
spanned by the subsets 67" (A7*) where 0 < s < k:

Fage = Span{o, 7'(f): fe AT,0<s <k}

These subspaces form an increasing filtration of Qm(n)G, starting with the one-
dimensional subspace F, o, which is spanned by the top-degree class (x . cxy)? Tt
At least in the cases we have computed, this filtration is exhaustive and exhibits remark-

able properties. We propose the following:

Conjecture 1.11. For each 1 < k < min(m,n), F,r s an A-submodule as well as
a Dy, -submodule of Qm(n)G. Moreover, Fy 1, is annihilated by the Dickson invariants

Qn,07 Qn,l e Qn,nfkfl'

This conjecture suggests that the filtration F,, . may admit an alternative description
of a topological nature. We are able to verify this conjecture up to rank 3:

Theorem 1.12. The Conjecture 1.11 is true for n < 3.

The layout of this paper is as follows: Section 2 recalls basic results in modular invari-
ant theory and the key constructions from our previous work. In Section 3, we establish
a lower bound on the total dimension of the invariant subspaces. The subsequent four
sections are devoted to proving Propositions 1.6 through 1.9. The final section discusses
the actions of the Dickson algebra and the Steenrod algebra, and presents the proof of
Theorem 1.12.
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2. Recollection

In this section, we recall some background materials about modular invariant theory
and the main construction in [6].

2.1. Upper triangular invariants and Dickson invariants

The canonical projection S — Q,, is clearly a G-equivariant map. Thus, for each
parabolic subgroup of G, there is an induced F,-algebra homomorphism

S¢ c S - of

which makes the invariant ring QZ into a module over S¢. The structure of the invariant
ring S¢, which is the Dickson algebra [3], is well-known and plays a significant role in
our investigation.

For each positive integer k, denote by Vj the product

Vk.(a:h L. ,Z‘k) = H (a:k + Moy +...+ /\k—lxk—l)-
Xi€F,

It is well-known that the invariant ring S? under the Borel subgroup of upper triangular

matrices is a polynomial algebra generated by qu_l, VQq_l, ..., V471 (see for example,
[10, Theorem 3.4]). Let X be an indeterminate, and recall the fundamental equation

n—1
Vi1 (21,20, X) = X9 4 Z(—l)n_iQn,inm-
i=0

The polynomials @, ; = Qn,i(21,...,%,) are evidently G-invariant, and are called Dick-
son invariants because of the following celebrated theorem due to Dickson:

Dn = SG = Fq[Qn,(h B Qn,nfly

The Dickson invariants @), ; can be described more explicitly as follows. For any n-tuple
of non-negative integers (r1,...,7,), put

(1o o) = det(z? )1 <ij<n.
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In particular, let L, = L, (z1,...,2,) denote [0,1...,n — 1]. We then have

In particular, Q,,, = 1 and @, = L%~'. By convention, we set Q,; = 0 if i < 0 or
i > n. The following relations are well-known (see for example, [15, Proposition 1.3]):

Proposition 2.1. Let n be a positive integer and 0 < i < n. The following relations hold:

(i) Lp=WViVo---V,.
(i) Qni=VI'Qun_1:+ QZ—I,;’—I'

Note that L,, is, up to sign, the product of all lines in the [F,-vector space spanned by

T1y---,Tn-
2.2. The A subspace of the Dickson algebra

Lewis, Reiner and Stanton [9, Subsection 7.4] speculated that a portion of the Dickson
algebra studied in [12, Section 5] might form part of an Fy-basis for Q,,(n)%. Our work
confirms this intuition. In fact, this portion, which we call the Delta subspace, plays a
central role. We now review its construction and some elementary properties.

Given a positive integer s and a partition A\; > Ay > ... > A, with at most s nonzero
parts, we say that a Dickson monomial Q¢! Q5 in Dy is of type (A1, ..., As) (or q-

s,s—1 "

compatible with (Mg, ..., \s), in the language of [12, Definition 5.4]) if for each 1 < i < s,

e; €

in _ q)\z+1 q>\1‘,+1 _ qA7‘,+1>

g-1 7 q-1 '

By convention, As4+1 = 0. Every Dickson monomial in Dy is g-compatible with a unique
partition (Aq,...,As) of length <'s.

Now suppose s < m, and we will restrict our attention to partitions whose Ferrers
diagrams fit inside a s x (m —s) rectangle, that is, partitions with at most s nonzero parts
and m — s > A;. Define Ay, . x,) as the subset of the Dickson algebra Dy consisting
of Dickson monomials of type (A1,...,As), and let A” denote the disjoint union of all
subsets over all such partitions fitting inside an s x (m — s) rectangle. By convention, we
put A? =0 if s > m, and AP = {1}.

The Dickson monomials in A”" for s < min(m,n) together with the delta operators
recalled below are the building blocks for our basis. For this reason, we will say that Dick-
son monomials in AT essential monomials. We will also work with the edge monomials,
which are the Dickson monomials not in A* that have the form Qs ;f where f € AT,

A+l A
for some 0 < ¢ < s—1. Clearly, the edge monomials are those such that e; = '“q%‘fm

A A A;+1 A
qit—q i+1 gt —q i+1 . .
pr i ) for all ¢ # j.

for some 1 < j<sande; €]
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2.3. The delta operator

The operator d,,, introduced in [6] is fundamental to our construction. We now recall
its definition and main properties.

Definition 2.2. Let a, b, ¢ be positive integers such that 1 < a < ¢+ 1. If f is a rational
function in ¢ variables, then d,.(f) is a function in (¢ + 1) variables, defined as the

quotient
x1 Ty
q q
Ly Lo
a—2 2
q q®
: Ly Lg
q b
5 (f) Ty f(xlyxZ""7xc+l) iL’g f(xla 5ma7"'7xc+1)
b -
“ Ty T4
a q
Ly Lq
a—1 a—1

Thus if b > a — 1, 04y increases degree by q” — ¢~ 1. By definition, if we separate the
first (a — 1) variables and write f in the form f =" g(x1,...,24—1)h(2q,...,z.), then

6a;b(f> = Z 5a;b(g)h(xa+17 e 7ﬁrc+1)~

It was shown in greater generality in [6] that d5(f) is generally not a polynomial.
Still, in the cases that we are interested in, it is a genuine polynomial. Moreover, d,(f)
is rarely a Dickson polynomial but it is a Gs-invariant modulo I,,,. We give a precise
statement and provide an elementary proof for d3 to make the paper self-contained.

Proposition 2.3. If f is a Ga-invariant polynomial, then ds5(f) is also a polynomial and
is Gs-invariant in Qm,(3).

Proof. We first show that d3(f) is a polynomial. Recall the denominator Ls = V1 V5Vj is
a product of nonzero linear forms in the variables x1, x2, x3, so it suffices to prove that
the numerator of d3(f) becomes zero whenever there exists a nontrivial linear relation
among the x;, which by symmetry, can be assumed to have the following form:

T3 = a1T1 + a9, (al, a2) € ]Fq X ]Fq. (21)

We claim that this implies a similar linear relation among the columns of the numerator
of d3(f), that is,

m

zd flxy,ma) = alx(fmf(xg, x3) + azxgmf(acl, x3). (2.2)
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Indeed, this is clear if a; = as = 0. If the scalars a1, as are both nonzero, then there is
an equality

f(z2, 121 + asx2) = f(x1,a121 + asxe) = f(z1,22),

since f is a Ga-invariant. So the right-hand side of (2.2) becomes

m m m

(a1z] + azwgm)f(ﬂﬁhﬂﬁz) = (11 + agw2)? f(x1,22) = 2§ f(21,22).

Finally, if one of the a; is zero, say a; = 0, Equation (2.2) is reduced to

m m

(a2x2)? f(x1,x2) = agxd  f(x1,a222),

which is again true because f is Ga-invariant. We have finished the proof that d3(f) is a
polynomial.

