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1. Introduction

For n > 1 let R, = k[z1,...,z,] be the polynomial ring in n variables over a field k.
A vibrant area of research at the crossroads of algebraic geometry, combinatorics, com-
mutative algebra, group theory, representation theory, and statistics concerning chains
of ideals Z = (I,)n>1 with I,, C R,, for n > 1 that are invariant under the actions
of the infinite general linear group, the infinite symmetric group, or more generally,
the monoid Inc of strictly increasing functions; see, e.g. [1-9,14,24,26,34,35,39,40]. See
also [17,20,25,27,28] for related directions in discrete geometry, convex optimization, and
machine learning.

It follows from a celebrated result of Cohen [3] that any Inc-invariant chain Z =
(In)n>1 stabilizes (see Section 3 for more details). That is, from some index r on, any ideal
I, with n > r is completely determined by I,. up to the Inc-action. One might therefore
hope that invariants related to these ideals are well-behaved. In [21,22], it is conjectured
that the regularity and projective dimension of I,, are eventually linear functions in n.
See [33] for extensions of these conjectures to OI-modules. Although significant evidence
for the conjectures has been obtained [11,23,31,32,38,41], they remain wide open.

Recently, the regularity conjecture [21] has been verified for chains of edge ideals in
[15]. It is shown that the regularity of an ideal in such a chain is eventually a constant,
that, somewhat surprisingly, can only be 2 or 3. Proving this result requires a deep
understanding of the chain of graphs corresponding to the chain of edge ideals. It turns
out, for instance, that eventually such a graph can only have an induced matching number
of at most 2.

As a continuation of [15], this paper explores further properties of Inc-invariant chains
of edge ideals. Our main goal is to verify the projective dimension conjecture [22] for
those chains. More specifically, we are interested in the following stronger problem.

Problem 1.1. Let Z = (I,,)n,>1 be an Inc-invariant chain of edge ideals. Compute explicitly
depth(R,,/I,,) for large n, in combinatorial terms.

The main result of the paper resolves this problem, providing an explicit and simple
formula for depth(R,/I,) when n > 0. In particular, it shows that depth(R,/I,) is
eventually a constant. This implies, via the Auslander-Buchsbaum formula, that the
projective dimension of I, is eventually a linear function in n. Below, the support of
a monomial ideal is the set of variables that divide at least one minimal monomial
generator of that ideal.

Theorem 1.2. Let T = (I,,)n>1 be an Inc-invariant chain of (eventually non-zero) edge
ideals with the stability index ind(Z) = r. Assume that x1 and x, belong to the support
of I.. Denote sp(Z) =min{j —i |1 <i < j <r,z,x; € I,}. Then the following hold for
alln > 3r.
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(i) If ziz, € I, then depth(R,/I,,) = sp(Z).
(i) If z1z, ¢ I, then depth(R,,/I,) = min{sp(Z), 2}.

It should be noted that the assumption that x; and x, belong to the support of I,
in the previous theorem is not restrictive, as the general case can always be reduced
to this case by simple index shifts (see Lemma 3.2). Note also that the bound from
which depth(R,,/I,) becomes a constant is almost optimal (see Examples 5.4 and 6.8).
Moreover, as the theorem suggests, the invariant sp(Z), which we call the sparsity index
of the chain Z, and the index

Jo=max{j|1<j<rma;€l,)

play a crucial role in our analysis.

Theorem 1.2 exhibits a dichotomy for depth(R,,/I,,) when n > 0. This is very similar
to the dichotomy for reg(I,) mentioned above. It would be interesting to have some
explanation for this similarity.

Our proof of Theorem 1.2 makes use of Takayama’s formula, which allows us to in-
terpret the problem of computing depth(R,,/I,) as the problem of computing certain
reduced homology groups of the independence complex IN(G,,) of the graph G,, corre-
sponding to the ideal I,,. This approach, therefore, inspires the following problem.

Problem 1.3. Determine all reduced homology groups of IN(G,,) for n > 0.

In the present paper, we also obtain a complete solution to this problem. As in The-
orem 1.2, the index j, as well as the sparsity index sp(Z) are essential for the statement
of our result.

Theorem 1.4. Keep the assumptions of Theorem 1.2. Denote by H;(IN(G,)) the i-th
reduced homology group of IN(G,,) over the field k. Then there exist two nonnegative
integers a, 8 such that the following hold for all n > 0.

(i) Hi(IN(Gp)) =0 fori#0,1.

w B = {58

(iii) Hy(IN(Gn)) = k?. Purthermore, if sp(Z) > 2, then 8 = {O Fja=r,
1 df jo<o
Theorem 1.4 is an unexpected outcome of our approach to Problem 1.1. On the other
hand, the proof of Item (ii) (which is the harder part) of Theorem 1.2 depends crucially
on Theorem 1.4(iii) (see Proposition 6.2). It is worth mentioning that in the situation
where sp(Z) > 2 and j, < r, Theorem 1.4 provides the remarkable information that
IN(G,,) has the same reduced homology as the sphere S! for all n > 0.
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This paper marks the first successful application of Takayama’s formula to problems
on Inc-invariant chains of monomial ideals. We believe that many of our results and
proofs, for example those in Section 4 and parts of Sections 5 and 6, are amenable
to more general situations beyond edge ideals of graphs. Moreover, as an extension
of Problem 1.3, the theme of asymptotic homology stability of simplicial complexes
associated to Inc-invariant chains of monomial ideals is worthy of further investigation.

Let us now describe the structure of the paper. Section 2 provides graph terminology
and some basic properties of monomial ideals. In Section 3, we review Inc-invariant
chains of edge ideals and present some auxiliary results that reveal interesting structures
of corresponding graphs. Upper and lower bounds for the asymptotic depth of an Inc-
invariant chain of edge ideals are given in Section 4. The next two sections show that
the asymptotic depth of any Inc-invariant chain of edge ideals always attains one of the
two bounds established in Section 4, thus proving Theorem 1.2. Section 7 is devoted to
the proof of Theorem 1.4. Lastly, the Appendix proves a technical result from Section 6
that is decisive to the proof of Theorem 1.2(ii).

2. Preliminaries

We collect here necessary notions and results concerning graphs and monomial ideals.
For unexplained terminology, the reader is referred to [13,44]. Throughout the section,
let S = k[z1,...,z,] be a standard graded polynomial ring over a field k and m =
(x1,...,2zy,) its graded maximal ideal.

2.1. Depth, projective dimension, and reqularity

Let M be a finitely generated graded S-module. The projective dimension and the
(Castelnuovo-Mumford) regularity of M are defined as

pd(M) := max{i | Tor; (M,k) # 0},
reg(M) := max{j — i | Tory (M,k); # 0}.

In particular, for any nonzero homogeneous ideal I C S we have
pd(S/I)=pd(I)+1 and reg(S/I)=reg(l)— 1.

The depth of M is related to its projective dimension via the Auslander-Buchsbaum
formula:

pd(M) + depth(M) = n.

In this paper, we will mainly use the following interpretations of depth and regularity in
terms of local cohomology modules
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depth(M) = min{i | H. (M) # 0},
reg(M) = max{i + j | H.(M); # 0},
where HY (M) denotes the ith local cohomology module of M with respect to m.
2.2. Takayama’s formula

For any monomial ideal I C S, there is a ZZ,-grading on S/I that is inherited from
the natural Z% ,-grading of S. This induces a Z"tgrading on the local cohomology module
Hi (S/I). The dimensions of the Z"-graded components of H: (S/I) are described by
Takayama’s formula, which we now recall. For brevity, we write [n] = {1,...,n}. Let
a = (ai,...,a,) € Z™ be an integral vector. Set % = z7* - -- 2. Also, denote

supp(a) ={i € [n] | a; #0} and Ggq = {i € [n]|a; < 0}.

For F' C [n], let S(p) = Slz;' | i € F]. The degree complex of I with respect to a is
defined as

Ag(I) ={F\Gq|Ga CF C[n],2* ¢ IS(p)}.
Then Takayama’s formula [42, Theorem 1] (see also [29, Section 1]) states that
dimy H}, (S/1)q = dimy H; ¢, |-1(Aa(I)) for alli € Z and all a € Z",

where H;(Aq(I)) denotes the i-th reduced homology of Ag4(I) over k.

Takayama’s formula is useful for studying depth(S/I). We gather here two simple
results in this direction. For F' C [n], let Sp = k[z; | i ¢ F| and Ir = ISy N Sp.
Then Ip is the monomial ideal in Sy obtained from I by setting x; = 1 for all i € F.
When F' = {j} for some j € [n], we simply write S; and I; instead of S¢;; and Iy,
respectively.

The following criterion for the vanishing of H}(S/I) from [43, Proposition 1.6] can
be used to give a lower bound for depth(S/I).

Proposition 2.1. Let I C S be a monomial ideal. The following are equivalent:

(i) He(S/1)=0;
(ii) Aq(l) is connected for all a € Z%, and depth(S;/I;) > 1 for all j € [n].

The next result provides an upper bound for depth(S/I).

Proposition 2.2. Let I C S be a monomial ideal. Then

depth(S/I) < min{|F| | F C [n],depth(SF/Ir) = 0}.
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In order to prove this proposition, we need the following lemma, which is an easy
consequence of [43, Corollary 1.4].

Lemma 2.3. Let I C S be a monomial ideal and F a subset of [n]. For any a € Z", let
a, be the vector obtained from a by replacing each negative entry with zero. Then the
following are equivalent:

(i) H_1(Ag(I)) =0 for all a € Z"™ with G4 = F;
(i) Ag(I) # {0} for alla € Z™ with Gq = F;
(iii) depth(Sp/IF) > 1.

Proof. (i) < (ii) is clear, since H_1(A4(I)) = 0 if and only if Ag (1) # {0}.

(iii) = (ii): Let Ip = Ups (IF : m%) be the saturation of I, where mp = (z; | i & F)
denotes the graded maximal ideal of Sp. Then it is well-known that HS (S /Ip) = I /Ip.
Since depth(Sg/Ir) > 1, we have HQ (Sp/Ir) = 0, and hence f;; = Ip. It follows that
%t Ir \ Ir for all @ € Z™ with G, = F. By [43, Corollary 1.4], this means that
Aq(I) # {0} for all such a.

(ii) = (iii): Assume, to the contrary, that depth(Sp/Ir) = 0. Then HY, m(Sp/IF) =
IF/IF # 0. So there exists b € Z%, such that supp(b) C [n] \ F' and ab e Iy \ Ip. Let
e1,...,e, be the standard unit vectors of Z". Setting a =b — 3, . e;, we get Go =
and ay = b. Hence 2%+ € I\ I, which by [43, Corollary 1.4] implies that Ag(I) = {(Z)}
This contradiction shows that depth(Sg/Ir) > 1, as desired. O

Let us now prove Proposition 2.2.

Proof of Proposition 2.2. It suffices to show that if there exists F C [n] with |F| = ¢
and depth(Sr/Ir) = 0, then H: (S/I) # 0. Equivalently, this amounts to showing that
if Hi (S/I) = 0, then for any F C [n] with |F| = i one has depth(Sr/Ir) > 1. Indeed,
let a € Z™ be any vector with G4 = F. Then by Takayama’s formula

dimy H_1(Ag(I)) = dimy HZ. (S/1)q =
Hence H_1(Aq(I)) = 0, and therefore depth(Sp/Ir) > 1 by virtue of Lemma 2.3. O
2.8. Graphs and edge ideals

Let G be a simple graph with vertex set V(G) and edge set E(G). A subgraph of G is
a graph H with V(H) C V(G) and E(H) C E(G). If, moreover, E(H) = E(G)N (V(ZH)),
then H is called an induced subgraph of G. The complement G¢ of G is the graph on
V(G) with edge set (V%)) \ E(G). For an integer m > 3, a cycle of length m is a graph
Cp, with V(Cp,) = {v1,...,0m} and E(Cy,) = {{v1,v2},{va,v3},...,{vm,v1}}. The
graph G is called weakly chordal (or weakly triangulated) if neither G nor G¢ contains
an induced cycle of length at least 5.
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A subset U C V(G) is called independent if the vertices in U are pairwise non-adjacent.
The independence complex of G, denote by IN(G), is the simplicial complex whose faces
are the independent sets of G. It is evident that the 1-skeleton of IN(G) is exactly G°.
This yields the following fact that should be well-known.

Lemma 2.4. Let G be a graph with at least one vertez. Then Ho(IN(G)) 2 k9 (F) =1 where
¢(G°) denotes the number of connected components of G¢. In particular, Hy(IN(G)) =0
if and only if G¢ is connected.

