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10 ABSTRACT. Let G be a simple connected graph. Anwar and Khalid defined the elimination ideal
o associated with G, denoted by Ip(G). In this paper, we provide combinatorial bounds for the Castelnuovo-Mumford
— regularity of these ideals associated with arbitrary simple connected graphs in terms of their degree
2 sequences.
13
14 .
— 1. Introduction
15
6 Let I be a homogeneous ideal in the polynomial ring S = K[xj,...,x,] over an infinite field k. Suppose
7 that the minimal free resolution of 7 is given by
18
— ﬁz ﬁl 1, 50 1)
- 0-——>€£)S j ——»({)S i — o P S(— )P —T1—0
. J
20

>, where I <n and S(—) is the free S-module obtained by shifting the degrees of S by j. The number
2o Bi,j(I)is called (i, j)-th graded Betti number of I, equals the number of minimal generators of degree j
o5 in the i-th syzygy module of I. The Castelnuovo-Mumford regularity of I, denoted by reg(I), is defined
-4 as the following

25 reg(l) = max{j—i| Bi;(I) # 0}

26 A monomial ideal I C § is called a Borel type ideal if (I : x°) = (I : (x1,...,x)°) forallz =1,...,n
27 (see [6]). Herzog et al. [6] showed that / is of Borel type if and only if for any monomial u € I and for
28 28 any 1 < j<i<mandgqg >0 with xq|u there exists an integer ¢ > 0 such thatx xﬁ € 1. Caviglia and

1

29
0 Sbarra [3] also referred to the Borel type ideal as a weakly stable ideal.
5, Let G=(V,E) be a simple connected graph, where V = {vi,...,v,} is the vertex set and E is

- the edge set. To study the algebraic properties of G, one can associate certain monomial ideals to

32
. it; one such ideal is the edge ideal I(G). This paper focuses on the study of the elimination ideals

Pi Ip(G) associated with G, which were first introduced by Anwar and Khalid [2]. It is well known that
3? elimination ideals are monomial ideals of Borel type and are not square-free. Anwar and Khalid [2]
% also introduced a combinatorial invariant associated with G, called the graphical degree stability of
37 G, denoted by Stab,(G). They proposed a method to compute the graphical degree stability, called
— the dominating vertex elimination method (DVE method). Using the DVE method, Anwar and Khalid
computed the graphical degree stability for several families of graphs, including complete graphs,

— star graphs, path graphs, cycle graphs, fan graphs, wheel graphs, and complete bipartite graphs. As

39
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1 a consequence, they also provided upper bounds for the Castelnuovo-Mumford regularity of the
2 elimination ideals associated with these families of graphs.

3 Motivated by the work of Anwar and Khalid [2], we pose the following question.

* Question 1.1. Let G = (V,E) be a finite simple connected graph with the degree sequence (dy,...,d,),

> where n = |V| and let Ip(G) denote the elimination ideal associated with the graph G.

(i) Can one establish an exact expression for the graphical degree stability of G in terms of n?
(ii) Can one obtain a bound for the Castelnuovo-Mumford regularity of In(G) in terms of d, ... ,d,?

In general, an exact formula for the graphical degree stability of a graph is not available. However,
10 we present the following result concerning the second part of Question 1.1 in the next theorem.

11 Theorem 3.7 Let G = (V,E) be a simple connected graph with the degree sequence (dy,dy,...,d,),
12 where n = |V| and Ip(G) be the elimination ideal associated with the graph G. Then

13 reg(Ip(G)) <dy+dr+---+d,—n+1.

% In particular, we compute the graphical degree stability of full m-ary trees with all leaves of level

e h as well as of circulant graphs. By applying Theorem 3.7, we obtain combinatorial bounds for the
— regularity of the elimination ideals associated with these graphs. This leads to the following theorems.
5 Theorem 4.2 Let T, be a full m-ary tree with all leaves of level h, where m > 2 and h > 1. Then
— . /0 ifh=1,2;
19(I)Stabd(Th)_{ m—1 ifh=3.
2 Gi)Ifh=3k+1fork=1,2,..., then
21
2

22 Stabd(Th) :m3k—1—|—m3k_4_|_...+m .

23 [fh=3k+2fork=12,... then
Z% Staby(T;,) = m™* +m™* 3 4. 4.