The next step is to show that d3(f) is Gs-invariant modulo I,,,. By symmetry, it suffices
to prove that d3(f) does not change under the operation that sends z; to 1 + o and
fixes x2, x3. The denominator L3 certainly satisfies this condition. By direct inspection,
the difference 03(f)(z1 + x2, 2, x3) — d3(f) (21, 2, 23) equals

X X2 xs3
i 5 z§
24" f(z2,73) — f(z1 +@2,23)  f(x1+22,23) — f(w1,23) O
2
L3

We already know that this is a polynomial. Moreover, x5 occurs as a simple factor in the
denominator L3, and the determinant in the numerator vanishes when x5 = 0. It follows
that this polynomial is divisible by 23 , thus trivial in Q,,(3). O

Example 2.4. The G;-polynomials are of the form f(z) = 2~V = Q7 o, s > 0. Then
So(x*47Y)) is a Go-invariant polynomial in Q,,(2). For s < [m],, this is Goyal’s y, family
in [5] where it was defined as

ys = mr{”—qx;(q*l) + xt{"‘*q*(qfl)xésﬂ)(q*l) +.+ xi(qfl)xg’”—q.
Our construction is also valid for s > [m],. However, it is trivial in Q,,(2) except when
s = [m]q + 1, in which case

m

mlq+1 m_ —
So(QUHHy = 28" 1l = —62(1).

It is easy to check that y, is a genuine Gs-invariant (that is, a Dickson polynomial)
whenever s = % for some non-negative integer .
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Example 2.5. For s < [m]g, 03(Q3 o) is a Gs-invariant of degree 2(¢™ — ¢) + s(q — 1) in
9, (3). This family of elements coincides with Goyal’s polynomials a,, 3 s in [5, Corollary
4.3] where it was written in a different form:

_ i1(q—1) i2(q—1) 1i3(g—1)
am,3,s = E Ty ) T3 )

(41,12,%3)

where the sum is taken over all triples (i1,42,73) of non-negative integers such that
is < [m]q and iy + iz + i3 = 2[m|y — 2 + s. Again, our definition also works for s > [m],:

m__q

[ lq+2 3 m_1 — m_1
H5Q0" ) =80 =2 Taf Taf T,
and is trivial in all other cases.

Warning 2.6. It is not true in general that if f = g in Q,,(n) then §5(f) = ds(g) in
Q,n(n), even in the case where all expressions involved are polynomials. This is evident

lg+1

from Example 2.4 above for f = Q[f% and g = 0. Thus when working with iterated

delta operators, for example, §3(f) = Ja(daf), we cannot take o f modulo I,,, before
applying o again.

2.4. The delta operator and the Dickson algebra
For each composition « of n, the invariant ring Q,,(n)"(®) is a module over the
Dickson algebra D,,. The next result describes how the delta operator interacts with the

Dickson algebra in low ranks.

Proposition 2.7. We have the following identities in Q,,.

1

forall f €8S.

(Q1 of) for all f € Dy.

f)=0
f) =162
03(Q5 ;1 f) fori=1 or2 and for all f € Dy.
52
0

(1)

(2) Qa2,102(
(3) Q3,:03(f)
(4) Q3,203(f)
(5) Qs.105(f)

QSO(S(
(

2(Q7,f) for all f €Dy
forall f € D;.

Proof. We will make use frequently of the relation 2.1 relating upper-triangular invari-
ants Vi, and Dickson invariants @y, ;.

The first part is clear since Qs = LI~!. Note that the numerator of d5(f) always
vanishes in Q,,, by considering the Laplace expansion along the last row.

Proof of (2). Since f € Dy, let us assume that f = Q7 , for some s > 0. Since

Qo = Vi ay,x2) + VIV (@) = Vi (@, 1) + VT (@),

the numerator of the difference Q2,102(f) — 02(Qf of) has the form
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1 T2
qm —1,.8(g=1) qm —1,.8(g=1) |-
x] Va(xe,21)? 'z, xg Va(xy,m0)? 1oy

Observe that x1Va(x1,x2) = x9Va(xa, x1) = La(x1, 22), it follows that

Q2102(f) = 02(Q1 o f) = 2 Va(wr, 02)77 2230 — 2" Va (s, w1)1 2030 = 0
in Q,,(2).

Proof of (3). We will treat the case i = 1, as the situation for ¢ = 2 is similar. Consider
the difference Q3,103(f) — 33(Q% of). Using the identity Q31 = Vi 'Qa1 + Q% , the
(3,1)-entry in the last row of the determinant in the numerator can be simplified as

m _
ol Vi (22, 23, 21) Q2,1 (22, 73) f (22, 3).
There is a similar description for other entries in this row. Since
V3(xa, w3, 21)La(22, 23) = L3(x2, 23, 71) = L3(x1, 2, 73),

the Laplace expansion along the last row of the determinant in the numerator shows
that the resulting polynomial belongs to I,,, which is zero in Q,,(3).

Proof of (4). From Proposition 2.1, we have Q30 = Vi~ ! + Q5.1 We write Q32 in two
different ways:

Q32 = Vi (22,23, 71) + Q% 1 (v2,73) = Vi~ (21, 3, 22) + Q% , (21, 3).
It follows that Q3 202(d2f) — 02(Q3 192 f) equals

1 T Z2
Lo(z1,22) |28 VI (22, 23,21) (02 f) (x0, 23) 3 Vi Ny, w3, 2) (0o f ) (1, 23) |

Since xoV3(xa, x3,21) and x1V3(x1, 23, 22) are divisible by La(x1,x2), the above expres-
sion is a polynomial in the ideal generated by (z{ ,z% ). Thus

Q3,202(02f) = 02(QF 102f) in Qn(3).

At this point, as noted in Warning 2.6, we cannot apply immediately part (2), replacing
2

Qg)légf with da( (f,of) on the right-hand side. Rather, we make use of the above strategy

one more time, writing

2(g—
Q2,1(r2,23) = Vi N as, w0) + V) (a 1)(333),

and similarly for Qo1 (x1,23). The difference 02(Qf ;02.f) — 05( j’?of) can be written as
the sum
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m 2_ m 2_
xqug e fe)Vy T @, m) = waf (wa) VT (2, w5)
s La(wy, 22)

m 2_ m 2_
xqu(xg)arlxlf A 1(3@3,3:1)—@3:‘{ A Yas, z2)
2 Lo(21,22)

Now the first summand is a polynomial (since the numerator is divisible by x; and
vanishes whenever there is a linear relation xs = a;z;) and is a multiple of zZ . Similarly,
the second summand belongs to the ideal (x4 ).

Proof of (5). We first apply the same strategy as part (4), writing

Q31 =V§' (21,23, 22)Qa,1 (21, 73) + Q5 o(3,22)

=Vi~ (22, 23, 1) Q2,1 (72, 3) + Qo (w3, 71),
and obtain an equality in Q,,(3):

Q3,102(02f)) = 62(Q3 g02.f).

The right-hand side, by direct inspection, can be written as

m 27 _ m 27 _
zqug a2 f(x)L§ 7 (w1, 23) — 2] @df(22) L "7 (22, 73)
3 Lo(z1, x2)

m 2_ m 2_g—
xzd LI 1(1'171'3)—$25L'(11 Ly~ 1(9627363)

‘rg f((tg)l’g LQ(.’IJl -'1/'2)

By the same argument as in part (4), the first summand is divisible by xg and the

m

second by z2 . O
2.5. The Borel subgroup

In [6], we constructed a basis for the invariant ring of Q,,(n) under the action of the
Borel subgroup for arbitrary m and n. In the case n = 3, the Fy-basis B,,(3) for Q8
consists of 4 families:
(1) ot tag a0
(2) «f" 2P TV Qo (2, 23)7, o < [mlg, s < [m — 1q.
(3) 21" 02(QF), 1 < [mlg, 2 < [ — 1y
(4)

el : |
e QR QY. g1 < [mlgs g2 < [m—1]g, j3 < [m — 2],

) .j3 S [m]q

3. A lower bound on the total dimension of the invariant subspaces

The original Parabolic Conjecture predicted that the Hilbert series of the invariant
space Q,,(n)F(®), where « is a composition of n, is given by the (finite) polynomial



332 L.M. Ha et al. / Journal of Algebra 683 (2025) 319-35/

Co,m(t), whose explicit form is stated in Conjecture 1.1. In particular, the value of
Co,m(t) when t = 1 is expected to equal the total dimension of the finite-dimensional
graded F,-vector space Q,, (n)P(a).