For a vertex v € V(G), its open neighborhood N (v) is the set of vertices u # v that
are adjacent to v, and its closed neighborhood is N[v] :== N(v) U{v}. More generally, for
a subset U C V(G), we define N[U] = |J,ry N[v]. Let G\ U denote the graph obtained
from G by deleting all vertices in U and all edges adjacent to those vertices. Observe
that G \ U is an induced subgraph of G. The following result, which is essentially a
consequence of the Mayer—Vietoris long exact sequence, can be found in [16, Theorem
3.5.1] or [18, Section 2.1].

Lemma 2.5. Let G be a graph and v a vertex of G. Then there is a long exact sequence
-+ = H(IN(G\ N[v])) = Hi(IN(G \ v)) = Hi(IN(G)) = Hi-1(IN(G\ N[o])) = -+~
From now on, assume that V(G) = [n]. The edge ideal of G is defined as

I(G) = (wiz; | {i,j} € E(G)) C 5.

Evidently, I(G) is the Stanley—Reisner ideal of the independence complex IN(G). Thus,
in particular, dim(S/I(G)) = dimIN(G) + 1.

Next, let us recall some notions that are useful for studying the projective dimension
of I(G). A matching in G is a subset of E(G) that consists of pairwise disjoint edges.
If a matching forms the edge set of an induced subgraph of G, it is called an induced
matching. The induced matching number im(G) of G is the largest cardinality of an
induced matching in G. A strongly disjoint family of complete bipartite subgraphs of G,
as introduced in [19], is a collection By, ..., B, of subgraphs of G satisfying the following
conditions:

(i) each B; is a complete bipartite subgraph of G;
(i) V(B)NV(B,;)=0foralll <i<j<g;
(iii) there exists an induced matching {e1,...,e,} in G with e; € E(B;) fori =1,...,g.

The following formula for pd(S/I(G)) follows from [37, Theorem 7.7].
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Proposition 2.6. Let G be a weakly chordal graph with at least one edge. Then

pd(S/I(G max{ZH/ },

where the mazimum is taken over all 1 < g <im(G) and all strongly disjoint family of
complete bipartite subgraphs B1,..., B, of G.

We now describe a relationship between degree complexes of I(G) and the indepen-
dence complex IN(G), which, together with Takayama’s formula, allows us to study
depth(S/I(G)) via IN(G). For a simplicial complex A, let F(A) denote the set of its
facets.

Lemma 2.7. Let G be a graph on [n] with edge ideal I = I(G). Then for any a € Z™,
F(Aa(l)) = {F\ Ga |supp(a) C F C [n], F € F(IN(G))}.
In particular, the following hold.

@
(if) If b € Z™ such that supp(b) = supp(a) and Gp = Gq, then Ap(I) = Ag(I).

) Ao(I(G)) = IN(G), where O denotes the zero vector of Z™.
)

(iii) If supp(a) € IN(G), then Ag(I) = 0.
)
) A

(iv) If G4 € supp(a) and supp(a) € IN(G), then Aq(I) is a cone.

(v) Aq(I) = {0} if and only if supp(a) = G4 € F(IN(G)).

The proof of this result requires the following special case of [36, Proposition 1.6].

Proposition 2.8. Let G be a graph on [n] with edge ideal I = I(G). For a € Z™, denote
by ay the vector obtained from a by setting every negative entry to zero. Let F C [n] be
such that G C F. Then the following are equivalent:

(i) F\Ga € F(Aal));
(ii) F € F(IN(GQ)) and % € mp, where mp = (x; | i ¢ F).

Proof of Lemma 2.7. From Proposition 2.8 it follows that

and 2%t ¢ mp

(IN(@))

(IN(G)) and supp(ai)N([n]\F)=10
<= F € F(IN(G)) and supp(at)CF

(IN(G)) and supp(a) S F (as Gq C F).
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This proves the given description of F(Agq(I)). The remaining assertions follow read-
ily. O

As a consequence of Propositions 2.1 and 2.8, we obtain the following.

Corollary 2.9. Let G be a graph on [n] with edge ideal I = I(G). Then the following are
equivalent:

(i) depth(S/1) > 2;
(i) Hy(S/T)=0;
(iii) The complement G° of G is connected.

Proof. Since I is a squarefree non-maximal ideal, H3(S/I) = 0, and thus (i) < (ii).
(ii) = (iii): By Proposition 2.1 and Lemma 2.7, Ag(I) = IN(G) is connected. Since
the 1-skeleton of IN(G) is precisely G¢, we deduce that G° is connected.
(iii) = (ii): By Proposition 2.1, we have to check the following:

(a) Agq(I) is connected for every a € Z%;
(b) depth(S;/I;) > 1 for every j € [n].

For (a), take a € Z%,. If @ = 0, then by Lemma 2.7, Aq(I) = IN(G), which is connected
as its 1-skeleton is nothing but G°. If a € Z%, \ {0}, then G4 = 0 C supp(a). So it

=

follows from Lemma 2.7 that either A, (7) is a cone or Ay (I) = 0, depending on whether
supp(a) € IN(G) or not. In any case, Ag(I) is connected. Thus (a) is true.

For (b), assume the contrary that depth(S;/I;) = 0 for some j € [n]. Then being a
squarefree monomial ideal, necessarily I; = (z; | ¢ € [n]\ j), so j is an isolated vertex
of G¢. This contradicts the connectedness of G¢. Hence (b) is also true, and the proof is
complete. O

3. Invariant chains of ideals

In this section we fix notation and provide auxiliary results on invariant chains of edge
ideals. Let us begin by recalling the notion of invariant chains of ideals.

3.1. Invariant chains of ideals

Let N denote the set of positive integers. As before, for each n € N, let R, =
k[z1,...,2,] be the polynomial ring in n variables over a field k. Via the natural em-
bedding we may regard R,, as a subring of R,, when m > n, and thus obtain a chain of
increasing polynomial rings Ry C Ry C ---. Let R :=J,,~; Ry denote limit of this chain.
Then R = k[z; | i € N] is a polynomial ring in infinitely many variables. Of interest are
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ideals in R that are invariant under the action of the monoid of strictly increasing maps
on N:

Inc={m: N = N |n(n) <n(n+1) for all n > 1}.
This monoid acts on R by means of ring endomorphisms via
T Ty = Tr) forany m € Inc and i > 1.

An ideal I C R is called Inc-invariant if w(f) € I for any m € Inc and f € I. Al-
though the ring R is not Noetherian, a classical result of Cohen [3] (later rediscovered
by Aschenbrenner and Hillar [1]; see also Hillar and Sullivant [14]) says that this ring
is Inc-Noetherian, meaning that any Inc-invariant ideal I C R is generated by finitely
many Inc-orbits of polynomials.

Cohen’s result has an interesting implication for chains of ideals Z = (I,,),>1, where
I,, is an ideal in R,, for n > 1. Such a chain is called Inc-invariant if

(Incpn(Im))r, €I, foralln>m>1, (3.1)
where Inc,, , denotes the following subset of Inc:
Incyn = {7 € Inc | m(m) < n}

and (Incy, (L)) R, is the ideal in R, generated by Inc, ,(I,). When the chain Z is
Inc-invariant, we say that it stabilizes if there exists » > 1 such that the inclusion in
(3.1) becomes an equality for all n > m > r. The smallest such number r is called the
stability index of T and is denoted by ind(Z). A consequence of Cohen’s result is that
every Inc-invariant chain of ideals Z = (I,,),>1 always stabilizes (see [14,17]).

The stabilization of the chain Z = (I,,),>1 implies that I,,11 can be interpreted in
terms of I,, for all n > ind(Z). Let us make this interpretation more explicit. For each
integer k > 0, let o5, : N — N be the strictly increasing map given by

, i, if1<i<k,
o’k(l): (3.2)
i+ 1, ifi>k+1.

It is evident that o € Inc, 41 for all £ > 0 and n > 1. Denote o (I,) = (ox(f) | f €

n

I.)R,,,- Then one can easily check that I,y = > ox([y) for all n > ind(Z). The next

result provides a more concise representation of I, 1.

Proposition 3.1. Let T = (I,),>1 be an Inc-invariant chain of ideals with ind(Z) = r.
Then for any subset A C {0,1,...,n} with |A| =r+ 1, it holds that

Iy = Z orx(ln) forallm >r.
keA
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Proof. We proceed by induction on n. The case n = r is clearly true since I,4; =
> r—o0k(I.). Suppose that the assertion has been shown for some n > r. Let A be an
arbitrary subset of {0,1,...,n + 1} with |[A| = r + 1. Since I,,42 = Zk-:o ok (Int1), it
suffices to check that

01(Ing1) © Y on(Ing1) forany 1€ {0,1,...,n+1}\ A,
keA

We fixanl € {0,1,...,n+ 1} \ A. Set
Alz{kEA‘k’>l}, AQZA\Al, and Allz{k’—].|k€A1}
It is evident that k > [ for all K € A} and A’ := A} U A, is a subset of {0,1,...,n} with

|A'] = 7+ 1. Thus I,,41 = Y cp 0k(I,) by induction hypothesis. From [34, Corollary
4.2] we know that o 0 0; = 0; 0 6j_1 whenever j > i > 0. This yields

Ok O 0]—1 ifkiEAg,
0100 =
opt100; if ke A

Therefore,

o1(Iny1) = Jl( Z ) Z oy00(l Z oy 0ok(1,

kEA! keA; keAs
= g Opt100(In) + E oroo—1(1
ke keAs
- E r(Int1) + E (Int1) E ok(Int1)
ke keAs keA

The proof is complete. O

Given an Inc-invariant chain Z = (I, ),>1, it can happen that the ideal I,, is generated
by a proper subset of the set of variables of R,, for n > 0, and the “superfluous variables”
may cause unnecessary complications. One can remove these variables by merely shifting
indices. To describe this trick, let us restrict to the case of monomial ideals for simplicity.

Let Z = (I,,)n>1 be an Inc-invariant chain of monomial ideals with ind(Z) = r. Denote
by G(I,) the minimal set of monomial generators of I,. We define

msupp(I,.) = min{s | z; divides u for some u € G(I,.)},

Msupp(I,) = max{i | z; divides u for some u € G(I,.)}.

Then 1 < msupp(7,.) < Msupp([,-) < r and no element of G(I,.) involves variables with
indices in {1,...,7} \ {msupp(l;),...,Msupp(Z,)}. As the next lemma indicates, we
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2

9 3

Fig. 1. An indexed 5-cycle.

may always reduce to the case where msupp(Z,.) = 1 and Msupp(I,.) = r by simple index
shifts. The proof of the lemma is straightforward and is therefore left to the interested
reader.

Lemma 3.2. Let T = (I,)n>1 be an Inc-invariant chain of monomial ideals with ind(Z) =
r. Denote iy = msupp(I.), p = Msupp(I,.), and 7 = p — i1 + 1. Consider the chain
7= (fn)HZI obtained from I by shifting the variables by i1 — 1 and shifting the index of
L, by r—7, ie. I, =0 forn <7 and

I, = <p(In—F+7")>R,,L,,;+,,, Nk, for n > ?7

where p : R — R is the k-endomorphism of R induced by p(x,) = 0 for n < iy and
p(Xy) = Tp_iy+1 for n > iy. Then the following hold.

(i) Z is an Inc-invariant chain with ind(Z) = 7, msupp(l7) = 1 and Msupp(I;) = 7.
(ii) depth(R,/I,) =7 — 7+ depth(Ryy7—r/Lnii—r) for alln > r.

Example 3.3. Consider the chain Z = (I,),>1 with I,, = 0 for n < 10,
Lo = (xaws, w227, X35, T3X9, T7T9)

is the edge ideal of a 5-cycle (see Fig. 1), and I,, = (Incig,,(I10)) for n > 11.

Then r = ind(Z) = 10, msupp(l19) = 2, Msupp(l10) = 9, and 7 = 8. So the chain
T = (fn)n21 is given by I, =0forn < 8, Iy = (x124, 2126, T2k g, T2xg, TeTs), and I, =
(Incg  (I3)) for n > 9. Evidently, ind(Z) = 8 = Msupp(Is) and msupp(Is) = 1. Moreover,
Z1, T, is a regular sequence on R, /I, and one has depth(R,,/I,) = depth(Rn_g/fn_2)+2
for all n > 10.

3.2. Invariant chains of edge ideals
From now on, we focus on chains Z = (I,,),>1, where each I,, is an edge ideal. For

convenience, the following notation will be fixed throughout the remaining part of the
paper.
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Notation 3.4.