o6 Ifh=3kfork=2,3,..., then

27 Staby(Tj,) = m** 24+ m¥* > 4. 4 m* + (m—1).

. (i) rea(Ip(T1)) < w1 oot 4
s Theorem 4.5 Let n > 4 be an integer and C, (1, ... ,;, ey L%J) be a circulant graph for any 1 < k <
31 |4]. Then

2 % 2\ _ J n=3 ifnisevenandk= 5|
33(I)Stabd(Cn(l,...,k,...,bJ))_{ 13 iniseve

34 .. ~ n*—3n+1 ifnisevenandk=|2|;

3 (Dreg <ID (C” <1""’k""’ L%D)) = { n? —4n1 1 ({therwise. LZJ

BE On the other hand, we recover several known results on the regularity of certain familiar classes of
37 graphs as presented by Anwar and Khalid [2].

38 The paper is organized into three sections. Section 2 introduces the notation and terminology used
39 throughout the paper. In Section 3, we establish combinatorial bounds for the regularity of elimination
40 ideals associated with a graph in terms of its degree sequence. Section 4 is devoted to computing the
41 graphical degree stability for certain families of graphs and deriving corresponding bounds for the
42 regularity of their elimination ideals.
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1 2. Preliminary

— Let G = (V,E) be a simple connected graph with vertex set V = {vy,...,v,}. The degree of a vertex
— v;, denoted by deg(v;), is defined as the number of edges incident to v;. If deg(v;) = 0, then v; is called
— an isolated vertex.

— A vertex v; is said to be a dominating vertex of G if deg(v;) > deg(v;) for all j # i. The set of all
— dominating vertices of G is called the dominating set of G, and is denoted by D(G).

A graph G is said to be scattered if it contains at least one isolated vertex.

Throughout this paper, if G = (V,E) with V = {v;,...,v,} and d; = deg(v;) fori =1,...,n, we may
o assume that the degrees are ordered such thatd; > d, > --- > d,.

o We are interested in the following question, originally posed in [2, Question 2.1].

12 Question 2.1. What is the maximum number of dominating vertices that can be removed such that the
13 resulting graph remains non-scattered?

% Anwar and Khalid [2] introduced the dominating vertex elimination method (DVE method) as
— follows:

g Let G = Gy be a simple connected graph, and let D(Gp) denote a dominating set of Gp. Choose
o avertex v, D(Gy) such that the subgraph G| = Gy \ {vj, } is not scattered. Next, choose a vertex
o Vi € D(Gj) such that the subgraph G, = G \ {v;, } is non-scattered. Repeating this process, we obtain
2 2 chain of subgraphs of G:

o G=GyDG1 D DG,

oo Each graph G;, for 0 <i <r, has n—i vertices. The maximum integer r such that all G; are non-scattered
o5 for 0 <i<r,is called the graphical degree stability of G, and is denoted by Stab,(G).

. LetS=K[xy,...,x,] be a polynomial ring over an infinite field k. Let G; be a graph with vertex set

24
s V(Gi) ={vi);--,vi } and the degree sequence (d;,,d;,, ... ,d; ), where

23 dilzdizz"'zdik'
" Then the ideal ., .
28 i i
_ QGiI(xlll,...,ka)

29
0 is called the sequential ideal of G;.

5 Suppose that

3 G=GyoD>G;D---DG,

33 is a chain of subgraphs of G, where r = Stab,(G). Assume that (d;,,...,d
a4 of Gjfor 0 <i < r. Then the sequential ideal of G; is given by

35 d; di .
36 QGi:(xllw"’xnfil)'

sz The elimination ideal of G, denoted by Ip(G), is defined as

) is the degree sequence

ln—i

38

o Ip(G) = () Q-
i=0

40

41

42 m(u) =max{j:x;|u} and m(I)=max{m(u):uec9(I)},

Let I be a monomial ideal of S. For any monomial u € S, define
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where ¢ (I) denotes the minimal set of monomial generators of 1.
A monomial ideal 7 is called stable if for every monomial u € I and every 1 < j < m(u), it holds that

el

X
7 X

Let d(I) denote the maximum degree of a monomial in ¢(7), and let />, be the ideal generated by
all monomials in I of degree at least 7.

3. Regularity of elimination ideals associated with graphs

4
Slefe|~]ofala]e]|r]-

In this section, we establish combinatorial bounds for the Castelnuovo-Mumford regularity of elimination
" ideals associated with simple connected graphs. These results generalize the work of Anwar and Khalid
2 [2] to arbitrary simple connected graphs.