In this section, we will show that:

Proposition 3.1. For each m,n > 1 and any composition « of n, the total dimension of
the graded vector space Q,,(n)F(®) is at least Com(1).

This result is already implicit in [9, Section 6] and holds for arbitrary n > 1. This
relatively simple observation has an important practical consequence: suppose we can
construct a generating set for the invariant subspace Q,,(n)"(®) such that, by dimension
counting, the associated Hilbert series Cy, () does not exceed Co m(t) (i-e. f(t) < g(t)
if and only if g(t) — f(t) is a polynomial with non-negative coefficients). Then, since the
reverse inequality CY, ,,, (1) > Cq,m(1) holds evaluated at ¢ = 1, we may conclude that
these two series must be identical since both are finite degree polynomials with non-

negative coefficients. It follows that our generating set is, in fact, a basis for Q,,(n)"(®).

Proof of Proposition 3.1. Consider the following ungraded quotient of the polynomial

algebra:

R =Fylz1,...,z)/ (2] —a1,..., :zzglm —Ty).
The action of G = GL,, on F,[z1,...,x,]| descends to this quotient. There is a natural
filtration:

{0}=F1CFRCF C- CEyn-1)=R,

where Fj is the image of the set of all polynomials of degree at most ¢ under the canonical
projection Fy[z1,...,2,] = R. Let gty R denote the associated graded vector space
D~ Fi/Fi—1 and equip gty R with a ring structure where the multiplication is induced
by the product F;Fj — F, ;. The canonical F,-algebra map

Fq[l'l,...,$n]—>R—>gtFR, xin—>£i€F1/F0,
induces an isomorphism of G-equivariant F,-algebras:
Om(n) ZgrpR.

On the other hand, if we apply the functor taking G-invariants on each short exact
sequence of G-modules

0—F,_1—F — Fi/Fifl — O,

and compute the dimension, we obtain an inequality
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dim(F;)% < dim(F;_1)¢ + dim(F;/F;_,)¢
and so
dimRY < dim(gep R)€ = dim Q,,(n)C.

To compute the F,-dimension of RY, we extend the field F, to a field F which contains
Fym. Then the evaluation map

flxy, .. mn) = [(V1,.0000) €l = f(ur, ... v0) € F],
induces an isomorphism of F-algebras
F @5, R = Map (F[.,F).

This isomorphism is also G-equivariant where G acts on the right-hand side via the
embedding G = GL,(F,) C GL,(Fgm). It follows that there is an isomorphism

(F @, R)¢ = Map (Fl% /G, F).

The F,-dimension of (F®p, R)® is thus equal to the cardinality of the orbit set Fgn/G. Fi-
nally this cardinality is equal to the sum ern:i%(m’n) {ZL] where [ZL] is the g-binomial
q q

coefficient which counts the number of s-dimensional subspaces of the Fy-vector space
FqTYL .
In summary, we have shown that

min(m,n)
dimg, RY = dimp (F @5, RY) = > {”;] = Cpn(1) < dim Q,,(n)°.
s=0 q

The argument above clearly is not affected if one uses a parabolic subgroup P, instead
of G. The proposition is proved. O

We end this section with the following observation about our proposed basis B,,(«).

Lemma 3.2. For each composition o of n, the Hilbert series for the F,-space spanned by
B, () is not greater than Coy m(t).

Proof. This is almost obvious from the definition of C,, ,,,(¢) and the relationship between
the subset A" C D, and the (multinomial) (g, t)-coeflicient. Recall that

_ e(m,a,B) m

B<a,|B|<m
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where e(m, a, 8) = Y (c; — B:)(¢™ — ¢P?). Our conjectural basis explains precisely how
the summands in the above expression occur. Indeed, for each composition 3, with 8 < «
and |B] < m, e(m,q, ) is exactly the total degree raised by the delta operators in a
basis element

agiif;z(faagzzfin<---f%15%éifﬁn<f?))>’

and the (g,¢)-multinomial coefficient { 3 mm_ | ﬂd corresponds to the number of
’ q;t
choices of ¢-tuple (fi,..., f¢) where f; € @BiflAgz_Bi’l. Note that according to [12,

(7.1)], we can write

m | m B1 m—B B2 m — B
{@m—WLJ[[ﬁL’t‘P [ B2 1Lt50 [ B3 QLt...

) )

where ¢ is the (genuine) Frobenius operator, which reflects how our operator ® affects
the degree. 0O

The results in this section simplify our tasks considerably. Indeed, in order to show
that B,,(«) is a basis for Q,,(n)"=, it suffices to verify that it is a generating set.

4. Proof of Proposition 1.6

As remarked in the previous section, it suffices to show that B,,(2) is a generating
set for Q,,(2)¢. The proof of Proposition 1.6 is done in two steps. Firstly, we use the
relative transfer from the known invariant ring Q% of the Borel subgroup B to show that
a bigger set B, consisting of 3 families:

(1) 82(1) =% 2g"
(2) 62(@?,0) =ys, 0<s< [m]m
(3) DQ’

is a generating set for Q,,(2)¢. Then we show that to generate the invariant ring, it is
possible to replace the Dickson algebra Do in the third family by the smaller subspace
AL

Lemma 4.1. The set B’ consisting of 3 families above spans Q. (2)¢.

Proof. In [6], we described an F,-basis B, (1, 1) for the ring of invariants under the Borel
subgroup consisting of the following 2 families:

. m_ (g—1 .
(i) 27" 2l i < [,
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(ii) Qﬁo@éﬂa i < [m]g, iz < [m—1],.

It is a standard fact about the relative transfer Tr: Q,,(2)% — Q,,(2)¢ that it is onto
since the index of B in G is relatively prime to p (see [14, Section 2.2]), so a generating
set for Q,,(2)¢ can be obtained from the image of Tr.

In what follows, we adopt Goyal’s notation y for 62(Q7 o) for the sake of brevity. By
direct inspection, we have the following identity in Q,,(2) for any 0 < s < [m],:

CEg"l—lgc;(q*l) - yoxgsﬂ)(q*l) — Yer1.
Since ys is already a Ga-invariant, this formula allows us to compute the transfer of the
first family:

Tr(af a3 ") = o Te(al™ V) .
Note that Tr(xgsﬂ)(q_l)) is a Dickson polynomial divisible by ()2, because :vgsﬂ)(q_l)
is a genuine B-invariant which vanishes when setting x7; = 0. By the first two parts of
Proposition 2.7, the product of yo with Q2 ¢ is trivial in Q,,(2). Thus

Te(2" '3 Y) = —yapa.
For the second family, we argue similarly, noting that
Tr(QY0@5'1) = Tr(Q1) Q%) € D2
The lemma follows. O

The next step is to show that one only needs part of the Dickson algebra. The following
qTrLfl 7(11' E

observation about the Dickson monomials @, 7" 50" at the “edge” of AT is crucial.