(i) Let Z = (I,)p>1 be an Inc-invariant chain of eventually nonzero edge ideals with
stability index r = ind(Z). For n > 1 let G,, be the graph corresponding to I,.
We always assume that E(G,) = {{i1, 51}, -, {is,Js}} with 4, < g, i1 < -+ < i,
and moreover if iy = i;41 then j; < jiy1. Thus, in particular, msupp(I,.) = i; and
Msupp(I,) = max{ji,...,js}. Set

Jg =max{j, | iy =11, 1 <t <s},
p = Msupp(l;) = max{ji,..., js},
b = min{i; | j; = Msupp(l,.)} = min{i; | j; = p},
B = max{i; | j: = Msupp(I,)} = max{i; | j: = p},
¥ = Msupp(I,) —msupp(l;) + 1 =p—i; + 1.
Moreover, we write (i,7) € E(G,) if {i,j} € E(G,) and i < j.
(i) For (i,7) € N? and an integer m > 0, denote by A((i,5),m) the isosceles right

triangle with the vertices (4, j), (¢, +m), (¢ + m,j + m), whose legs are of length
m.

Example 3.5. For the chain Z in Example 3.3, it is already known that » = 10 and 7 = 8.
As E(G1o) ={(2,5),(2,7),(3,5),(3,9),(7,9)}, we see that

=2, j,=7,p=9 b=3 B=T.

We provide here some useful asymptotic properties of the graphs G,,. Let us first recall
a simple observation from [15, Lemma 3.3] that is crucial for testing membership in I,,.

Lemma 3.6. Let 1 < i < j <r andn > r be positive integers. Then for integers k < I,
the following are equivalent:

(i) zra; € Incp o (@izj);
(ii) It holds that 0 <k —i<l—j<n-—r;
(111) (kvl) € A((L]),TL - T)'

The following result shows a density property of G,, for n > 0: If (k,l) € E(G,,) is
identified with the point (k,l) € R?, then moving this point in all four cardinal directions
by small integral steps still yields edges of G,, (see Fig. 2).

Lemma 3.7. Let n > r be an integer. Using Notation 3.4, the following hold.

(i) (Short east and short south moves) Assume that n > 3r. Let k < k' < r and
n—r <1 <1 be integers. If (k,1) is an edge of G, then so are (k,l') and (K',1).
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(G, j+n—r7) (it4n—rj+n—r)

(,1")

(i,9)

Fig. 2. Short moves in the four cardinal directions.

(ii) (Short west moves) Let r < k" < k <1 be integers. If (k,l) is an edge of G,,, then
so is (k",1).

(iii) (Short north moves) Let k <1 < 1" <n —r be integers. If (k,1) is an edge of G,
then so is (k,1").

Proof. (i) As n > 3r, we deduce that
E<k <r<n—-r<l <L

Since (k,1) € E(Gy), it follows from Lemma 3.6 that (k,1) € A((i,5),n — r) for some
(i,7) € E(G,) with 1 <i < j <r. In other words,

0<k—i<l—j<n-r. (3.3)

We only prove that (k,I') € E(G,); similar arguments work for (k’,1) as well. By
Lemma 3.6, it suffices to show that (k,1") € A((i,7),n — r), or equivalently,

0<k—i<l—j<n-r.

The first and third inequalities follow immediately from (3.3) and the fact that I’ < I.
Also, the second inequality holds since n > 3r and

k—it+j<r—14+r<n—r<l.

(ii) Similarly to (i), if (k,1) € A((¢,4),n — r) for some (i,5) € E(G,), then we also
have (k”,1) € A((4,4),n — 1), since 0 < r —i < k" — .
The proof of (iii) is similar and is left to the attentive reader. O

Our next goal is to show that GG,, does not contain long induced cycles for n > 0. For
this, we need the following consequence of [15, Lemma 3.6].
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Lemma 3.8. Use Notation 5.4. Let n > 3r and (u1,v1), (u2,v2) € E(Gy). If (u1,v1), (ug,
va) form an induced matching of Gy, then [uy,v1] N [uz,ve] = 0.

Proof. By Lemma 3.6, there exists (i, jr) € E(G,) such that (ux,vr) € A((ig, jr),n—7)
for k = 1,2. Since n > 3r, we have n —r > 2r > 2max{j1, jo}. Moreover, none of the
pairs {uy, uz}, {ur,v2}, {ug,v1}, {v1,v2} is an edge of G,, since (u1,v1), (uz2,v2) form an
induced matching of G,,. So if we assume without loss of generality that u; < wug, then
it follows from [15, Lemma 3.6] that

v <ty <n—1r+7j; <us.
Hence, [u1,v1] N [ug, vo] = 0, as desired. O
We are now ready to prove the following.
Lemma 3.9. Use Notation 5.4. Then forn > 3r, G,, has no induced cycle Cy, with m > 6.

Proof. Assume on the contrary that for some n > 3r, GG,, contains an induced cycle Cp,
with m > 6. Label the vertices of C,, as uq,...,uy, such that u; = min{uy, ..., wp}-
For two real numbers z,y, let (z,y)S be the ordered pair (min{z,y}, max{z,y}) €
R2, and [z,y]S be the closed interval [min{z,y}, max{z,y}] C R. Since m > 6,
{(u1,u2), (Um—2, Um—1)=} is an induced matching of G,,. Thus, [u1, u2]N[Up—2, Up—1]= =
0 by Lemma 3.8. It follows that

g < g < min{tm,—2, Um—1}-

Analogously, u1 < U, < min{us,us} as {(u1,um), (us3,us)<} is an induced match-
ing of G,. So if uy < uy,, then us < wu, < wusg. Otherwise, if u, < wusz, then
Um < Uz < Up_1. In either case, it always holds that [ug,u3]S N [Um_1,Um]S # 0.
Thus, {(u2,u3)S, (Um—1,Un)S} is not an induced matching of G,, by Lemma 3.8. This
contradiction concludes the proof. O

For the graph G,, \ N[n], which arises from the ideal I,, : =, a stronger result holds
true.

Lemma 3.10. Using Notation 3.4, assume that p = r. Then the following statements hold
for alln > 2r 4+ 1.

(i) V(Go,\N[n])={1...;b=-1}U{n—r+B+1,...,n—1}.
(ii) The graphs G, \ N[n| and G411\ Nn + 1] are isomorphic.
(iii) Gy \ N[n] is weakly chordal.
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Proof. (i) Since 2r + 1 > r 4+ B — b, it suffices to show that
N(n)={b,b+1,....n—r+ B} forn>r+B—h.

Let k € N(n). Then (k,n) € E(G,). By Lemma 3.6, there exists (i,j) € E(G,) such
that (k,n) € A((4,7),n — 1), ie.

0<k—i<n—j<n-—r.

This implies i < k < n—j+iand j > r. Since j < r, we get j = r and thus (i,r) € E(G,).
Note that p = r. So the definition of b and B in Notation 3.4 gives b < i < B. Hence,
b<i<k<n-—r+i<n-—r+ B and therefore k € {b,b+1,...,n —r + B}.
Conversely, if b < k < n—r+ B, we see that (k,n) € A((b,r),n—7r)ifb <k <n—r+bd
and (k,n) € A(B,r),n—r)if B<k<n—r+B.Asn >r+B-—b, we deduce k € N(n),
as desired.
(ii) Denote F,, = G,, \ N[n]. For n > 2r + 1, it follows from (i) that

Iy @y, = <xb)$b+l7"'7xn—7‘+B> + L, (34)

where L,, C R,, is an edge ideal supported on V(F),). Moreover, L,, is exactly the edge
ideal of F;, if it is viewed as an ideal in the ring k[z; | i € V(F},)]. Recall the map oy,
defined in (3.2). It is apparent that o, induces a bijective map from V(F,) to V(F,41).
We show that this map is a graph isomorphism between F,, and F, ;1 for all n > 2r + 1.
In other words, we need to prove that L,4+1 = op(Ly,), or equivalently,

Ini1: Tpt1 = (Tpy Tpt1y - -« s TnerpBr1) + 0b(Ly)  for all n > 2r + 1.

Indeed, it follows from [23, Lemma 4.7] that the chain (I, : ,,)n>1 is Inc-invariant with
stability index at most r + 1. So by Proposition 3.1,

Int1 Ty = Z op(In i xy) forallm >r+1, (3.5)
keEA

where A is any subset of {0,1,...,n+ 1} with |A| = + 2. Choose
A={bb+1,....,b4+r+1}.

Then A C {b,b+1,...,n—r + B} for all n > 2r + 1. Take any z,z, € L, with u < v.
Since u,v € V(F,,), only the following cases can occur.

Case 1: u < v < b. In this case, o (z,x,) = 242, for all k € A.

Case 2: u <b<n—r+ B <wv. In this case, op(xyT,) = TyZyp1 for all k € A.

Case 3:n—r+ B < u < v. In this case, o3 (2,2y) = Tyt124+1 for all k € A.
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It follows that oy (L) = op(Ly,) for all k € A. Thus from (3.4) and (3.5) we get

b+r+1
Inti:ixpgr = Z Uk(<xb7xb+17 oy Ty B) + Ln)
k=b
b+r+1
= <xb7 Th41y .- 7xn—7'+B+1> + Z Ui(Ln)
i=b
= (Tb, Toy1s- -+ TnriB+1) + Ob(Ln)

for all n > 2r + 1, as wanted. The desired assertion follows.

(iii) In view of (ii), it is enough to show that F,, is weakly chordal for some n > 0.
Let n > max{br,r(r — B + b — 2)}. Since F, is an induced subgraph of G, it follows
from Lemma 3.9 that F), contains no induced cycle C,, for m > 6. By [15, Proposition
4.1], the complement F¢ also contains no induced cycle C,,, for 5 < m < n/r. As

>r—B+b—2=|V(E,)| =|V(F)]

=3

FE¢ has no induced cycle C,, for all m > 5. This implies that Fj, also has no induced Cj
since C¢ = Cs. Therefore, F), is weakly chordal. The proof is complete. O

Remark 3.11. By index shift, Lemma 3.10 is valid even without the assumption that
p = r. In this case, the graph G,, \ N[n] would have to be replaced by G, \ N[n — r + p]
and some indices in the result would have to be modified accordingly. The details are
left to the reader.

We conclude this section with a strengthened version of [15, Proposition 7.4], in which
the index of regularity stability is slightly reduced.

Lemma 3.12. Use Notation 3.4. If j, = p, i.e. x;,xp € I, then
regl, =2 foralln > 3r—3.

Proof. The result actually follows implicitly from the proof of [15, Proposition 7.4].
We just need to tighten an inequality in that proof. Indeed, by Froberg’s theorem [10,
Theorem 1], we have to show that G, is cochordal (i.e. GS_, is chordal) for all n >
2r — 3. If G4 is not cochordal for some n > 2r — 3, then it is shown in the proof of [15,
Proposition 7.4] that there exists some k € [s] such that

n<T+ g — % — Jk

which yields n < 2r—3 since j, <7, 7, > 1 and ji > 43 > 1. This contradiction concludes
the proof. O
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4. Sparsity index and bounds for the asymptotic depth

This section can be seen as the starting point for the proof of Theorem 1.2, which
will be completed in Sections 5 and 6. We provide here upper and lower bounds for
depth(R,,/I,) when n > 0. As we will see in the subsequent sections, depth(R,,/I,)
always attains one of these bounds for n > 0. Throughout the section, we continue to
use Notation 3.4.

Let us first introduce the following crucial notion.

Definition 4.1. We call
sp(L;) =min{j —i | (¢,5) € E(Gr)} =min{jy — 4, [1 <t < s}
the sparsity index of I,..

The Inc-invariance of the chain 7 = (I,,),,>1 implies that sp(I,,) = sp(I,) for all n > r.
We can therefore set

sp(Z) = sp(Ir)

and call this number the sparsity index of Z. The nomenclature is justified by the obser-
vation that the bigger sp(Z) is, the fewer edges each graph G,, may have:

Remark 4.2. Let n > rand 1 < i < j < n be integers. If (4, j) € E(G,,), then it is evident
that j—i > sp(I,) = sp(Z). Thus, ¢ and j are not adjacent in G,, whenever j—i < sp(Z).