8 Let G = (V,E) be a simple connected graph, and let = Staby(G). Assume that
14

-
S|=

15 G=GyDG;D:---DG,

'8 is the chain of subgraphs of G. Suppose that each G; has vertex set V; = {vi,s..-,vi, ;}, with the degree
7 sequence (di,,...,d;, ;). Define the sequential ideal of G; as

18

19 di dinfi

E QG,':(xllv"-vxn_i )7

20

>, foreachi=0,...,r. Moreover, set

2 NGi) =diy+---+dj,  —(n—i)+1.

23

o4 The following lemma shows that ¥(G;) > y(Gj4+1) foralli =0,...,r—1.

® Lemma 3.1. Let Go D Gy D -+ D Gy be the chain of subgraphs of a simple connected graph G,
% constructed by the DVE method, and let y(G;) be as defined above. Then, for alli=0,...,r—1, we

27
— have
28

29 Y(Gi) > Y(Git1).
:E Moreover,
31 Y(Go) = max{y(G;) | i=0,...,r}.

32
43 Proof. Foreachi=0,...,r, suppose that G; has the degree sequence

84 (dil’dlé?"‘?dinfi) with dil > diz >.-->d

35
36 and that G;;1 has the degree sequence

in—i»

Z% (diivnydiivnyys - dir)y,y) Withdy, > diy, = >dgy, -

39 Without loss of generality, by applying the DVE method, we may assume that v;, is the vertex removed
40 from the graph G; to obtain the graph G; 1. In this case, we have d;, > 2. Let the neighborhood of v;,
41 be defined as

42 Ng,(vi,)) ={v e V(G)) | viv € E(G;)}.
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1 For vy € Ng,(vi,), denote by dg,(vi) the degree of v in G;. We have dg,(vi) = dijk for some jj €
2 {l,...,n—i}and k € {1,...,|Ng,(vi;)|}. In Gi1, each v, remains a vertex, and its degree in Gi; is

N
—~
—

3
T d(;l.+1 (Vk) = di/k — 1, for all k = 1, ceey |NG,~(V1'1)|>
‘5 while the degrees of other vertices remain unchanged except for the removal of v;,. By rearranging the
6 degree sequence, we have
% }/(Gi):dil+di2+"'+din—i_(”_i)+l
E =diytdy oot (di.i1 D4t (di.fINGi(Vil)\ D+
10 :
o [NG, (vi, )|-terms
E — (n—|Ng,(vi))| =) +1
53 =diy +d(j1), +- -+ diir), ., — = ING(vi))[ =) +1
14 :
. = dyn), +o g, (n—i—1)+14|Ng,(vi,)| +di, — 1
16 > ¥(Giy1),
7 where the last inequality holds since d;, > 2. The proof is complete. O
18
is stable forall i =0,...,r.

19 In the next lemma, we show that QGizy(Gi)

;i Lemma 3.2. Let G = (V,E) be a simple connected graph and set r = Stab,(G). Assume that

22 G=GpyDG1D---DG,

?° s the chain of subgraphs of G. Suppose that G; has the vertex set Vi = {v;,,...,v;, _,} with the degree
al sequence (dj,,...,d;, ,). Let

25

— di in—i

23 QGi:(xll7"'7xn—i)

27 be the sequential ideal of G; fori =0,...,r. Fori=0,...,r, set

28

29 '}’(Gi):di1+"‘+din_i—(n—i)+1.

:E Then the ideal QGi>y(G-) is stable foralli=0,...,r.

31

32 i : : ¥(Gi)—d;;
%2 Proof. Take u € Qg,_y(;)- Thenu =vx;” forsome j=1,....n—iandv € (x1,..., %) j.
B Ifm(u) > j, then

34 Xl Xy di

il _ % e o

s Xm(u) — Xm(u) Y € Qizyay

36 .

- for all k < m(u). Therefore, Qg,. G, 15 stable.