Proposition 4.2. For each 0 <i <m — 1, we have the following decomposition in S':

gm—logi g1 gi—1 g1

Q1" Qg =02(Qy"y" ) + essential monomials divisible by Qy 5~

a'-1
Proof. It is easy to see, by determinant manipulation, that d2(Q,’y" ) =y, . is a gen-
, a1
m—1_4
uine Dickson polynomial. When ¢ = 0, the Dickson monomial yy must contain Qm‘**l

as a nontrivial summand since both are reduced to az‘fm_q when setting 2o = 0. Further-

m—1_1 m—1_1

[ —— L
more, yo — Q" is divisible by Q2 0. Note that in degree ¢™ —¢, Q""" is the only
non-essential Dickson monomial. We have proved that

gm—1_1

Yo = QQ’f’l + essential monomials divisible by Qs.¢.
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at—1 1
For the general case, we make use of the identity Yy, izt = Q2 o ym ;.0 Where yy,

stands for 02, (Q7 o). It follows that "

) ) 1 q.
yL—ll = QQJ(F1 (fQZ 0) s
L=

for some Dickson polynomial f. A Dickson monomial appearing in the second term of
g1
qg—1

the sum above has the form Q;ll gfo where i3 > . Comparing the degree, we have

m—1_ i+l . .
i1 < T——1—, hence @3}, Q3 is essential. O

. oo m—1
Remark 4.3. It is easy to check that if i > [m — 1],, then Qj, = LAz gy
Q. (2). Also, by induction on m, we have another interesting formula:

2<qm—i—1> m_,  om_
Qz,l - =Yar-a = af 25 T in @ (2).
P

We are now ready to finish the proof of Proposition 1.6.
Consider a Dickson monomial Q3'; @5’ and suppose, by way of contradiction, that it
is not in the span of B,,(2). Further, assume that it is the smallest monomial in grevlex
1
order with this property. Since Qé’o =0if k > [m —1],, we must have iy < 2 qﬂfl
[m — 1],. Let i« < m — 1 be the unique integer such that [i], < iy < [i + 1];. Then

i1 > % It follows from Proposition 4.2 that

—1_ i 1 1

g1
Q21 20 Q21 - on Ygio1

q—1

is a sum of Dickson monomials in strictly smaller grevlex order than (i1,42), and at least
one of them is again not in the span of 5,,(2). We have a contradiction.

5. Proof of Proposition 1.7

It is straightforward to check that all elements in the six families listed in Proposi-
tion 1.7 are P(2,1)-invariants. By results in Section 3, it suffices to show that B,,(2,1)
is a generating set for Q,,(3)F V.

Suppose f is a nonzero polynomial in Q,,(3)"(1) and we write f as a polynomial in

xIs3:
f= ﬂfg(q_l)fa + :E:(;l—l)((l—l)fa_l +

We will prove by downward induction on the highest zs-degree a(q — 1).

Observe that the coefficients f; belong to the space of invariants Q,,(2)¢ in the vari-

A . m_q 1 nz_l m_q
ables 21 and 5. If f, is a scalar multiple of 27" ~'z4" !, then since 25"z zd
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is already P(2,1)-invariant (which is a member of the 5th and 6th family in B,,(2,1)),
we can subtract it from f to obtain a new one with strictly smaller x3-degree.

Now let us assume that f,, and hence all f;, for degree reasons, are generated by
J2 (A7) and AL In particular, its 21-degree (and hence zo-degree as well, by symmetry)
is strictly less than ¢™ — 1. We claim that a must be a multiple of ¢. Indeed, since f is
a B-invariant, from the list of generators given in 2.5, we see that f must be a linear
combination of polynomials of the form x{l(q_l)ég( 3221) or x{l(q_l)Qéleéf’Q. In both
cases, the highest x3-degrees are divisible by q.

If f, contains §y (Q’IIO) for some i; < [m],, then we can subtract from f an appropriate
polynomial from the third or fourth family in the list 1.7. So we can assume that f, € A"
In this case, it follows that xg(q_l fa is a nontrivial summand of a B-invariant polynomial
of the form x{l(q_l) %21 ?2 In particular, a must be divisible by ¢

Finally, when a(q — 1) = ig*(q — 1) for some i < [m — 2], or a(q — 1) = ¢™ — ¢,
by subtracting from f an appropriate linear combination of the first two families of
Bin(2,1), we will obtain a P(2, 1)-invariant polynomial of strictly smaller x3-degree. The

result follows by induction on the highest z3-degree. O

Remark 5.1. We can also prove that 5,,(2, 1) is linearly independent as follows. Consider
these elements of B,,(2,1) as polynomials in z3. The table below records the coefficient
of the highest x3-degree.

Bm(2,1) Highest x3-degree Coefficient

(1) QF,Q%0QL,  i(d®—d®) <q™ -  QF,Q¥F,, (i1,i2) € AT
(2) Q¥,QR63(1) ¢ — ¢ QF1Q%, (i1,i2) € AY
(3) 52(@?0@;,1) (> —q)<q™ —q 52(@;1,0)7 i1 < [m]q

(4) 52(Q702(1))  ¢™ —gq 82(Q10)s 11 < [m]g

(5) 01(51(Q1 )  ilg—1)<q™ —1 af" "rag"

(6) 61(81(61(1))) g™ —1 P

From the table, it is easy to see that the polynomials in B,,(2,1) are linearly inde-
pendent.

6. Proof of Proposition 1.8

It suffices to show that B,,(1,2) is a generating set, and the proof is by downward
induction on the lowest x;-degree. Write

)+ 2O g (g, )+

f =" Vgi(wa, x5
Note that all coefficient polynomials g; are Go-invariant in x5 and z3. If i(¢g—1) = ¢ —1,
then z¢ ~'g(xy,x3) is a linear combination of polynomials from the last three families
of B,,(1,2). We can then subtract from f this polynomial and can now assume that

ilg—1)<q™—q.
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Since f is a B-invariant, it is a linear combination of polynomials of the form

N ) I _
2D 5 ( %) or 10Q%Q%%.  Their  lowest x;-degree  summands —are
Ji(a=1) .q"—q, j2q(a—1) J1(q—1) j2q(¢—1) ~ajs ;

T xg ~xg and z; xy Q3] (w2, 23) respectively. In both cases, the

exponents of x5 and z3 in these summands are divisible by ¢(¢ — 1). So the same is
true for g;(z2,r3). Since g; € Q,, (w2, x3)¢, it must be a g-th power of a polynomial in
Qm—1(2) in the variables z2, 3.

On the other hand, the lowest x;-degree summand of the first three families of B,,,(1, 2)
are

(1) 2 V(QE | (22, 23) Qo (w2, 3)) ", (in,in) € AFTY

X

(2) 2 (Go,n—1(QF))%, ja < [m — 1];
- m—1 m—1

(@) V(g ey )

(qil)gi(.’llg,l'g) is the lowest zi-degree part of a polynomial in the span of

Hence :Cll
B.,(1,2). By subtracting from f an appropriate linear combination of polynomials in
Bn(1,2), we obtain another P(1,2)-invariant polynomial whose lowest xi-degree is

strictly greater than that of f. By induction, the required result follows. O

Remark 6.1. We can also prove directly that B,,(1,2) is linearly independent. In fact, the
generators can be distinguished by looking at the lowest x1-degrees and the corresponding
coeflicients as given in the table below.

B (1,2) Lowest x1-degree Coefficient

(1) Q10Q52Q%1  fi(a—1) <g¢™ —1  QFi(w2,w3)QF (w2, m3), (i1,42) € AT}
(2) Q?oé?(Q%Ql) Jilg—1) <g™ -1 ygn_1,j2 (z2,23), jo < [m — 1],

(3) Q1'092(82(1))  Ji(g—1)<q¢™ =1 xf ~zi 77

(4) 61(Q31Q3%) ™ —1 Q21 (w2, 23) Q¥ o (w2, m3), (i1, i2) € AT
(5) 61(32(Q1%)) q" -1 yjlm(zzﬂf;ﬂ),jl < [m]q
(6) 51(5:1(51(1)  q" -1 i

7. Proof of Proposition 1.9

We need to prove that B,,(3) is a generating set for Q,,(3)¢. Our strategy is the same
as in the rank 2 case, but the details are much more involved. The proof is divided into
three steps. Using the transfer, we first construct a slightly bigger generating set B’ of
the required form without restricting the Dickson polynomials:

B =} (ag) [T a3(ar) [Tos(D2) [T .

Once this is done, we then show that d3(Ds) is actually contained in the span of

ot (ag) [T oz [T asas,
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and as a result, Do can be replaced by the much smaller subset A%'. Finally, we prove
that when restricted to Q,,(3), the rank 3 Dickson algebra belongs to the subspace
spanned by B,,(3). This is proved by first showing that all the edge monomials of A
are in this span. Thus the subspace spanned by B,,(3) is a Ds-submodule of Q,,(3)¢.
Since it contains A%, it will contain the entirety of Ds.