Example 4.3. The chain Z in Example 3.3 has sp(Z) = 2.
The next result gives an upper bound for depth(R,,/I,,) when n > 0. Recall that
7 = Msupp(I,.) —msupp(l,) +1=p—1i1 +1
is the stability index of the chain 7 considered in Lemma 3.2.
Theorem 4.4. For all n > r + 27, it holds that
depth(R,/I,) <r —7+sp(Z).
Proof. Define the chain 7 as in Lemma 3.2. Observe that sp(Z) = sp(Z). So passing
to the chain 7 we may assume 43 = 1, p = r, and in this case, what we need to show

becomes

depth(R,,/I,) <sp(Z) for all n > 3r.
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Put m = sp(Z). By Proposition 2.2, it suffices to provide a subset F C [n] with |F| =
m such that depth((R,)r/(I,)r) = 0. Since (I,)r is squarefree, the last condition is
equivalent to (I,)p = mp, where mp is the graded maximal ideal of (R,,)r. From the
assumption that i3 = 1,p = r and m = sp(Z), we deduce that F(G,) contains (not
necessarily distinct) edges of the forms (1,a), (v — m,v), (b,r), where m + 1 < a,v < r
and 1 <b<7r—m. Let

F={a,a—1,...,a—m+1} with a=max{a+ v,b} < 2r.

We show that F' has the desired property for all n > 3r. Obviously, |F| = m. So it
remains to prove that (I,)p = mp. This is done through the following claims.

Claim 4.4.1. (In)F g_ (Rn)p

Indeed, if (I,,)r = (Rn)F, then G,, must have an edge of the form (k,1), where k <
are both in F. But then [ — k < m — 1, contradicting Remark 4.2.

Claim 4.4.2. (I,)F 2 mp, i.e. each vertex k € [n]\ F is adjacent to a vertex | € F in
Gh.

In fact, we have [n]\ F ={1,...,a—m}U{a+1,...,n}. Using Lemma 3.6, it suffices
to show that for each k € [n] \ F, there exists | € F such that either (k,l) or (I, k)
belongs to one of the triangles A((1,a),n—r), A((v —m,v),n—r) and A((b,r),n — 7).
We distinguish the following cases.

Case 1: 1 <k < v —m. Then it is clear that

0<k—-1<a—-a<n-r

since v < o — a and a < 2r < n — r. Hence, (k,a) € A((1,a),n —r).
Case 2: a+ 1 — b <k < n. In this case, (o, k) € A((b,r),n — ) since

0<a—-b<k—-—r<n-r.
Case 3:v—m<k<a—-mora+1<k<a-+r-—> Set

[ = k—m fa+l1<k<a+m,
« otherwise.

Then [ € F. Similarly to the previous cases, one can show that either (k,1) (when k <)
or (I,k) (when k > [) belongs to A((v—m,v), n—r). The details are left to the reader. O

Let us now provide a lower bound for depth(R,,/I,,) when n > 0.
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Theorem 4.5. For all n > r, the following inequality holds
depth(R,,/I,) > r — 7+ min{sp(Z), 2}.

Proof. Using Lemma 3.2, we may assume that i3 = 1 and p = r. In this case, we need
to show that

depth(R,,/I,) > min{sp(Z),2} for all n >r.

Since I, is a squarefree non-maximal ideal of R,,, it always holds that depth(R,,/I,,) > 1.
Hence, it suffices to prove that depth(R,,/I,) > 2 when sp(Z) > 2, which we will assume
from now. By Corollary 2.9, we need to show that G¢ is connected for each n > r.
Indeed, take two arbitrary vertices k,l of G, with k < [. These vertices are joined by
the edges (k,k+1),(k+1,k+2),...,(l —1,1), which all belong to G¢, since sp(Z) > 2.
Hence, G¢ is connected, as desired. O

As a direct consequence of Theorems 4.4 and 4.5 we obtain the following.
Corollary 4.6. Assume that sp(Z) < 2. Then for all n > r + 27, it holds that
depth(R,/I,) =r — 7+ sp(Z).
5. Maximal asymptotic depth

In this section we show that the upper bound given in Theorem 4.4 is attained when
Jjq = p, where we use Notation 3.4 throughout as usual. The following result covers
Theorem 1.2(i).

Theorem 5.1. Assume that j, = p. Then for all n > r + 27, one has
depth(R,/I,) =r — 7+ sp(Z).

To prove this theorem, we need some auxiliary results. We first give a lower bound
for the size of a maximal independent set of the graph G,, when n > 0.

Lemma 5.2. Assume that j; = p. Then for all n > r + 27, every maximal independent
set of Gy, has size at least sp(Z).

Proof. Set m = sp(Z). Using Lemma 3.2 we may assume that ¢; = 1 and j, = r. In this
case, it is enough to show that every maximal independent set of GG, has size at least
m for all n > 3r. Suppose to the contrary that G,, has a maximal independent set U of
size at most m — 1. Denote a = min U and S = max U. To derive a contradiction, let us
prove the following claims.
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Claim 5.2.1. a <r —1.

Indeed, consider the following sets of size m:

Vi={1,2,...,m},
%:{ﬂ_m+laﬁ_m+27aﬂ}a
Vis={a,a+1,...,a+m—1}.

By Remark 4.2, V; is an independent set of G,,. Since |U| < |V1], it follows from the
maximality of U that U ¢ V. This yields 8 > m + 1 and thus Vo C [n]. Again by
Remark 4.2, V5 is an independent set of G,,. Hence, U z V5 due to the maximality of
U. It follows that a < 8 —m, and consequently, & + m < 8 < n. Thus, V3 C [n]. Since
|U| < |V3], there exists ¢ € [m — 1] such that o + ¢ ¢ U. The maximality of U implies
that UU{«a+i} is a dependent set of G,,. Therefore, {a+1i,u} € E(G) for some u € U.
Note that |u — (o + i)| > m by Remark 4.2. Since o < v and ¢ < m — 1, we must have
a+1i < u. Now if @ > 7, then moving west from (a + i,u) to (a, u) using Lemma 3.7,
we get (a,u) € E(G,). This contradicts the independence of U. Hence, « < r — 1, as
claimed.

Claim 5.2.2. S >n—r+1.

We argue similarly as above. Since U € V3, there exists j € [m—1] such that UU{8—j}
is a dependent set of G,,. Thus, {f — j,v} € E(G,) for some v € U. Using Remark 4.2
together with the fact that v < g and 7 < m — 1, we also deduce that v < 8 — j.
If B < n—r, then moving north from (v,8 — j) to (v,5) using Lemma 3.7, we get
(v, 8) € E(G,,). This again contradicts the independence of U. Hence, § > n — r + 1.
Claim 5.2.3. (o, 8) € E(G,,).

The assumption that i, = 1 and j, = r implies (1,7) € E(G,). So by Lemma 3.6, it
suffices to show that («, 8) € A((1,r),n — r). Indeed, this follows from

0<a—-1<r—-2<n—-2r+1<g-r<n-r,

where the third inequality holds since n > 3r.
Claim 5.2.3 contradicts the independence of U and thus completes the proof. O

The following technical lemma also plays a role in the proof of Theorem 5.1.

Lemma 5.3. Assume that j, = p and sp(Z) > 2. Let U be an independent set of G,, of
size at most sp(Z) —2. Then the complement of G, \ N[U] is connected for alln > r+27.
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Proof. Using Lemma 3.2 we may assume that 4y = 1 and j, = 7. In this case, we need
to show that the graph F,, = (G, \ N[U])¢ = G¢ \ N[U] is connected for all n > 3r.
Suppose to the contrary that Fj, is not connected for some n > 3r. Let i < j be vertices
of F,, that are not joined by a path in F,, with j — ¢ being minimal. Then in particular,
(i,7) € E(G,,) since (i,7) € E(GS). Moreover, any k € [n] with ¢ < k < j is not a vertex
of F,, due to the minimality of j — . Thus,

{i+1,...,j—1} C N[U]. (5.1)
Denote m = sp(Z), d = |U|, « = min U, and 8 = maxU. Then it is clear that § — a >
d—1. Also, j —i>m as (i,j) € E(G,). We distinguish two cases.
Case 1: 1 > «. A contradiction will be derived from the following claims.
Claim 5.3.1. a<r—1landj<n-—r.

If « > r, then moving west from (¢,7) to («,j) using Lemma 3.7, we get («,j) €
E(G,), contradicting the fact that j ¢ N[U]. Hence, a < r — 1. By assumption, (1,7) €
E(G,). So Lemma 3.6 yields («a, j) ¢ A((1,7),n —7), i.e. at least one of the inequalities

0<a—-1<j—r<n—r
is not true. We see that the middle inequality must be false. Thus
j<a—14r<2r—-2<n-r
where the last inequality follows from n > 3r.

Claim 5.3.2. 5 < j.

Suppose that j < 8. If < n — r, then moving north from (¢,7) to (¢,3) using
Lemma 3.7, we deduce (i, ) € E(Gy,). This contradicts the fact that ¢ ¢ N[U]. On the
other hand, if 8 > n — r + 1, then the hypothesis n > 3r and the inequality a < r — 1
from Claim 1 give

0<a—-1<r—-2<n—-2r+1<pg—-r<n-r.
This implies («, 8) € A((1,7),n — 7), contradicting the independence of U.
Claim 5.3.3. (u,j — h) € E(G,,) for some w € U and h € [d + 1].

As |U| = d, there exists h € [d+1] such that j—h ¢ U. Sinced+1 <m—-1<j—i—1,
it is easily seen from (5.1) that j —h € N[U]. Thus, {u,j — h} € E(G,,) for some u € U.
This implies [(j —h) —u| > m. Since u < f < jand h <d+1 < m —1, it must hold
that u < j — h. Therefore, (u,j — h) € E(Gy,).
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Let us now derive a contradiction. Since j < n —r and (u,j — h) € E(Gy,), it follows
from Lemma 3.7(iii) that (u,j) € E(G,,). This contradicts the fact that j ¢ N[U], as
wanted.

Case 2: i < «. Let us first prove the following claims.

Claim 5.3.4. (i + h,u) € E(G,) for some u € U and h € [d + 1].

We argue analogously to the proof of Claim 5.3.3. By (5.1) and the fact that d +
1 < j—i—1, we may choose h € [d+ 1] such that i + h € N[U]\ U. This implies
{i + h,u} € E(G,) for some u € U. We must have i + h < w since |(i + h) — u| > m,
t<a<wuand h<d+1<m—1. Hence, (i+ h,u) € E(G,).

Claim 5.3.5. If a + d+ 1 < j, then (o + k,v) € E(G,,) for somev € U and k € [d + 1].

From the assumption @ +d + 1 < j it follows that « + k € N[U] for all k € [d + 1].
The rest of the argument is the same as in the proof of Claim 5.3.4 and is omitted.

Claim 5.3.6. If 3 < j, then (w,j — 1) € E(Gy,) for somew € U andl € [d + 1].

The argument is the same as in the proof of Claim 5.3.3 and is omitted.

Let us now derive a contradiction. If ¢ > r, then using Claim 5.3.4 and Lemma 3.7(ii)
we infer that (i,u) € E(Gy). This contradicts the fact that ¢ ¢ N[U]. Hence, i <
r — 1. Notice that (i,3) ¢ A((1,7),n — r) by Lemma 3.6. So arguing as in the proof of
Claim 5.3.1 yields

B<i+r—1<2r—2<n-r.

If j < B, then moving north from (4,j) to (¢,8) using Lemma 3.7, we get the con-
tradiction that (i,8) € E(Gp). Thus, 8 < j. If j < n — r, then Claim 5.3.6 to-
gether with Lemma 3.7(iii) implies that (w,j) € E(G,), again a contradiction. Hence,
j>n—r+1 As (a,5) ¢ E(Gn), also (o,7) ¢ A((1,7),n — r), and it follows that
a>j—r+1>n—2r+2>r. Moreover, « +d+ 1 < j since

a+d—1<p8<2r—-2<(n—-r+1)—-3<j-3.

So using Claim 5.3.5 and Lemma 3.7(ii) we deduce that (o, v) € E(G,,). This contradic-
tion concludes the proof. O

We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. By Corollary 4.6, it suffices to consider the case m = sp(Z) > 3.

Moreover, using Lemma 3.2 we may assume that ¢; = 1 and j; = p = r. In this case, by
Theorem 4.4, it is enough to show that
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depth(R,/I,) > m for all n > 3r.
Using Takayama’s formula, this is equivalent to proving that
ﬁi_‘ga‘_l(Aa(In)) =0 foralln>3r,alli<m—1andalla cZ".

By Lemma 2.7(ii), we may assume that a € {—1,0,1}"™. Moreover, it suffices to examine
the case supp(a) = G4 € IN(G,) by virtue of Lemma 2.7(iii)—(iv). In this case, a €
{-1,0}". As j, = p =r, we know from Lemma 3.12 that reg(R,,/I,,) =1 for all n > 3r.
Thus, if i + > ., a; = i — |Gq| > 2, then Takayama’s formula gives

ﬁiflGa|71<Aa(In)> = HZn<Rn/In)a =0.