25 Ifm(u) = j then clearly u € (x1,...,x,_;)"(%), which is a stable ideal and we have

Gi
i% QGiZY(Gi) g (Xl,. .. 7xl’l—l')’}/( )
41 We are going to show that
gl G
42 (xl Yo ,xn,,-)Y( ) - QGizY(Gi) .
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Letw e (xl,...,xn,,-)Y(Gi). Then o
W:X(lxlxgz"'x n—i

o

i n—i

8 with ¢¢; > 0 for all j, and Z’/‘ 1 Oc] > Y(G;). Assume that o; < d;; forall j=1,...,n—i. Then

4

% Z%‘Sdi1+'“+din7,~—(n—i)ZY(Gi)—L

6 =1

" which is a contradiction. Therefore, a; > d, 7 for some j € {1,...,n—i}. Then we can write w =
8 4 —d; o .
5 %02 .x;"l L., Ofn * for some [ € {1,...,n—i}, it follows that w € QGiEy(G;)' The proof is
1o complete. 0

" Remark 3.3. In general, one cannot guarantee Qg, - , 1s stable. For example, the circulant graph

G;)—
1? (see Definition 4.4) Cg(l 2,3,4). In this case, Qg, = (xl,xz,x3,x4) and y(G4) = 3. Then Qg,_, is not
— stable.

14

E By [1, Proposition 1.1], the case kK = 2 holds. The general case follows by a straightforward iteration.

" Lemma 3.4. Let I; be monomial ideals in S with m; > d (I;) foralli=1,... k. Assume that (I;)>m, are
17
e stable ideals for all i =1,... k. Then

19 k
- al
20 .
=1/ max{my....om)}

21

22 is a stable ideal.

23 Proof. Set M = max{mj,...,my}. Let u be a monomial in

24 k
25 (ﬂ L-) :
26 i=1 >M

%Thenu € ﬂé‘:lli, thatis,u € [; foralli=1,...,k, and

29 deg(u) > M.

30 Since M > m; foralli=1,...,k, it follows that

T we (I)sm foralli=1,... k

32
33 Aseach (I;)>p, is stable, for every 1 < j < m(u) we obtain
XU
a I e (s, foralli=1,....k.
® Xim(u)
%6 Hence,
37 k
o xX;u
38 J ﬂ(l,-)>m[,
:g xm(u) i=1
1o and therefore,
— k
o ke € ﬂ]i.
42 Kmu) =
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On the other hand,

deg( e ) =deg(u) > M.

i k
xu ( ﬂh) |
Km(u) i=1 >M

for 1 < j < m(u). The proof is complete. O

Thus,

-
[Bfefe]~]ofo]s]e]n]-

From Lemma 3.1, Lemma 3.2, and Lemma 3.4, we obtain the following result.

11
1, Lemma3.5. Let G = (V,E) be a simple connected graph and set r = Staby(G). Assume that

13 G=GyD>G;D---DG,

% is the chain of subgraphs of G. Suppose that G; has the vertex set V; = {v;,,...,v;,_,} with the degree
15 Sequence (diy,....d;, ;). Let

E g, = (x?i' ,...,xjif;")

18 I . .
o be the sequential ideal of G; for i =0,...,r. Fori=0,...,r, set

20 '}’(Gi):di]+"'+din,i—(n—i)+1-

. Then

2 ,
24 i=0 >7(Go)

25 s a stable ideal. Furthermore,

26
o Ip(G)>y(cy)

os I8 also a stable ideal.
29 Proof. By Lemma 3.1, we have ¥(Gp) = max{y(G;) | i=0,...,r}. Itis clear that y(G;) > d(Qg,) and

%0 according to Lemma 3.2, the ideal 0G,>y(G,) 1s stable for all i = 0,...,r. From Lemma 3.4, it follows

81 that

32 i -
- (o) ~(fes)
o i=0 >max{¥(G;)[i=0,...,r} i=0 >7(Go)

BE is a stable ideal. On the other hand, Ip(G)>y(g,) is a stable ideal. O
36

37

We recall the following result from [4, Proposition 1.2].

% Lemma 3.6. Let I be a monomial ideal of S with d(I) = d, and let e > d be an integer such that I, is

39 stable. Then

40
1) <e.
v reg(l) <e

42 From Lemma 3.5 and Lemma 3.6, we get the main result of this section in the following theorem.
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1 Theorem 3.7. Let G = (V,E) be a simple connected graph with the degree sequence (dy,da,...,d,),
2 where n=|V| and let In(G) be the elimination ideal associated with the graph G. Then

reg(Ip(G)) <dy+dr+---+dy,—n+1.
Proof. Since (dy,dy,...,d,) is the degree sequence of G, we have
Y(Go)=di+dr+---+d,—n+1.
By Lemma 3.5, we know that Ip(G)> (g, is a stable ideal. According to Lemma 3.6, it follows that

reg(Ip(G)) < Y(Go) =di +da+---+dy —n+1.