Lemma 7.1. The set B’ consisting of 4 families below is a generating set for Q,,(3)%.

(1) 29" "l gt

(2) 3(AT") = {am,3,s, 0 < s < [m]g}.
(3) d3(D2).

(4) Ds.

Proof. A generating set for Q,,(3)% can be obtained by taking the image of the relative
transfer

P(1,2)
T]fP21 oL — 9f

from the parabolic subgroup P(1,2) to G, applied to the basis of Qm( 2)

sition 1.8.

given in Propo-

First, observe that Q) 10Q4,Q¥ is a genuine P(1,2)-invariant, and hence its transfer
is a genuine G-invariant, i.e., a Dickson polynomial.

Next, consider the Second family. Since d3(Q%7;) is already a G-invariant in Q,,(3),
we have

Trg(Q,l)(Q{fo(S?)( %21)) = (Trg(2,1) Q{TO)53(Q%‘?1)~

On the other hand, the transfer TrIG;(Q’l) (Q{IO) is a genuine Dickson polynomial divisible
by Q3,0 unless j1 = 0. Therefore, if j; is positive, the whole expression vanishes in Q,,(3):

T3 5,1 (Q1l03(QF1)) = 0 in Q.

A similar argument applies to the third family. Since 63(1) is already a G-invariant and is

annihilated by @3.0, its transfer also vanishes. Hence from the second and third families

in B, (1,2), only elements d3( %21) (for jo < [m —1],) and 63(1) contribute nontrivially.
Now we turn to the fourth family. Recall that

01(Q%1Q%)) = 2¥ T1QY (w2, 33) Q% (22, 73).

We claim that

TTJCD;(1,2) (51(Q31,1Q§2,0)) = d5(Q; 21 22231)
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Indeed, by Proposition 2.3, the right-hand side is G-invariant. Moreover, we use the
identity:

Vi(22, 21, 23) = Va(Va(wa, 71), Va(@a, 23)) = Va(wa, 23)7 — Vi~ (22, 1) Va (2, 73),
from which it follows that
Li(xg, x3) = 2dVa(za, 23)T = 2dV3(22, 21, 23) + Q2,0(1, T2) La(T2, 23).
Applying the Laplace expansion along the last row of the numerator, we obtain:
( 2 1 12231) = Q2,053(Q;1,1 %2,0) - 52(Q1,0Q§1,1 ;20)

. m_1 3 . .
Now consider x{ 5 o (o, 73)Q5 (T2, 73) as a Bz-invariant and take the transfer from

Bs to P(2,1). From Section 4, we have

Ter( qm—1 a(q 1)) = —Yag1(x1, 22) = —6a( a+1).
Write
QY1 (22, 23) Qg (w2, 03) = > Ma,b)as " Vab ™) Aa,b) € F
(aVb)
then
Trg?’l) (l‘q —1Q2 1(@'2,1‘3)Q2 0(1'2,1'3 Z Aa, b)d, Qa+1) (¢g—1)
(a,b)
= —52 Z )\ a, b (a+1 q— 1 b(q—l))
(a,b)
= — 02(Q1,0Q% Q%)

=03(Q31Q70 ) — Q2,005(Q31Q%0)-
Finally, we observe that
’I\r]GD(QJ) (Q2003(Q%, Q%)) = Tl"g(z,n(Qz,o)%(@éﬁ@?,o) =0

which proves the claim for the fourth family.
Now we consider the fifth family (note that the 6th family already consists of G-
invariants). A similar argument shows that if j < [m],, then

TeG o) (@1 162(Q o) (w2, 3)) = —03(QI 51

Indeed, recall
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(¢™—q)/(g—1)

P(2,1 m__ m_ a—1)— 1
T @l e as) == Y geni(@,m)a] THeTYTAOY,
a=j
This sum is exactly —am 341 = —63(Q7 +1) which is a Gz-invariant. The result follows

by the transitivity of the transfer. The proof is complete. 0O

The next step is to show that in the third family, one does not need to use all D.
The following technical lemma will be used repeatedly.

Lemma 7.2. Let s,t,1 be non-negative integers. Then the following equality holds in

Qm(3):

(VI 6(Q1 )

0 ift>1and s> 1;
x‘fm4x3m71 (gt+i-1)(a=1) ift>1and s =1;
= (t+ 1)ad lpg" T iglettim el ift>1and s =0;
52(Q’+s) ift=0,s<1;
53( H—s) "—1 q T-1 (Sﬂ 2)(g—1) ift =0,s> 2.

Proof. Recall that d(f) is a polynomial if f is a polynomial (possibly with more than
one variable), which is G-invariant. Hence, the expression under Consideration is a poly-
nomial. If t > 1, unravelling the definition, we see that 65(V;" ™V V7 4™V, (Qi 0)) equals

1 m o T T
s(g—1) t(g—1)—1 1 3
3 5'31( )V2( ) (z1,23) | g™ i(a—1) g™ i(g=1) | —
Lo(x1,x2) Ty T3 T3 Ty
q™, s(q—1)y,t(g—1)—1 2 3
ry T V. T2, T3 m g(g—1 ™ g(qg—1
1 T2 2 (2, )xg xg(q ) xg xlz(q )
g™, (s+i)(g—1)+1y t(g—1)—1 q™, (s+i)(g—1)+17 t(g—1)—1
e r Mg | Vs (z1,23) — 2] x5 Va (9527953)_
=3
Lo(x1,x2)
(g=1)y,t(qg—1)-1 s(g—1)y,t(g—1)—1
24" 2" z(q 141 T V (1, 23) — 7y Vs (22, 73)
) .

Lo(z1,22)

The first summand is trivial in Q,,(3) because the quotient involved is a polynomial.
Indeed, in this quotient, the numerator is divisible by x; and vanishes whenever there is
a linear relation o = ajx;.

By a similar argument, the second summand is also trivial if s > 1, and equals
qm*lxgm%xgqt“_l)(q_l) ifs=1.Ifs=0

i , it equals

mo_ mo_ i—2 —1
(tg —1) — Dot o alptimR ey,
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Now suppose t = 0, we get

) x3
g™ ilg=1) g™ i(g—1)
é[aquf(q—l) Ty T3 T3 Tg
2
Ly(z1,22) Va(z2,23)
1 x3
q™ ilg=1) g™ i(g—1)
g™, s(g—1) | T1 T3 T3 I,
— Ty Iy V. ]
2(351,553)
X2 x3
q™ (s+i)(g=1) g™ (s+i)(g—1)
_ 1 [$q7n,x2 31‘2 .’I;S .’L'?) .'I;2
= 1
Ly(z1,x2) Loy(x2,x3)
x1 z3
m - —1 m ; —1
- x‘f x:())8+2)(q ) xg Igsﬂ)(q )
— x5 T ]—!—
Lo(z1,23)

q" g™, i(g—1)
x{ x5 x4

Lo(z1,22)

q—1 -1 q—1 q—1
xd —x 2 —x

x;(q—l) _ x;(q—l) xi(q_l) _ x;(q—l)l

The first summand is 63 ( ﬁ)l) The second summand is trivial when s < 1 and equals

—z? 1yl /71x:(33_2+i)(q_1) ifs>2. 0O

Corollary 7.3. If g € Dy and i > 0, then d3(gda (Qﬁo)) is a linear combination of polyno-
mials from the following families:

Proof. We first observe that by direct inspection, d3(gd2(Qf )) can be written as a
quotient of determinants:

i(g—1)+1 i(g—1)+1 i(g—1)+1
i(g—1)+ x;(q )+ xg(q )+

m m m
q q
Ty x5

g(x2,x3) ffg g(xy,3) wg '9(931,932)

Ls(x1,22,23)

q
Ty

83(902(Q1 ) =

Since

Ls(x1,22,23) =V3(x1, 22, 23)La(21, 72)
=[Va(za,23)9 " — Vo(zo, 21)7 Va(29, 23) Lo (w1, 72)

=[Va(z1,23)9 " = Vo(z1,22) 7 Va(21, 73) Lo (71, 72),

the quotient above can be rewritten in the form:
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i(g—1)+1 i(g—1)+1
mz m 13 m

q q
Ty T3

La(x2,x3)

1 m

h) =— |29 xoh(x1, 20,z

w(h) Lz(xl,wz)[ 1 z2h(z1,22,23)

mli(q—l)-kl xé(q—;)+1
at g

La(x1,23) }

qm
—z3 x1h(z2,x1,23)

1 - . - .
= Ia(1.a) )(r? zoh(x1, w2, 23)02(Q1 o) (%2, 23) — 3 w1h(z2,1,%3)82(Q] o) (1, 23)),
2 1,42

where

9(x2, x3) — g(w2,71)
) _ .
(z1, 72, 23) Vo(za, 25)07 1 — Vo(zg,21)97!