Therefore, we may assume that |Gg| > i —1. If |G4| > i+1, then ﬁi—\Ga|—1(Aa([n)) =0
since i — |Gq| — 1 < —2. So there are only two cases left:

Case 1: |Gq| = i. Since i < m—1, it follows from Lemma 5.2 that G, is not a maximal
independent set of G,,. Hence, Ag(l,) # {0} by Lemma 2.7(v). This implies

Hiz Gy -1 (Ba(ln) = Ho1(Ba(ln)) = 0.
Case 2: |Gq| =1 — 1. Recall from Lemma 2.7 that
F(Aa(ln) ={F\Ga | Ga C F C[n], F € F(IN(Gn))}-

Thus, the 1-skeleton of A4 (T,) is exactly the graph (G, \ N[Gg])¢. Since |G| =1 —1 <
m — 2, Lemma 5.3 says that (G, \ N[Gg])¢ is connected. Hence,

Hi_Ga-1(Da(In) = Ho(Aa(In)) =0,

as desired. 0O

We conclude this section with an example illustrating that the lower bound for the
stability index of depth(R,,/I,) given in Theorem 5.1 could be close to optimal.

Example 5.4. Consider the chain Z = (1,,),>1 with stability index » > 6 and
E(GT) = {(17 T)’ (2’ 4)7 (37 5>}

This chain satisfies i1 = 1 and j, = p = r. Computations with Macaulay2 [12] suggest
that

2 ifn=2r-25,
depth(R,/I,) =<3 if2r —4<n < 3r—10,
2 ifn>3r—-9.
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Assuming the above result, we see that the lower bound n > 3r given in Theorem 5.1
for the stability index of depth(R,,/I,) cannot be improved to n > 3r — 10 in general.

6. Minimal asymptotic depth

Our goal in this section is to complete the proof of Theorem 1.2 and thereby provide
a comprehensive picture of the asymptotic behavior of depth(R,/I,): we prove the fol-
lowing slight generalization of Theorem 1.2(ii), showing that the lower bound given in
Theorem 4.5 is attained when j, < p. As always, Notation 3.4 is used throughout the
section.

Theorem 6.1. Assume that j; < p. Then
depth(R,,/I,) =r — 7+ min{2,sp(Z)}
foralln >r+ 2r.

The proof of this theorem is mainly based on the following nonvanishing result for
the first reduced homology group of the independence complex IN(G,,) of the graph
Gp. A complete description of all reduced homology groups of IN(G,,) can be found in
Section 7.

Proposition 6.2. Assume that i1 =1 and p =r. If j, <r and sp(Z) > 2, then

H(IN(Gp)) =2k for alln > 3r.

The main idea to prove Proposition 6.2 is to proceed by induction on r — j, using the
long exact sequence in Lemma 2.5. Let us begin by showing (non)vanishing results for
the zeroth and first reduced homology groups of the independence complexes IN(G,, \ n)
and IN(G,, \ N[n]).

Lemma 6.3. Assume that iy =1 and p =r. If sp(Z) > 2, then
Ho(IN(Gp \n)) =0 for alln >r.

Proof. Obviously, the graph G,, \ n contains at least one vertex for all n > r. So by
Lemma 2.4, it suffices to verify the connectedness of the complementary graph (G, \ n)¢.
But this is clear, because any two vertices ¢,j of (G, \ n)¢ with ¢ < j are connected
by the edges (4,7 + 1), (i + 1, +2),...,(j — 1,7), all of which belong to (G,, \ n)¢ since
sp(Z)>2. O

Lemma 6.4. Assume that iy =1 and p=1. If jo =1 — 1, then

Hi(IN(G, \n)) =0 for alln > 3r.
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Proof. Observe that the edge ideal of G, \n is the ideal of R,,_1 generated by monomials
in I,, that are not divisible by z,, i.e. the ideal (I,, N R,,—1) R, _,. Thus, if we define the
chain J = (J,,)n>1 as follows

g 0 if n<r-1
" (Iny1NRy)R, if n>r,

then J,,_; is the edge ideal of G,, \ n for n > r + 1. By [23, Lemma 4.7], J is an Inc-
invariant chain with stability index ind(J7) = ind(Z) = r. (Note that the ideal .J,, in the
current proof is denoted by J,,4+1 in [23, Lemma 4.7], hence the difference in the stability
indices.) A useful property of the chain J is that the index j, for this chain increases
by 1. Indeed, we have x1x;, € I, since iy = 1. It follows that x1x; 41 € I, 41, and hence
17,41 € Jp, as claimed. Now the assumption that j, = r — 1 gives z12, € J,.. So by
Lemma 3.12, it holds that reg(R,,—1/Jn—1) = 1 for all n > 3r (in fact, it suffices to take
n > 3r — 2). This combined with Lemma 2.7(i) and Takayama’s formula yields
Hy(IN(Gp \ n)) = Hi(Ao(Jn1)) = Hp (Ry—1/Jn-1)0 =0,

mpy—1

where m,,_; denotes the graded maximal ideal of R,,_;. O

Lemma 6.5. Assume that iy =1, p=r, j, <7, and sp(Z) > 2. Then forn > 2r+1,

- k if jo=r—1,
Ho(IN(Gn \ N[n])) = L
0 if jo<r—2.
Proof. Set G := G, \ N[n]. Then for all n > 2r + 1, we know from Lemma 3.10 that G
has the vertex set V(G) = V4 U Va, where

i={1,....6—-1} and Va={n—r+B+1,...,n—1}.

Denote by I'y and I's the induced subgraphs of G on V; and V5, respectively. We show
that I'; and I'y are connected. Indeed, note that G¢ = G¢ \ N[n] is the induced subgraph
of G§ on V(G) = Vi U Va. Hence, I'y and I'y are also the induced subgraphs of G¢ on
Vi and Va. From the assumption sp(Z) > 2 it follows that (i,4 + 1) € E(GS) for all
i € [n — 1]. Therefore, I'; and I'y are connected, as desired.

Let us first consider the case j, = r — 1, i.e. (1,7 — 1) € E(G,). By Lemma 2.4, it
suffices to show that G¢ has exactly two connected components. We claim that I'; and
Iy are the connected components of G°. Indeed, this means that (u,v) ¢ E(G¢), or
equivalently, (u,v) € E(G) for every u € V; and v € Va. As n > 2r + 1, we have

v—u>n—-r+B+1)—(b—-1)=n—r+B-0b0+2>r—2.

Moreover, v — (r — 1) < n —r since v < n — 1. It follows that
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0<u—-1<v—-(r—1)<n-r

which yields (u,v) € A((1,r — 1),n — r). Hence, (u,v) € E(G,) by Lemma 3.6. Since G
is the induced subgraph of G,, on V(G), this implies that (u,v) € E(G), as claimed.

Now assume that j, < — 2. Again by Lemma 2.4, we need to show in this case that
G°€ is a connected graph. Since I'; and I's are connected, it suffices to find an edge of G¢
connecting them. We claim that (1,n — 1) is such an edge. Suppose to the contrary that
(I,n—1) ¢ E(G°), i.e. (1,n—1) € E(G). This means that (1,n — 1) € E(G,,) since G
is an induced subgraph of G,,. Thus, (1,n —1) € A((i,7),n — r) for some (i,5) € E(G,)
by Lemma 3.6. It follows that

0<1—-i<n—-1—-53<n—r.

Hence, i = 1 and j > r — 1. But this contradicts the assumption that j, < r — 2.
Therefore, (1,n — 1) € E(G°), as desired. O

Lemma 6.6. Assume that iy =1, p=r, and sp(Z) > 2. Then
Hi(IN(G,, \ Nin])) =0 for alln > 3r.

The proof of this lemma is rather technical and lengthy. So we postpone it to the
Appendix. Let us present here the proof of Proposition 6.2.

Proof of Proposition 6.2. Let n > 3r. The long exact sequence in Lemma 2.5, applied
to the graph G, and its vertex n, together with the fact that Ho(IN(G, \ n)) = 0
(Lemma 6.3) and H; (IN(G,, \ N[n])) = 0 (Lemma 6.6), yields the following short exact
sequence

0 — Hy(IN(Gyn \ n)) — H{(IN(G,)) — Ho(IN(G,, \ N|[n])) —> 0. (6.1)

Let us show that H;(IN(G,)) = k by induction on r — jg > 1. If r —j, = 1, then
Lemma 6.4 gives H;(IN(G,, \ n)) = 0. It thus follows from (6.1) and Lemma 6.5 that

Hy(IN(Gp)) & Ho(IN(G,, \ N[n])) k.

Now assume that r — j, > 1. In this case, Ho(IN(G,, \ N[n])) = 0 by Lemma 6.5.
The short exact sequence (6.1) then implies that Hy(IN(G,)) = Hy(IN(G,, \ n)). So it
remains to show that Hy(IN(G,, \ n)) = k. Consider the chain J = (J,)n>1 as in the
proof of Lemma 6.4. It is easy to verify that this chain satisfies all the assumptions of
Proposition 6.2. Moreover, we know from the proof of Lemma 6.4 that x12; 11 € J;.. Thus
we may apply the induction hypothesis to the chain 7 and obtain Hy (IN(G, \ n)) = k.

This concludes the proof. O
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The following example, which is somewhat similar to Example 5.4, suggests that the
lower bound for the index of stability of H;(IN(G,)) in Proposition 6.2 could be close
to optimal.

Example 6.7. Consider the chain 7 = (I,,),>1 with stability index r > 6 and
E(GT) = {(17 3)a (27T)7 (T - 2’T)}7

which satisfies all the assumptions of Proposition 6.2. Computations with Macaulay2
[12] suggest that

0, ifn<2r—5,
dimy Hy (IN(G,,)) =<2, if 2r —4 < n < 3r — 10,
1, ifn>3r—9.

That is, H; (IN(G,,)) could be stable from n = 3r — 9.

We are now ready to prove Theorem 6.1.
Proof of Theorem 6.1. In view of Corollary 4.6, it suffices to consider the case sp(Z) > 3.
Moreover, using Lemma 3.2 we may furthermore assume that ¢y = 1, p = r and thus
reduce the statement we want to prove to

depth(R,,/I,) =2 for all n > 3r.

Let n > 3r. Combining Proposition 6.2 with Lemma 2.7(i) and Takayama’s formula we
get

k = ﬁl(IN(Gn)) = ﬁl(AO(In)) = Hi(Rn/In)O-

It follows that depth(R,/I,) < 2. Consequently, depth(R,/I,,) = 2 by Theorem 4.5.
The proof is complete. O

The lower bound for the index of depth stability in Theorem 6.1 is also close to
optimal, as illustrated by the next example.

Example 6.8. Consider the chain 7 = (I,,),>1 with stability index r > 6 and
E(GT’) = {(1? r—= 1)7 (2ﬂ 3)7 (2’ 7’)},

which satisfies all the assumptions of Theorem 6.1. We show that depth(R,/I,) > 2 for
n = 3r — 8 and depth(R,/I,) =1 for n > 3r — 7.
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2r —5

3r —10

r—2 3r—9

Fig. 3. A spanning tree of G5, _g.

Table 1
Asymptotic depth and regularity of Inc-invariant chains of edge ideals.

Invariant Value Condition

lim depth(R,/I,) '~ 7+ sp(Z) either j, = p, or sp(Z) <2
n— oo

r—r+2 jq < pandsp(Z) >2
; 1 either j, = p, or (sp(Z) = 1 and im(Gs,) = 1)
1 R,/I Jga =D P
i, T8 (Rn/In) 2 jq < pand (sp(Z) > 2 or im(Gs,.) = 2)

To show depth(Rs,—g/I3,—s) > 2, thanks to Corollary 2.9, is equivalent to proving
that G%,_g is connected. This holds because G5, _g has a spanning tree as in Fig. 3.

Next, to show depth(R,,/I,,) = 1 for n > 3r — 7, we observe that G¢, is not connected
for all such n, as it admits r — 1 as an isolated vertex. Therefore, for each r > 6, the
index of depth stability of the chain Z is 3r — 7.

Remark 6.9. As a summary of Theorems 5.1 and 6.1 and [15, Theorem 7.1], Table 1
provides a complete picture of the asymptotic depth and regularity of Inc-invariant
chains of (eventually non-zero) edge ideals. It would be interesting to have similar tables
for more general chains, e.g. chains of (squarefree) monomial ideals.

7. Asymptotic homology of independence complexes

In view of Proposition 6.2, one may wonder whether all reduced homology groups of
the independence complex IN(G,,) can be determined asymptotically. The main result
of the present section provides a complete answer to this question. As before, we keep
using Notation 3.4 throughout the section.