L
[R[=[3]e]e][v[o]a]s]e

—_
w

- Remark 3.8. In the case where Ip(G) = (_Qg,, we have

6 m(Ip(G)) > max{m(Qg,) | i=0,...,r} =n.
17

18 Tt follows that m(Ip(G)) = n. On the other hand,

19

20 d(Ip(G)) > max{d(Qg,) | i =0,...,r} =d\.

21
>» Since Ip(G) is a Borel type ideal, by [1, Corollary 2.4] we have

23

24 reg(Ip(G)) < n(d(Ip(G)) —1) + 1.

- By Theorem 3.7, we obtain
26

27 reg(Ip(G)) <dj+dy+---+d,—n+1.

28
2E Hence, in this case, the bound given in Theorem 3.7 improves the general bound for Borel type ideals.
30 Itis also worth mentioning that the upper bound obtained above are combinatorial. On the other hand,
31 our results extend the work of Anwar and Khalid [2] to arbitrary simple connected graphs.

32

33 Suppose that G = (V,E) is a simple connected graph with its degree sequence (di,...,d,) and
34 n = |V|. By the handshaking lemma [7, Proposition 1.3.3], we have

35

v dy+dy+---+d, =2|E|.

::% From this and Theorem 3.7, we get the following corollary.

3E Corollary 3.9. Let G = (V,E) be a simple connected graph and let Ip(G) be the elimination ideal

40 associated with the graph G. Then
41

42 reg(Ip(G)) <2|E|—|V|+ 1.
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1 4. Applications to trees and circulant graphs

2 In this section, we show explicitly how Theorem 3.7 is used in the applications. We consider tree
% graphs and circulant graphs, and we begin by determining the degree sequence (or, for general trees,
= the numbers of vertices and edges). We then substitute this data into the bound given by Theorem 3.7 or
o Corollary 3.9 to obtain concrete estimates for the Castelnuovo-Mumford regularity of the elimination
~ ideal Ip(G). In addition, some known results from Anwar and Khalid [2] are recovered as special
- cases.

‘9 Definition 4.1. A rooted tree T is a tree in which one vertex is designated as the root, and every edge
10 is directed away from the root. If u and v are vertices in the rooted tree T', then v is called a child of u
11 if there is a directed edge from u to v. A vertex with no children is called a leaf, while vertices that
12 have children are called internal vertices. The level of a vertex v in a rooted tree T is the length of the
13 unique path from the root to v. A rooted tree T is said to be a full m-ary tree if every internal vertex

14 has exactly m children.
23

15
24 The following theorem computes the graphical degree stability of a full m-ary tree with all leaves of
25 level h and provides a bound for the regularity of its elimination ideal.

16

17

18

(U A0 4 ) )

22

Figure 1: Full 3-ary tree with all leaves of level 4.

2 Theorem 4.2. Let Tj, be a full m-ary tree with all leaves of level h, with m > 2 and h € N. Then
. /0 ifh=1,2;
28 (1) Stabd(Th) - { m—1 lfh -3

29

50 () IFh=3k+1fork=1,2,... then

™ Staby(T,) = m* ' 4w o

% Ifh=3k+2fork=1,2,..., then

% Staby (T;) = m* +m* 3 ..+ m.

z% If h=3k fork=23,..., then

7 Staby (T,) = m* 2 +m* 2+ 4 m* + (m—1).

Z% (iii) reg(Ip(Ty)) < mM +m" 1+ -+ m? + m.
g Proof. (i) Let T, be a full m-ary tree with all leaves of level A.
41 If h =1, then T} is a tree with a root and m leaves. Therefore, the degree of the root is m, and every

g leaf has degree 1. By the DVE method, we get Stab,(77) = 0.
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If h =2, then 7, has the dominating set consisting of the m vertices of level 1. However, the
neighborhood of each dominating vertex contains vertices of degree 1. By the DVE method, we get
Staby(T>) = 0.

If h = 3, then T3 has the dominating set consisting of the m vertices of level 1 and the m? vertices of
level 2. However, the neighborhoods of dominating vertices of level 2 contain vertices of degree 1.
Therefore, using the DVE method, we can only remove dominating vertices of level 1. It follows that
Stabd(T3) =m—1.

(i) We will prove the statement by induction on k in the case h = 3k+ 1 for k = 1,2, ... The other
cases can be proved similarly.