Since g € Do, it can be written in terms of upper triangular invariants

g= Z Vls(q—l)VQt(q—l),

s,t
where the sum is taken over certain subset A C N2. Then
t—1 ‘ ‘
h(xy, x2,23) = Z xg(q1)(ZVg(xg,xg)(t_l_ﬂ)(q—l)vz(xz’xl)J(q—l))

(s,t)€A,t>1 j=0

Observe that if 5 > 0, then both x'{mgiQ(xg, x1)7@=1) /Ly and :Cgmleg(xl, x5)7@=1) /L,
are zero in Q,,, so the terms in h corresponding to those j do not contribute to p(h). It
follows that ¢(h) is reduced to the sum

3 (@3 T Va(wg, ay) DY),
(s,t)eAt>1

On the other hand, we have an equality which is essentially by definition:
(@3 Va(wa, ) VO = sV 5@ o).

We can now use the computation in Lemma 7.2 of the right-hand side to finish the
proof. O

We are now ready to replace Dy by A" in the generating set B’ of Q,,(3)¢.
Lemma 7.4. The subspace of Q,,(3)¢ spanned by the following three families of elements
(AG"),

3
1
5(AT),
3(A%),

—
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contains d3(Ds).

Proof. Suppose f is a Dickson monomial in Dy but is not essential. Then it can be

written in the form

gm—1_gi i_q

Q2 o1 Qoo 1Q20»

for some 0 <i<m —1, 0 < a,b. Recall from 4.2 that

gm—l_gi giog qi71 z+1 1

Q2 T QT =02(Q) ‘o ) + essential monomials divisible by Q2 0

Repeating this process if necessary, we can write f as a sum of essential monomials and
Dickson polynomials of the form

qJ,

( q ' )Q21 2/0’ -727’

a'-1
Thus it suffices to consider d3(f) for f = gda(Q,’" ), where g € Dy and 0 <i <m — 1.
4 1
We know from Corollary 7.3 that d3 (952(Q1 ‘o)) is a linear combination of polynomials
in the following families:

Since d2(Q,;" ) is a genuine Dickson polynomial, d3(gd2(Q%;" )) is a Gz-invariant in
4t 1

9. (3). We conclude that d5 (952(Q1 ‘o)) must belong to the space

Span{d3(AT"), 67 (1)},

) m_1 a1 i(g—1 ] ) ) ]
because any monomial of the form z{ ~ a:;(q ), 0 <i < [m]y, is not Gz-invariant

in 9,,(3). O

The third, and final step is to replace the full Dickson algebra D3 by AfL'. We first
need some preliminary calculations. In the following, d3 will again stand for ds,y,.

Lemma 7.5. The following equalities hold in S:

gi-1

(1) 53(@2‘17?) = (63;m—i(1 )) Q3 o for all i > 0. In particular,

m—2 gm—2_1 m-3_, gm—3_1

q

93(Qa 0" ) Q?,(f1 and  03(Qyp" ) = Q32 Q3071
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q7n7271

(2) Q50 =0 in Qp for all k>

m—3 qgm— 3
3 -1 A

(3) 53(@%,17 20 ):Qg,l Q3o
(4) In general, for Ao > A3 > 0, then

A3
g3 -1

P2-¢*3 P31 231 q
63(@2’1%1 QQ:(I)_I ) = (53;m>\3 (Q2,1 ot )) Qs,%)_l

Proof. The proofs of these statements are quite similar and essentially make use of the

Laplace expansion. We will prove the last statement only. Apply the Laplace expansion
qkz g*3 g3 1

along the last row of the determinant in the numerator of 3 (Q, ;" Q2 &), we obtain

a2 —q*3 A3

ml Qzl - (5527953)Lg (22, x3)

2 X
2 g3 N

3
- 3 Q21 = (rn,a3) Ly (21, 23)

Ao A
—q"3 A3

m q72—q73
+x3 Qo (z1,22)L5 " (71, 23).
After writing this expression as a ¢** power, the result follows easily. O

Our second technical result is similar to Proposition 4.2 in the case of 3 variables.
Proposition 7.6. Let m > 2 be an integer.

(i) The following equality holds in S:

—1

0,2,m—1 2
53;m(Q2,1) - [[OW 53;m(1) = W31

] qm—2

[0,1,m — 1]

0.1,9] + other terms,

where the other terms are in the ideal (Qs,0) of Ds generated by Qs .
(ii) For 0 < ¢ <m — 2, the following equality holds in S:

771.72

[0,2,¢ 4 1] am2-q a'-1

0,1,£+1 -
g [0,1,2] O3im(1) = de Q3'y" + other terms,

og dm(@) -

11

where the other terms are in the ideal (Q3 21" ,Q30) of Ds.

Proof. The key observation is that if two Dickson polynomials coincide after setting one
of the variables, say x3, to zero, then their difference must be a multiple of Q3 0.
Note that in Dickson’s notation, we can write

53;771(@2,1) = 63,171(1) = 3
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so that all the terms in the above equations are genuine Dickson polynomials.

Proof of (i): When z3 = 0, the equation under consideration becomes

,m—1] [2,m] [2,m—1] [1,m] ¢mTlog

L2 L2 L2 (L2 = Qa0

It is now a simple computation that the two sides are the same.

Proof of (ii): Again, we consider the reduction of the left-hand side when setting x3 = 0.
The result, after simplification, is

041
ey1 4 —d
S2m—t—1 (1) Qa6

m—t—1_

Now setting z3 = 0, d2.m—¢—1(1) is reduced to Q1o =t which implies that

an7l72_1

do;m—0-1(1) = Qy, "' + other terms divisible by Q2.

It follows that

g gmTlogt 1 2,

52;m_g_1(1)ql+1Q27g’1 =Qy, 1 Q4" +other terms divisible by Qy 5" .

Thus, we can conclude that the left-hand side equals

| —— g —2
Q55" Q4" + other terms,

gt
where the other terms consist of Dickson monomials which are divisible by Q3 ;™" or

by Q30. O

The following corollary will be useful for induction.

Corollary 7.7. Suppose 0 < £ <m—2 andm—3 > o > A3 > 0. The following equalities
hold in S:

(1)

¢ P A ¢ qf—1
53;m—€—1(1)q 53;m(Qg,1Q2?61 ) - 53;M—€—1(Q2,1)q 53%(@2361 )

gm2_gt gl

=Q5,"" Q5y" + other terms,

£
where the other terms are in the ideal (Q3 ™" ).
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(2) More generally,

g?3 -1 A3 _1

A
A A3 B A ‘ZqT
0320 2a+1(1) T 03:m (QF 1 Qo " ) = 0300 —ae41(Q2,1)T O3:m (Qfy ) =

S22 A2 _ghs A3 g
Q357" Qs Qih" + other terms,

Pty P2l s PAs—1
where the other terms are in the ideal (Q4 " ,Q51 ' Q35" ).