Theorem 7.1. Assume that i1 =1 and p = r. Then there exist two nonnegative integers
a, B depending only on the chain I such that the following hold for all n > 0:

(i) H;(IN(G»)) =0 fori#0,1.

(i) ﬁo(IN(Gn))%{Hgna Z: Zig;;
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(iii) Hy(IN(Gp)) = kP. Purthermore, if sp(Z) > 2, then 3 = {0 i o=,
1 if jo <.

Notice that only the case i1 = 1 and p = r considered in the preceding theorem is
nontrivial, because otherwise, GG,, contains isolated vertices for all n > r, which means
that IN(G,) is a cone and thus H;(IN(G,,)) = 0 for every i. It is also worth noting that
all reduced homology groups of IN(G,,), except for Hy(IN(G,,)) in the case sp(Z) = 1,
are of bounded dimension.

Remark 7.2. Miyata and Ramos [30] studied the Noetherianity of the graph minor cat-
egory. They proved finiteness results for certain simplicial complexes on the edges of a
graph (see [30, Section 4]). The independence complex, on the other hand, is a simplicial
complex on the vertices of a graph. Therefore, the framework developed in [30] is not
directly applicable to our situation.

To prove Theorem 7.1, let us begin with its first statement.
Lemma 7.3. For all n > 4r and all i # 0,1, it holds that fIZ-(IN(Gn)) =0.

Proof. Obviously, IN(G,,) # {0} for all n > r. Hence, H;(IN(G,)) = 0 for all i < 0.
Recall from [15, Theorem 6.1] that reg(R,/I,) < 2 for all n > 4r. Thus com-
bining Lemma 2.7(i) and Takayama’s formula we get Efi(IN(Gn)) = ﬁi(Ao(In)) &
HiY (R, /1,)0 = 0 for all n > 4r and all i > 2. The desired conclusion follows. O

For the proof of the remaining part of Theorem 7.1, note that the case sp(Z) > 2
has essentially been treated in Proposition 6.2 (for H;) and in the proof of Theorem 4.5
(for Hp). To deal with the case sp(Z) = 1, we need some more auxiliary results. In what
follows, when n > 4r, we denote

U,={2r,2r+1,...,n—2r}. (7.1)

Lemma 7.4. Assume that i1 = 1,p = r and sp(Z) = 1. Then U, consists of isolated
vertices of GS, for all n > 4r.

Proof. Tt follows from the assumption that E(G,) contains edges of the forms (1,a),
(v —1,v), (b,r), where 2 < a,v < rand 1 <b < r —1. Take any k € U,. We need to
prove that {k,l} € E(G,,) for every I € [n]\ {k}. By Lemma 3.6, it suffices to show that
either (k,1) or (I, k) belongs to one of the triangles A((1,a),n —r), A((v — 1,v),n — 1)
and A((b,r),n —r). We distinguish two cases.

Case 1:1 < k. In this case, one can easily check that

(LK) e A((l,a),n—r) if 1<i<k—a+1,
7 A((v—Lwv),n—7r) if k—a+2<I1<k-1.
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Case 2: 1 > k. It is readily seen that

(k1) e A((v—1v),n—r) if k+1<I<n-—r+uv,
7 A((b,r),n—1) if n—r+v<li<n

Thus we always have {k,l} € E(G,), as desired. O

The next result determines the asymptotic dimension of Hy(IN(G,,)) when sp(Z) = 1.
As before, the number of connected components of a graph G is denoted by ¢(G).

Lemma 7.5. Assume that i1 = 1,p =1 and sp(Z) = 1. Forn > 4r, let T',, = G5 \ Uy, be
the induced subgraph of G¢ on the vertex set

V() = \U,=A41,...;2r—1}U{n—-2r+1,...,n}.
Then the following hold for all n > 0.

(i) «(GS) =¢(I'y) +n—4r + 1.
(ii) The graphs Ty, and T'yi1 are isomorphic. In particular, ¢(Tpt1) = ¢(T'y) and one
can define ¢(Z) = ¢(Ty,) for n>> 0.
(iii) dimy Ho(IN(G,)) = n — a, where oo = 4r — ¢(Z) > 1.

Proof. (i) Since U, consists of isolated vertices of G by Lemma 7.4, we have
¢(G) = (D) + |Un| = ¢(Ty) +n —4r + 1.

(ii) It suffices to prove the first assertion. Consider the map o9, as defined in (3.2).
Recall that o9, € Incy, p41 for all n > 1. Let ¢y, : V(I'y,) = V(I'yq1) be the restriction of
o9y on V(T',,). We show that ¢, is a graph isomorphism between T',, and T',, 11 for all n >
0. Evidently, ¢, is a bijection between V(T',,) and V(I';,41). Denote by v, : V(I'pi1) —
V(T;,) the inverse map of ¢,,. We claim that ¢, (E(T'st1)) € E(T,). Equivalently, we
need to show that if {i,j} ¢ E(Ty), then {¢,(7),dn(4)} ¢ E(Tpn41). Indeed, if {i,j} ¢
E(T'y,), then {4,j} € E(Gy), i.e. ziz; € I,. Since o9, € Inc,, 5,41, this implies that

Lo () Tp(§) = Toar(i) Tz, (j) = O2r(Ti%;) € Int1.

Hence, {¢,(7),¢n(j)} € E(Gnt1), and thus {¢,(7),¢n(j)} ¢ E(Tnt1), as desired. So
1y, is a graph morphism from I';1; to I',,, which is a bijection on the vertex sets.
Consequently, it yields an injective map E(I'y+1) — E(T',). In particular, |E(T,)| >
|E(Ty41)| for all n > 4r. It follows that |E(T',)| = |E(Ty41)| for n>> 0. In other words,
for all n > 0, v, is a graph isomorphism, and hence so is its inverse ¢,,.

(iii) The formula for the dimension of ﬁo(IN(Gn)) results from combining (i) and
Lemma 2.4. We have o > 1 since ¢(Z) < |[V(T',)| =4r—1. O
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It remains to determine the asymptotic dimension of H, (IN(G)) when sp(Z) = 1.
Given Lemmas 7.3 and 7.5, this can be done by using the Euler characteristic of IN(G,,):

W(IN(GL) = Y (-1 LN —1+Z ) din 7, (IN(Go)),

where d,, = dimIN(G,,) and (fi(IN(G,,)))%, is the f-vector of IN(G,,). The following
result describes the asymptotic behavior of the f-vector and the Euler characteristic of
IN(G,,).

Proposition 7.6. Assume thati; =1, p =1 and sp(Z) = 1. Then the following statements
hold for all n > 0.

(1) fo(IN(Gnt1)) = fo(IN(Gr)) + 1 and f;(IN(Gp41)) = fi(IN(Gr)) for alli> 1.
(ii) (IN(Gn+1)) ( (Gn>) +1.

Proof. It is apparent that (ii) follows from (i), so we only need to prove (i). Observe that
if v is an isolated vertex of G¢, then it is also an isolated vertex of IN(G,,) and this gives

Jo(IN(Gr)) = fo(IN(Gn\v))+1 and fi(IN(G,)) = fi(IN(G,\v)) foralli>1. (7.2)

For n > 4r consider the set U, given in (7.1). Recall from Lemma 7.4 that U,, consists
of isolated vertices of G¢. Hence, applying (7.2) repeatedly we obtain

fo(IN(Gr)) = fo(IN(Gn \ Un)) + ‘Un| = fo(IN(Gn \ Up)) +n —4r +1,

FL(IN(G,)) = £,(IN(G, \ Uy)) for all § > 1. 3

Note that G, \ U, = T¢

¢, where I', = G¢ \ U,. By Lemma 7.5, the graphs I';, and
T'y+1 are isomorphic for n >> 0. This implies that the graphs G, \ U,, and Gp41 \ Upn+1
are isomorphic for n > 0. Consequently, the simplicial complexes IN(G,, \ U,) and
IN(Gpt1 \ Unt1) are also isomorphic for n >> 0. The desired conclusion now follows

readily from (7.3). O

Remark 7.7. Proposition 7.6(i) implies that dimIN(G,,) is a constant for n > 0. This
also follows from [21, Theorem 3.8] and the fact that I,, is the Stanley—Reisner ideal of
IN(Gp).

We are now in a position to prove Theorem 7.1.

Proof of Theorem 7.1. The first statement follows from Lemma 7.3. To prove the second
and third statements, we distinguish two cases.

Case 1: sp(Z) > 2. From the proof of Theorem 4.5 we know that the graph G¢ is
connected for all n > r. Hence, Hy(IN(G,,)) = 0 for all n > r by Lemma 2.4. Let us now
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prove the formula for Hy(IN(G,,)). In view of Proposition 6.2, we only need to consider
the case j, = r. In this case, reg(R,,/I,) = 1 for all n > 3r — 3 by Lemma 3.12. So using
Lemma 2.7(i) and Takayama’s formula, we get

Hy(IN(Gp)) = Hy(Ao(In)) = H2(R,/1,)o =0 for all n > 3r — 3.

Case 2: sp(Z) = 1. According to Lemma 7.5(iii), there exists a constant o > 1 such
that dimy Hy(IN(G,,)) = n—a for n > 0. It remains to prove that dimy Hy (IN(G,,)) = 3
for some constant S when n > 0. Indeed, it follows from Proposition 7.6(ii) that there
exists a constant y such that

X(IN(G,)) =n—~ for n>> 0.

Note that x(IN(G,)) = 1 + dimy Ho(IN(G,)) — dimy H;(IN(G,,)) for n > 0 by
Lemma 7.3. Therefore,

n—~=1+(n—a)—dimg H (IN(G,)),
and hence dimy H; (IN(Gp)) =7 —a+1for n >0, as desired. O

Proposition 6.2 and the proof of Theorem 7.1 provide lower bounds for the stability
indices of Hy(IN(G,,)) and H;(IN(G,,)) when sp(Z) > 2, namely, r and 3r, respectively.
It would therefore be interesting to have similar bounds in the case sp(Z) = 1. In this
case, it would also be interesting to determine the constants o and S in Theorem 7.1
explicitly. While « is always positive by Lemma 7.5, the following examples indicate that
(8 can be zero or not.

Example 7.8. Let r = 2 and E(G2) = {(1,2)}. Then G,, is the complete graph K, for
all n > 2. Thus, Ho(IN(G,,)) £ k" ! and H;(IN(G,,)) = 0 for all n > 2.

Example 7.9. Let r = 4 and E(G4) = {(1,2),(3,4)}. We claim that for all n > 5,
Ho(IN(Gp)) 2k™* and Hy(IN(G,)) 2 k.
In fact, it is not hard to show that for all n > 5, the facets of IN(G,,) are precisely
{1,n—=1},{2,n - 1},{1,n},{2,n}, {3}, {4},...,{n — 2}.
The desired conclusion follows.

8. Appendix

Here, as promised, we provide the proof of Lemma 6.6. It is more convenient to prove
the following slightly stronger result, which specializes to Lemma 6.6 when a = b and
A = B by Lemma 3.10.
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Proposition 8.1. Assume that iy = 1, p = r and sp(Z) > 2. Let a and A be integers
with 1 < a < band B < A < r —1. Denote by G,(a, A) the induced subgraph of
G, on the vertex set V(Gp(a,A)) = V1 U Vs, where Vi = {1,...,a — 1} and V5 =
{n—r+A+1,...,n—1}. Then

H,(IN(Gn(a,A))) =0 for allm > 3r.

The proof of this result is mainly based on Proposition 2.6. In order to apply Propo-
sition 2.6, some preparations are needed.

Lemma 8.2. Under the assumptions of Proposition 8.1, the following statements hold.

(i) Gn(a, A) is weakly chordal for all n > 2r + 1.
(ii) im(Gn(a, A)) <2 for alln > 3r.
(iii) Let n > 3r and (u1,v1), (u2,v2) € E(Gp(a, A)). If (u1,v1), (uz,v2) with uy < usg
form an induced matching of G, (a, A), then

1<uy<vyLa—1,
n—r+A+1<uy<ve<n-—1,
a>3 and r—A>3.
Proof. (i) By Lemma 3.10, G, (b, B) = G,, \ N|n| is weakly chordal for all n > 2r + 1.
Since Gp(a,A) is an induced subgraph of G, (b, B), we deduce that G,(a,A) is also
weakly chordal.
(ii) The graph G, (a, A) is an induced subgraph of G,,. So by [15, Theorem 3.1],
im(Gp(a,A)) <im(Gp) <2 for all n > 3r.
(iii) Assume that (u;,v;) € A((ki,l;),n — 1), where (k;, ;) € E(G,) for i = 1,2. Since

Gy (a, A) is an induced subgraph of G, {(u1,v1), (u2,v2)} is also an induced matching
of GG,,. From the proof of Lemma 3.8 we know that

v <ko<n—r+Il <us.

AsV(Gp(a,A)={1,...,a—1}U{n—r+A+1,...,n—1} and max{a—1,ko} <7 < n-—r,
it follows that

1<uyy<vi<a—-landn—-r+A+1<uy<vy <n-—1.

In particular, these inequalities yield ¢ > 3 and r — A > 3. O



T.Q. Hoa et al. / Journal of Combinatorial Theory, Series A 224 (2026) 106221 35

Lemma 8.3. Keep the assumptions of Proposition 8.1. Assume further that B is a com-
plete bipartite subgraph of Gy (a, A) with partition V (B) = W1 UWs, where Wi, Wy # (.
If U CV(B) consists of consecutive integers, then either U C Wy or U C Wa.

Proof. It suffices to prove that U C Wy if U N Wy # (. Indeed, take k € U N W7. Let
l=k—1orl=k+1. Then {k,I} ¢ E(B) since sp(Z) > 2. Hence, | € W; whenever
I € V(B). Since U counsists of consecutive integers, it follows easily by induction that
UCW;. O

Lemma 8.4. Keep the assumptions of Proposition 8.1. Then for alln > 3r, G, (a, A) does
not contain a strongly disjoint family of two complete bipartite subgraphs B1,Bo such

that V(3B1) UV (Bs) = V(Gn(a, A)).

Proof. Assume the contrary that there exists a strongly disjoint family of two complete
bipartite subgraphs B1,Bs of Gy (a, A) with V(B1) UV (B2) = V(G,(a, A)) for some
n > 3r. Then G, (a, A) has an induced matching (u1,v1), (u2, v2), where (u;, v;) € E(B;)
for i = 1,2. We may assume that u; < us. Then Lemma 8.2(iii) yields

1<ui<vm<a—landn—r+A+1<uy<wvs <n-—1.

Let V(B1) = Wi U W; be the vertex partition of B;. We first show that k ¢ V(2B,)
for some k < vy. In fact, if [v1] € V(B1), then it follows from Lemma 8.3 that either
[v1] € Wy or [v1] € Ws. But this contradicts the fact that (u1,v1) € E(981). Hence,
there must exist k < vy such that k ¢ V(B1).

Ask <wvy <a—1, wehave k € V(Gp(a,A)) =V(B1)UV(Bs), and thus k € V(B2).
Since B2 is complete bipartite and (ug,v2) € E(B2), we deduce that either (k,us) or
(k,v2) belongs to E(B2) C E(G,,). Consider the case (k,us2) € E(G,); the case (k,vz) €
E(G,,) being similar. Since k < v1 < r and n—r < ug, moving east from (k, uq) to (v1,us)
using Lemma 3.7(i), we get (v1,u2) € E(G,). Consequently, (vi,us) € E(Gy(a,A)), as
Gy (a, A) is an induced subgraph of G,,. But this is impossible because (u1,v1), (u2, v2)
is an induced matching of Gy, (a, A). The desired conclusion follows. 0O

Lemma 8.5. Keep the assumptions of Proposition 8.1. Assume also that im(G,(a, A)) = 2
and that G (a, A) has a complete bipartite subgraph B with |V (B)| > |V (Gp(a, A))| —1
and E(B) # 0 for some n > 3r. If Hy(IN(Gy(a —1,A))) = Hy(IN(Gyp(a, A+ 1)) =0,
then Hy(IN(G,(a, A))) = 0.

Proof. Let {(u1,v1), (ug2,v2)} with u3 < uz be an induced matching of G,,(a, A). Then
we know from Lemma 8.2(iii) that

I1<uyy<m<a—-landn—r+A+1<uy<vy<n-1.

Let V(8B) = W; U W3 be the vertex partition of 9. Then Wi, Wy # () since E(B) # 0.
Recall that V(G,(a, A)) = V1 UVa, where both V; and V5 consist of consecutive integers.



36 T.Q. Hoa et al. / Journal of Combinatorial Theory, Series A 224 (2026) 106221

Since |V(B)| > |[V(G,(a, A))|—1, either V4 or V5 is contained in V(%B). So by reindexing
(if needed), it follows from Lemma 8.3 that either Vi3 C W5 or Vo, C Wy. We consider only
the case Vo C Wa; the other case can be treated similarly. In this case, uq, v € Vo C Wh.
Since (u1,v1), (uz2,v2) form an induced matching of G,,(a, A), we infer that

neither u; nor v; belongs to Wj. (8.1)

Hence, either u; or v1 belongs to Wa because |V (B)| > |V(Gy(a, A))|—1. Thus ViNW, #
(). This together with Lemma 8.3 and the fact that Wy # 0 yields Vi € V(B). The
assumption |V(B)| > |V (Gr(a, A))| — 1 now implies that

V(B)=Vi\{k}H UV,

for some k € V3. Note that k > 2, since otherwise, V1 \ {1} C V(). So Lemma 8.3 yields
Vi\{1} C Wy or V1 \ {1} C Wy. As W, # 0, we deduce that V; \ {1} C W;. But then
either uy or v1 belongs to Wi, contradicting (8.1).

Claim 8.5.1. It holds that
Wi={k+1,...,a—1} and Wy={1,...,k—1}UVs.

Indeed, we have 1 € V(B) because k > 2. If 1 € W1, then (1,u2) € E(B) C E(G,,)
since us € Wa. Recall that 1 < u; < r and n —r < ug. So according to Lemma 3.7(i),
it holds that (ui,us) € E(G,), whence (u1,us) € E(Gp(a,A)). But this contradicts
the fact that {(u1,v1), (u2,v2)} is an induced matching of Gy, (a, A). Thus we must have
1 € Ws. This together with Lemma 8.3 implies [k — 1] C W5. Hence, [k — 1] U Vo C Wha.
Now since Wy # (@, the desired claim follows easily from Lemma 8.3.

Claim 8.5.2. The closed neighborhood of a — 1 in Gp(a, A) is
Nla—1]={1,...,a—3,a—1} UV =V (Gy(a,A)) \ {a — 2}.

Since sp(Z) > 2, we have a — 2 ¢ N[a — 1], hence N[a — 1] C V(G,(a, A)) \ {a — 2}.
On the other hand, Claim 8.5.1 gives W5 C N[a — 1]. Thus it remains to show that

{k,k+1,...,a—3} C N(a—1). (8.2)

From Claim 8.5.1 we know that (k— 1,k + 1) € E(B) C E(G,). By Lemma 3.6 and
the assumption that sp(Z) > 2, this implies that (k — 1,k + 1) € A((I,1 4+ 2),n — r) for
some (1,1 +2) € E(G,). In particular, one has [ < k — 1. Now using Lemma 3.6, it is
easy to check that (i,a — 1) € A((l,1 4+ 2),n —r) for any k < i < a — 3. Hence, (8.2) is
true, as required.
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Claim 8.5.2 implies that Gy, (a, A) \ N[a — 1] = K7, where K7 is the complete graph
on one vertex. Moreover, it is clear that G, (a, A) \ {a — 1} = Gy, (a — 1, A). So applying
Lemma 2.5 to Gy (a, A) and its vertex a — 1, and using the fact that Ho(IN(K;)) =
Hy(IN(K;)) = 0, we obtain

Hy(IN(Gp(a, A))) 2 Hi(IN(Gp(a — 1, A))) = 0.
The proof is complete. O

We are now prepared to give the proof of Proposition 8.1.

Proof of Proposition 8.1. Fix an n > 3r. We show that Hj(IN(G,(a, A))) = 0 by a
double induction on a € [b] and on r — A € [r — B]. Let S = k[z; | i € V(Gyp(a,A))]
and denote by L(a, A) C S the edge ideal of Gy, (a, A). Recall that the graph G,,(a, A) is
weakly chordal by Lemma 8.2(i). So [45, Theorem 14] yields

reg(S/L(a, A)) = im(Gy(a, A)).

According to Lemma 8.2(ii), im(Gp(a,A)) < 2. Let us first consider the case
im(Gy(a, A)) < 1. Notice that this case covers the case that either a <2 orr — A <2
by virtue of Lemma 8.2(iii). Since reg(S/L(a, A)) = im(Gy(a, A)) < 1, it follows from
Takayama’s formula and Lemma 2.7(i) that

Hi(IN(G(a, A))) = Hiy(S/L(a, A))o = 0,

where m denotes the graded maximal ideal of S.

Now assume that im(Gp(a,A)) = 2. In this case, a > 3 and r — A > 3 by
Lemma 8.2(iii). Since Gy (a, A) is weakly chordal, Proposition 2.6 implies that there
exists a strongly disjoint family of complete bipartite subgraphs B1,...,B, of Gy(a, A)
with 1 < g <im(G,(a, A)) such that

g
pd(S/L(a, A)) = _[V(%B:)| - g

i=1

Since im(G,(a, A)) = 2, there are only two cases to consider.
Case 1: g = 2. By Lemma 8.4, V(B1) UV (B2) C V(Gr(a, A)). It follows that

pd(S/L(a, A)) = [V(B1)[ + [V (B2)| = 2 < [V(Gula, A))| = 1 = 2 = dim(5) - 3.

Hence, depth(S/L(a, A)) > 3 by the Auslander-Buchsbaum formula. This together with
Takayama’s formula and Lemma 2.7(i) implies that

H,(IN(Gn(a, A))) = Ha(S/L(a, A))o = 0.
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Case 2: g = 1. If |[V(B1)| < |[V(Gy(a, A))| — 2, then again
pd(S/L(a; A)) = [V(B1)| =1 < [V(Gnla, 4))] = 2 = 1 = dim(5) - 3,

and we reach the desired conclusion with the same argument as in the previous case.
Now suppose that |V (8B1)| > |V (Gn(a, A))| — 1. From the induction hypothesis we know
that

Hy(IN(Gp(a —1,A))) = Hi (IN(Gp(a, A+ 1))) = 0.
So by Lemma 8.5, Hy(IN(Gy(a, A))) = 0. This completes the proof. O
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

Acknowledgment

We are grateful to Karthik Ganapathy for drawing our attention to the work of Miy-
ata and Ramos [30], which led to Remark 7.2. The first and fifth named authors (TQH
and TTN) were supported by the Vietnam National Foundation for Science and Tech-
nology Development (NAFOSTED) under the grant number 101.04-2023.07. TTN also
acknowledges support from ASM-Simons Travel Grant. The fourth named author (HDN)
was supported by NAFOSTED under the grant number 101.04-2023.30. This research
is funded by FPT University under grant number DHFPT/2025/15. Part of this work
was done while the authors were visiting the Vietnam Institute for Advanced Study in
Mathematics (VIASM). We would like to thank VIASM for hospitality and financial
support.

Data availability
Data will be made available on request.

References

[1] M. Aschenbrenner, C.J. Hillar, Finite generation of symmetric ideals, Trans. Am. Math. Soc.
359 (11) (2007) 5171-5192.

[2] T. Church, J.S. Ellenberg, B. Farb, FI-modules and stability for representations of symmetric groups,
Duke Math. J. 164 (9) (2015) 1833-1910.

[3] D.E. Cohen, On the laws of a metabelian variety, J. Algebra 5 (1967) 267-273.