Proof. This is just combining Lemma 7.5 and Proposition 7.6.
For the first part, note that

q£+1 £ £

A ¢f1-g® 41 ="
53;m(Q(21,1Q2%61 )= 53;m(QQ,fr1 2q61 )= 53;m—€(Q2,1)q Q:’fal )

)

and similarly

¢ 0

% £ qj
53;m(Q2f0 ):53;m4(1)q 330 :

The left-hand side of the required formula becomes

3
af-1
q

q _
(53;me1(1)53;mz(622,1) - 53;m41(Q2,1)53;m¢(1)> Qs -

We can then apply 7.6 part (i) to finish the proof.
The second part is proved similarly. O

Corollary 7.8. The Dickson monomials at the edge of AL listed below are also in the
span of B, (3):

™21

(1) QS,O - ’

qWL—Q,q)\;; q>‘371

(2) Q3. " Q34" , wherem —32> A3,

777.72_(1)\2 q>‘2—q>‘3 q>‘3—1

(3) Q32" Q3" Qzf " , wherem —32> Xy > A3,

qm,7271

Proof. We have already seen from part (1) of Lemma 7.5 that the monomial Q3’0"’1
belongs to d3(A%*). For the remaining 2 families, we will show that they belong to the
span of B,,(3) by downward induction on As.

When A3 = m — 3, it follows that Ay = A3 = m — 3. The edge monomials

1 g3 -1

q q7n—3 =1
and Q3,2 Q3,0

m—3 mo3_
Q3. Qz¢"
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belong to the span of B,,(3) by parts (1) and (3) of Lemma 7.5. In addition, by Proposi-
tion 2.7, any Dickson monomial divisible by these monomials is also in the image of J3,
and thus belongs to the span of B,,(3).

Now suppose, as induction hypothesis, that all edge monomials with @3 ¢-exponent
Az+1 1
q—1
monomials corresponding to As:

q

as well as their multiples are already in the span of B,,(3). We consider the edge

qm—2_gr3  gr3_ 1
q—1
(1) Q3 1 Q3 0
=22 Ag 23 Psa

(2) Q32q a Q:mq_1 Qsh

quz_qxg 1

g3 —
Part (i) of Corollary 7.7 shows that Q3 ; " Q3 .5 " lies in the image of §3(A%") modulo
terms with strictly higher A3. By the induction hypothesis, these higher terms are already
in the span of B,,(3).

For the becond monomial, observe that if there exists a monomial with the same Q3 o-
1

exponent 4 but a higher exponent of @31, such that it becomes non-essential, then

this monomlal must be a multiple of

gm=2_g23  gr3_1

Q31 Ry,

which by the previous step, is already in the span of B,,(3). Alternatively, if the
L the induction hypothesis can be applied

Qs,0-exponent is strictly greater than 2
directly. O

Now we are ready to finish the proof of the claim that B,,(3) is a generating set for
Q,,(3)¢. Corollary 7.8 shows that the subspace of Q,,(3)¢ spanned by B,,(3) is closed
under the action of the Dickson algebra Dj. Indeed, we have already computed the action
of D3 on 62, 5(AT) for 0 < s < 2in 2.7, and the product of Q3,; with a monomial in A’
is clearly an edge monomial, which is in the span of B,,(3) by Corollary 7.8. The proof
is finished.

8. A filtration of submodules over the Steenrod algebra

In this final section, we investigate the filtration F, » of Qm(n)G as defined in the
Introduction 1.10. Recall that for each positive integer n, 0 < k < min(m,n), Fy i is the
[F,-subspace of Q,,(n)¢

Fuge = Span{o,'(f): f e AL",0 < s <min(m, k)}.

The aim of this final section is to demonstrate Theorem 1.12. For n < 3, we have shown
that this increasing filtration of subspaces is exhaustive. We begin with the following
observation which allows more flexibility in working with F, :
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Lemma 8.1. Let n < 3. For each 0 < k < min(m,n), we have
Foae = Span{o, 7'(f): f € D,,0 < s <min(m, k)}.
The point is that this filtration does not depend on the subspace A"

Proof. For n = 2 this is essentially pointed out in Example 2.4 and the proof of
Proposition 1.6. For n = 3, this is a combination of Example 2.5 and the proof of
Proposition 1.9. O

Corollary 8.2. For n < 3, Fy, « i5 a filtration of D,-submodules of the invariant ring
Q. (n)¢. Moreover, for 0 < k < min(m,n), F, s is annihilated by Qn.o,- -, Qnn—k—1-

Proof. This is immediate from the above Lemma and Proposition 2.7. 0O

The calculations in the previous sections demonstrate that our basis B, (3) for Q,,(3)¢
is natural in the sense that the resulting filtration is a filtration by Ds-submodules.
Moreover, the action of the Dickson algebra follows a pattern similar to the one discussed
in [9], where the structure of the cofixed space Sg is described as an S%-module. A similar
pattern also emerges in the case n = 2.

We now turn our attention to the Steenrod algebra. For background on the mod ¢
Steenrod algebra A and its role in modular invariant theory, we refer to Larry Smith’s
article [13], which provides a purely algebraic treatment of the Steenrod algebra over a
general finite field.

Recall that for each ¢ > 0, the 7th Steenrod reduced power operation P? is an Fg-linear
map satisfying the following conditions:

(1) The unstable condition: Pi(f) = f9 if i = deg(f) and Pi(f) = 0 if i > deg(f).
(2) The Cartan formulae: P*(fg) = >, p—; Pe(f)Pb(g).

Moreover, P acts as the identity. Over the polynomial ring S = Fy[z1, ..., 2], in which
each z; is given degree 1, the action of the Steenrod algebra is completely determined
by the unstable condition and the Cartan formulae. More concretely, we have

Piw)) = (Z) pitita=1)
for any linear polynomial v. Here the binomial coefficient is taken modulo p. Thus, if j
is a g-power, then P¥(v7) # 0 iff i = 0 (in which case P° is the identity operator) or
i = j (in which case P*(v') = v? is the Frobenius operator). It is convenient to make
the convention that P* = 0 if k < 0.
The Steenrod algebra action and the group G action on S commute. Moreover, it is
evident that the Frobenius ideal I,,, is stable under the action of the Steenrod operations.
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Consequently, the quotient Q,, = S/I,,, inherits the structure of an A-module. It follows
that each Steenrod reduced power P? induces a well-defined endomorphism of Q%. In
other words, the subspace of invariants Q,C,'; is closed under the action of the Steenrod
algebra, and therefore forms an 4-module.

The proof of Theorem 1.12 uses several lemmas. We begin with a general formula

describing how the Steenrod operations interact with the delta operator.

Lemma 8.3. If f is a polynomial which is Gy-invariant in the first variable, then for any
k >0, the following holds in S':

PF(62f) + Q21 P" U(82f) + Q20P 971 (62f) =
52(Q1’0Pk_1f) + 62(Pkf) + 52;m+1(Q1,07)k_1_qu) + 52;m+1 (rpk_qu)‘
Proof. The condition imposed on f assures that d2(f) as well as the other terms in this
lemma are polynomial. The equation above is then obtained by applying the Cartan

formula for the product L2do(f) and then dividing both sides by L. Note that P4Ly =
Q2,1La, P71 Ly = Q20Ls and P¥Ly = 0 for all other k > 1. O

Corollary 8.4. F» 1 is a submodule of Q,,(2)¢ over the Steenrod algebra.

Proof. We must show that for cach 0 < s < [m]y, P*(02Q5 ) € Fa.1 for all k > 0. If
k > ¢™, the degree of P*(5,Q5 o) is at least

q"(q—1)+q¢" —q+s(g—1)>2(¢" - 1).

So we can assume that £ < ¢". In this case, when we apply the formula of Lemma 8.3
for f = @1, the last two summands on the right-hand side vanish. Thus we have an
equality in S:

Pk((;ZQio) + Q2,17)k7q(52Qi0) + Qz,opk7q71(52Qiq,o)

= 02(Q1,0P" Q5 o) + 02(P* Q5 ). (8.1)
Both summands on the right-hand side are evidently of the form d2(Q7 ). Now we can
proceed by induction on k using the above formula and the calculation in Proposition 2.7

when working in Q,,(2). O

Note that Fa is spanned by the top class m‘{m*lxgm*l, and Fao = Q,,(2)¢. Both
are evidently A-submodules of Q,,(2)¢.