[4] D.E. Cohen, Closure relations, Buchberger’s algorithm, and polynomials in infinitely many variables,
in: Computation Theory and Logic, in: Lecture Notes in Comput. Sci., vol. 270, Springer, Berlin,
1987, pp. 78-8T7.


http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBB4B48BD523FE94BE4C8651F7E1F5F75s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBB4B48BD523FE94BE4C8651F7E1F5F75s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibF534151403BE2D6858FE64713B4A32FAs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibF534151403BE2D6858FE64713B4A32FAs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib0DD87D81AA92A0EE23251BE181ECF0B2s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBB0CE8BD7B7CE340B6FD3330B65585E3s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBB0CE8BD7B7CE340B6FD3330B65585E3s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBB0CE8BD7B7CE340B6FD3330B65585E3s1

T.Q. Hoa et al. / Journal of Combinatorial Theory, Series A 224 (2026) 106221 39

[6] J. Draisma, Finiteness of the k-factor model and chirality varieties, Adv. Math. 223 (1) (2010)
243-256.
[6] J. Draisma, Noetherianity up to symmetry, in: Combinatorial Algebraic Geometry, in: Lecture Notes
in Mathematics, vol. 2108, Springer, 2014, pp. 33-61.
[7] J. Draisma, R.H. Eggermont, A. Farooq, Components of symmetric wide-matrix varieties, J. Reine
Angew. Math. 793 (793) (2022) 143-184.
[8] J. Draisma, R. Eggermont, R. Krone, A. Leykin, Noetherianity for infinite-dimensional toric vari-
eties, Algebra Number Theory 9 (8) (2015) 1857-1880.
[9] J. Draisma, J. Kuttler, Bounded-rank tensors are defined in bounded degree, Duke Math. J. 163 (1)
(2014) 35-63.
[10] R. Froberg, On Stanley-Reisner rings, in: Topics in Algebra, vol. 26, Part 2, Banach Center Publi-
cations, 1990, pp. 57-70.
[11] K. Ganapathy, Resolutions of symmetric ideals via stratifications of derived categories, Preprint,
available at arXiv:2407.16071, 2024.
[12] D. Grayson, M. Stillman, Macaulay?2, a software system for research in algebraic geometry, Available
at http://www.math.uiuc.edu/Macaulay2/.
[13] J. Herzog, T. Hibi, Monomial Ideals, Grad. Texts in Math., vol. 260, Springer-Verlag London, Ltd.,
London, 2011.
[14] C.J. Hillar, S. Sullivant, Finite Grobner bases in infinite dimensional polynomial rings and applica-
tions, Adv. Math. 229 (1) (2012) 1-25.
[15] D.T. Hoang, H.D. Nguyen, Q.H. Tran, Asymptotic regularity of invariant chains of edge ideals, J.
Algebr. Comb. 59 (1) (2024) 55-94.
[16] J. Jonsson, Introduction to simplicial homology, Preprint, Available at https://people.kth.se/
~jakobj/doc/homology /homology.pdf, 2011.
[17] T. Kahle, D.V. Le, T. Rémer, Invariant chains in algebra and discrete geometry, STAM J. Discrete
Math. 36 (2) (2022) 975-999.
[18] J. Kim, The homotopy type of the independence complex of graphs with no induced cycles of length
divisible by 3, Eur. J. Comb. 104 (2022) 103534.
[19] K. Kimura, Non-vanishingness of Betti numbers of edge ideals and complete bipartite subgraphs,
Commun. Algebra 44 (2) (2016) 710-730.
[20] D.V. Le, On the Minkowski-Weyl theorem and Gordan’s lemma up to symmetry, Math. Z. 312
(2026) 26.
[21] D.V. Le, U. Nagel, H.D. Nguyen, T. Rémer, Codimension and projective dimension up to symmetry,
Math. Nachr. 293 (2) (2020) 346-362.
[22] D.V. Le, U. Nagel, H.D. Nguyen, T. Romer, Castelnuovo-Mumford regularity up to symmetry, Int.
Math. Res. Not. 2021 (14) (2021) 11010-11049.
[23] D.V. Le, H.D. Nguyen, On regularity and projective dimension of invariant chains of monomial
ideals, Mich. Math. J. 76 (1) (2026) 25-46.
[24] D.V. Le, T. Rémer, A Kruskal-Katona type theorem and applications, Discrete Math. 343 (5) (2020)
111801.
[25] D.V. Le, T. Rémer, Theorems of Carathéodory, Minkowski-Weyl, and Gordan up to symmetry,
SIAM J. Appl. Algebra Geom. 7 (1) (2023) 291-310.
[26] D.V. Le, T. Romer, Equivariant lattice bases, Trans. Am. Math. Soc. 377 (2024) 4865-4893.
[27] E. Levin, V. Chandrasekaran, Free descriptions of convex sets, Preprint, available at arXiv:2307.
04230, 2023.
[28] E. Levin, M. Diaz, Any-dimensional equivariant neural networks, in: Proceedings of the 27th Inter-
national Conference on Artificial Intelligence and Statistics, vol. 238, PMLR, 2024, pp. 2773-2781.
[29] N.C. Minh, N.V. Trung, Cohen—Macaulayness of monomial ideals and symbolic powers of Stanley—
Reisner ideals, Adv. Math. 226 (2011) 1285-1306.
[30] D. Miyata, E. Ramos, The graph minor theorem in topological combinatorics, Adv. Math. 430
(2023) 109203.
[31] S. Murai, Betti tables of monomial ideals fixed by permutations of the variables, Trans. Am. Math.
Soc. 373 (2020) 7087-7107.
[32] S. Murai, C. Raicu, An equivariant Hochster’s formula for &,-invariant monomial ideals, J. Lond.
Math. Soc. (2) 105 (3) (2022) 1974-2010.
[33] U. Nagel, Rationality of equivariant Hilbert series and asymptotic properties, Trans. Am. Math.
Soc. 374 (2021) 7313-7357.
[34] U. Nagel, T. Romer, Equivariant Hilbert series in non-Noetherian polynomial rings, J. Algebra 486
(2017) 204-245.


http://refhub.elsevier.com/S0097-3165(26)00064-6/bib22DC54981F102F53CCFAAD6B5D5F5221s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib22DC54981F102F53CCFAAD6B5D5F5221s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD1A97532DE9296F7499F8C0AB9E938E2s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD1A97532DE9296F7499F8C0AB9E938E2s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib822DD494B3E14A82AA76BD455E6B6F4Bs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib822DD494B3E14A82AA76BD455E6B6F4Bs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAE51C9D0A25AA830A82CCEA4788C7B79s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAE51C9D0A25AA830A82CCEA4788C7B79s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAAB697A614B875C4F37522D69D65DF99s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAAB697A614B875C4F37522D69D65DF99s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibA91BD0C3C5F09B0197100C9B09D7235Cs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibA91BD0C3C5F09B0197100C9B09D7235Cs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib730B4B93BBC8697197F93F6977DB5DE7s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib730B4B93BBC8697197F93F6977DB5DE7s1
http://www.math.uiuc.edu/Macaulay2/
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibFAAFC315B95987FC2B071BCD8F698B81s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibFAAFC315B95987FC2B071BCD8F698B81s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibABD192CF7C44FD27AE677516A208FB64s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibABD192CF7C44FD27AE677516A208FB64s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib3BF03FEDFCADA4CED98BFEE660C5B060s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib3BF03FEDFCADA4CED98BFEE660C5B060s1
https://people.kth.se/~jakobj/doc/homology/homology.pdf
https://people.kth.se/~jakobj/doc/homology/homology.pdf
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBF10D0302780D35B5AB71E31A2B1EDC7s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibBF10D0302780D35B5AB71E31A2B1EDC7s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD60D6666C48A685807CE222378E63D38s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD60D6666C48A685807CE222378E63D38s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibCD17B760DEDF3D68FD28EC9815426B47s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibCD17B760DEDF3D68FD28EC9815426B47s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib2489BDC5097F1E3FAE8960A0CFB83800s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib2489BDC5097F1E3FAE8960A0CFB83800s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib424446302A0C24B33ADFC8FAA0692FC8s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib424446302A0C24B33ADFC8FAA0692FC8s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibCEDEAFE34AED8F6414892D0A2C324C42s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibCEDEAFE34AED8F6414892D0A2C324C42s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib64D1D1A9A5532D81434201038DC149B9s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib64D1D1A9A5532D81434201038DC149B9s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib25C3FD42DA4855F73627AAD87916E0E7s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib25C3FD42DA4855F73627AAD87916E0E7s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib811090017D1DDAFB5F1AB5818654A6B1s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib811090017D1DDAFB5F1AB5818654A6B1s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD97557E5A9133A83E13A2955DAD77FD6s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib6907B8692FB04B36AB78F1238A876284s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib6907B8692FB04B36AB78F1238A876284s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibB2E68EC1FA49DA52CA5B0F436E032DD6s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibB2E68EC1FA49DA52CA5B0F436E032DD6s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD4A8EC77BE4B9108E7769857F3A72A7Ds1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD4A8EC77BE4B9108E7769857F3A72A7Ds1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib3E3C07D38C77A2DBC2E67BF82B256AB9s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib3E3C07D38C77A2DBC2E67BF82B256AB9s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib893B7719713FAAA97B1CAA5603313723s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib893B7719713FAAA97B1CAA5603313723s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD515584D0FD24FA32C3657F7637FAC12s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibD515584D0FD24FA32C3657F7637FAC12s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib91FBC1FFC46DC5E768F6B154BB548E37s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib91FBC1FFC46DC5E768F6B154BB548E37s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAF607CDC3508507D0D58A53CEFCD2857s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibAF607CDC3508507D0D58A53CEFCD2857s1

40 T.Q. Hoa et al. / Journal of Combinatorial Theory, Series A 224 (2026) 106221

[35] U. Nagel, T. Romer, FI- and OI-modules with varying coefficients, J. Algebra 535 (2019) 286-322.

[36] H.D. Nguyen, N.V. Trung, Depth functions of symbolic powers of homogeneous ideals, Invent. Math.
218 (3) (2019) 779-827.

[37] H.D. Nguyen, T. Vu, Linearity defect of edge ideals and Froberg’s theorem, J. Algebr. Comb. 44 (1)
(2016) 165-199.

[38] C. Raicu, Regularity of &,-invariant monomial ideals, J. Comb. Theory, Ser. A 177 (2021) 105307.

[39] S. Sam, A. Snowden, G L-equivariant modules over polynomial rings in infinitely many variables,
Trans. Am. Math. Soc. 368 (2) (2016) 1097-1158.

[40] S. Sam, A. Snowden, Grobner methods for representations of combinatorial categories, J. Am. Math.
Soc. 30 (1) (2017) 159-203.

[41] S. Sam, A. Snowden, A note on projective dimensions over twisted commutative algebras, J. Com-
mut. Algebra 18 (1) (2026) 121-127.

[42] Y. Takayama, Combinatorial characterizations of generalized Cohen—Macaulay monomial ideals,
Bull. Math. Soc. Sci. Math. Roum. 48 (2005) 327-344.

[43] N. Terai, N.V. Trung, On the associated primes and the depth of the second power of squarefree
monomial ideals, J. Pure Appl. Algebra 218 (2014) 1117-1129.

[44] R.H. Villarreal, Monomial Algebras, second edition, Monogr. Res. Notes Math., CRC Press, Boca
Raton, FL, 2015.

[45] R. Woodroofe, Matchings, coverings, and Castelnuovo-Mumford regularity, J. Commut. Algebra
6 (2) (2014) 287-304.


http://refhub.elsevier.com/S0097-3165(26)00064-6/bib347DFB9A1D5B720DE1F658C0AA884F65s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib502ED5F829B82346F874649266FBD20Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib502ED5F829B82346F874649266FBD20Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibC46C6FD7131A8464D99911FB2125116Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibC46C6FD7131A8464D99911FB2125116Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib58F3E76E49A3DADFFF6F15630E1C1501s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib52CFED38F5EDE42ED8BB06932F9BE30Es1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib52CFED38F5EDE42ED8BB06932F9BE30Es1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib970AAEE6FF7AC724EF416DA62084EC4As1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib970AAEE6FF7AC724EF416DA62084EC4As1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib50B45B49FE15CBC7A5E76DC058A36F8Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib50B45B49FE15CBC7A5E76DC058A36F8Fs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib86A1EA3ADF8FBB53EB7A9B6B6B01C020s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib86A1EA3ADF8FBB53EB7A9B6B6B01C020s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib0494BF46F00C33CFF39E0DBBBFFE1BDDs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib0494BF46F00C33CFF39E0DBBBFFE1BDDs1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibFCAB294A24285020CFFFF90065C95070s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bibFCAB294A24285020CFFFF90065C95070s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib96951D9B7B7DCF8A05C7AE01C9AF4021s1
http://refhub.elsevier.com/S0097-3165(26)00064-6/bib96951D9B7B7DCF8A05C7AE01C9AF4021s1

	Asymptotic depth of invariant chains of edge ideals
	1 Introduction
	2 Preliminaries
	2.1 Depth, projective dimension, and regularity
	2.2 Takayama’s formula
	2.3 Graphs and edge ideals

	3 Invariant chains of ideals
	3.1 Invariant chains of ideals
	3.2 Invariant chains of edge ideals

	4 Sparsity index and bounds for the asymptotic depth
	5 Maximal asymptotic depth
	6 Minimal asymptotic depth
	7 Asymptotic homology of independence complexes
	8 Appendix
	Declaration of competing interest
	Acknowledgment
	Data availability
	References