Proposition 8.5. F3 1 is a submodule of Q,,(3)¢ over the Steenrod algebra.
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Proof. We need to show that for each k > 1 and 0 < a < [m]g, P¥(63Q5 ;) is in the span
of 3(1) and 62(AT"). Note that 67(1) spans the one-dimensional space of Q,,(3)¢ in the
top degree 3(¢™ —1).

First of all, if k > ¢™, then the degree of P*(63Q5 ), which is ¢"(q — 1) + 2(¢™ —
q) +s(qg—1) is at least 3(¢"™ — 1) unless ¢ = 2 and k = 2™, s = 0. In this range, 9, (3)
is either spanned by d3(1) or zero.

If g =2, k=27, 5 =0, then P2"(62(1)) is in degree 3(2™ — 1) — 1. We claim that
there is no G-invariant polynomial in this degree. Indeed, the only non-zero symmetric
polynomial in this degree is

g2 T2 2T T g2 2 2, 2 L 22,2 1,22
By direct inspection, this polynomial is not invariant under the action of the operation
mapping x1 — 1 + 2 and fixes xa, x3.

Now let us consider the case k < ¢™. By Lemma 8.3, we have the following equality
in S:

PE(02f) + Q2P U(62f) + Q2 0P T (02f) = 02(QoP 1 f) + 62(PFf)  (8.2)

for all polynomial f which is GLj-invariant in the first variable. Applying this for f =
Q7 o, it follows by induction on k that for 0 < k < ¢™, Pk((ggQio) is a linear combination
of polynomials of the form

Qg,ng,O‘S?(Qi,o)'
Now applying (8.2) again but for f = §2(Qf o), we get

PE(03(Q1 0) + Q2aPF~(53(Q7 o)) + Q0P 171 (83(Q1 o))
= 52(QuoP"162(Q1 o)) + 52(PH62(Q1 o)) (8.3)

The right-hand side is then a sum of polynomials of the following forms

® 62(Ql,OQg,ng,O(s?(QiO))a or
o 52(Q51Q5002(Q5 ))-

Up to this point, we have been working in S. Now we consider the situation in Q,,(3).
From Lemma 7.2, we see that this sum belongs to the subspace of Q,,(3) spanned by
polynomials of the forms

° 6%(@%,0)7 or

m_1 gm_1 a(g—1
o 28"l 1 galam ),
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Both sides of Equation (8.3) now are P(2,1)-invariant. Take the transfer from P(2,1) to
G. We have P*(03(Q3 o)) is G-invariant in Q,,(3) and

m_ ™m™_1 a(q—1
ng(z,1)(@2,1) = Trg(zJ)(QQ,O) = Trg(2,1)(33(f 1x<21 lxs(q ))) =0.

The first two terms vanish in S for degree reasons: there are no genuine G-invariants in
degrees ¢® —q and ¢*> — 1. The third vanishes in Q,,(3) because if 27 -t 71:3;((171)
nontrivial summand of a G-invariant polynomial in Q,,(3), then it is a P(1, 2)-invariant

q .
T isa

as well, but from Remark 6.1, this can only happen at the top degree.
It follows that P*(63(Q5 ) must be a scalar multiple of some 03(Qf ), and thus
belongs to F31. O

We now consider the interaction between the Steenrod powers and the operator Js.

Lemma 8.6. If f is a polynomial which is Ga-invariant in the first two variables, then
for any k > 0, the following holds in S':

PF(0af) + Q:a,zpk_q2 (03f) + Q3,1Pk_q2_q(53f) + Q3,0Pk_q2_q_1(53f) =

5 (P’“(f) T Qua PRI + Qz,oP’“‘q‘l(f))
+ 03;m+1 (Pk_qm (f) + QoA PF=1"~9(f) + onff)k_qm_q_l(f))-

Proof. The above equality is again an application of the Cartan formula to P*(Lzdsf),
using the formulae for the action of the Steenrod powers on Lo given in the proof of
Lemma 8.3, and similar formulae for these actions on Lj: Pq2L3 = Q3,2Ls3, 7)‘12+ng =
Q3,1Ls3, Pq2+q+1L3 = @3,0L3 and PkLs =0 for all other k> 1. O

The next lemma discusses how to deal with the last term in the above formula.

Lemma 8.7. If h € Dy, then the following holds in Q.,,

0 if ¢ >3 or g =3 and deg(h) > 0;
m—1

03:m+1(h) = 63;m(Q(2171 ) ifg=3 and h=1;
€ Span{d3,,,, (A1), 63,,(1)} if g = 2.

Proof. Recall from the fundamental equation that X7 - Qgqu2 +Q31X9-Q30X =0
if X is in the span of x1, z9, z3. It follows that

m—2

—1 qm72 q .
_Qg,o €; =0, 1<:i<3,

m

—+1 m—2 m m—2
q q q q q
r;  —Q3, 7 +Q3;

and we obtain the following identity in S relating d3 for various m:
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Syma1(h) — Q4o S3m(h) + Q%1 Osm—1(h) — Q%o Osm—2(h) =0.

Note that the degree of d3.,+1(h) equals ¢! — ¢ + deg(h). If ¢ > 3, this is strictly
greater than 3(¢™ — 1), and we can conclude immediately that ds.,+41(h) =0 in Q,,(3).
Consider now the case ¢ = 3. Observe that, by direct computation, @30 = @31 =0,
m—2 m—2
Q32 = (z12223)% 73" in Qy(3). Hence Q5, = @3y =0in Q,(3) and the above
equation becomes

Sami1(h) = Q1 Sam(h) = (w1@aws)®" 3" Sgn(h) in Quu(3). (8.4)

On the other hand, for degree reasons, we must have deg(h) < 3(3™—1)—(3mT1-3%) = 6.
In this range, there are (up to a scalar) only two Dickson polynomials, namely h =1 or
h = Q1. If h =1, then from Proposition 2.7, we have immediately

3m—2 3117.71

53:,m+1(1) = W32 53;m(1) = 53;m( 2,1 )
If h = Q2,1, we prove by induction on m > 2 that
I3:m+1(Q2,1) =0 in 9, (3).

Indeed, the base case can be checked directly since d3.3(Q2,1) = @31 in S, and the
induction step follows immediately from Equation (8.4).
The next and final case is ¢ = 2. Using the identity

m+1 m m m m m m m
el =2l (@l +af el ) —al (2) +ai),

and similarly for 22" and 22", we see that d3:m+1(h) equals in Q,,(3) to

1 1 T2 T3
o2 22 o2

L3 | a2 hos,ea) (@3 +33"™) 23" hor o) +23"™) a3 h(oran) (@t +ad™) |
It is straightforward to verify the following equality in S:
x%m + xgm = Q2,152;m(1) - 52;M(Q%,0)-
We then obtain an equality in Q,,(3):
03im+1(h) = 035 (Q2,1702,m (1)) — O35 (hd2m (@1 ))-
The conclusion follows from Corollary 7.3. 0O

Remark 8.8. With a little more work, using 7.2, it can be shown that when ¢ = 2, then
for h € Dy, we have the following explicit formula for d3.,,,+1(h) in 9, (3):
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0 if h is a multiple of Q2,0;

53;m+1(h) = .
5%,m( %,SO) if h = Q;,l’ B} Z 0.

We leave the details for the interested reader.

Now we can finish the proof of Theorem 1.12. It remains to show that F3 4 is an
A-submodule of Q,,(3)¢. From Lemma 8.7, we see that if f € Dy, then

PF(0sf) + Q?,,zpk_q2 (03f) + Q3,1Pk_q2_q(53f) + Qs,opk_qz_q_l(%f) € F3p.

We can proceed by induction. If P*(d3f) € Fs for all i < k, then Q3,P(d3f) also
belongs to F3 2 by Proposition 2.7. It follows that P¥(d3f) also belongs to F3 2 and the
proof is complete.

Data availability
No data was used for the research described in the article.
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