If k =1, then h = 4. We note that 7 has the dominating set consisting of m vertices of level 1,
11 m? vertices of level 2, and m?> vertices of level 3. However, the vertices of level 3 have neighbors
12 that are leaves, so we can only remove the vertices of level 1 or level 2. Using the DVE method and
13 successively removing the vertices of level 2 from 74, we obtain m> + 1 full m-trees with all leaves of
14 level 1. Therefore,

15 Staby(Ty) = m? + (m> + 1)Staby(T}).

'° But by (i), Staby(T1) = 0. Thus,

% Staby(Ty) = m?.

19 By induction, suppose the statement holds for k > 1. That is, for all k > 1 and & = 3k + 1 we assume
oo that

jele|~]o]a]s]e]m]~

—_
o

2L (1) Stabd(Th) = Stabd(T3k+l) = m3k—l +m3k—4 + .- _|_m2‘
22
o3 We will prove that the statement holds for K+ 1. Note that 73,1y is a full m-ary tree with all leaves

o, Of level 3k +4 obtained from T3, by attaching full m-ary trees T3 with all leaves of level 3 to the
o5 leaves of T3 1. Suppose we remove the dominating vertices of levels & —2, h—3, and h —4 in the
o5 tree T34 such that the resulting graphs are non-scattered graphs. Then, the number of dominating

— vertices at these levels that can be removed is

28 m"2 —(m—1)(a+b),

29
20 where a is the number of removed vertices of level 2 — 3, and b is the number of removed vertices of

5 level h—4. As aresult, the remaining graphs consist of subtrees with graphical degree stability equal
5 (o zero, together with a tree H, which is a subgraph of T3 satisfying D(H) C D(Ts¢+1)- Moreover,
53 every removal of a dominating vertex in H corresponds to a removal of a dominating vertex in T3g41.

i Therefore,

35 Staby (H) < Staby (T3x41).
36 It follows that the total number of dominating vertices that can be removed from 734 , including

87 some of levels h—2,h—3 and h—4 is

38
o m"=2 — (m—1)(a+Db)+ Staby(H).

g Hence, the maximum number of dominating vertices that can be removed is achieved when a +b = 0,
41 i.e., only dominating vertices of level & — 2 are removed. In this case, we have H = T3;1. Using the

42 DVE method, successively removing the vertices of level 4 —2 = 3k + 2 of T3;44, we obtain a graph
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1 consisting of m3**3 full m-ary trees with all leaves of level 1 and a full m-ary tree with all leaves of
> level 3k + 1. Therefore,

ENC) Stabg(Tak14) = m* 2 + Stabg (Ta 1)

4
~ From (1) and (2), we obtain

6 Staby (T3pss) = m* 2 4w ¥ 4 4 o2,

" This completes the proof.

£ (i1) Let 7, be the full m-ary tree with all leaves of level 4. The dominating set of 7}, contains m

9 vertices of level 1, m? vertices of level 2, ..., m"~! vertices of level h — 1. Each dominating vertex of

0 Tj, has degree m -+ 1. On the other hand, 7}, has a root of degree m and m”" leaves of degree 1. Therefore,

" the degree sequence of 7}, is

12

. (m+1,m+1,....om+1,m,1,....1).
i ~ ——
14 (mh=14mh=2+...4+m)-tuple m'-tuple

> Hence, by Theorem 3.7 we get
16

17 reg(Ip(Th)) < (m+ )+v+(m+ JAm 14 L —(1mt -+ m") +
18 (mh*1+mh*2+---+m)-terms (m”)-terms

S =m'+m" T m? m
20
51 The argument is proved. O

22 For an arbitrary tree T, we do not know its graphical degree stability and the degree sequence, but
23 we can obtain a combinatorial bound for the regularity of corresponding elimination ideal. This leads

24 to the next corollary.
25
oc Corollary 4.3. Let T be an arbitrary tree with n vertices and Ip(T ) be the elimination ideal of T. Then

27 reg(Ip(T)) <n-—1.

28
5 Proof. It is well known that if T is a tree with [V| = n vertices then it has |[E[ =n —1 edges. By
20 Corollary 3.9,

o reg(Ip(T)) <n—1.
g O
% Next, we compute the graphical degree stability of circulant graphs and derive combinatorial bounds

34 for the regularity of their elimination ideals.

- AN

37

38 / k.
N 7

39
o
) V4

42 Figure 2: The circulant graph Cg(2,3,4).
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1 Definition 4.4. Let n > 2 be an integer and S C {1,2, e, L%J } The circulant graph C,(S) is the
‘2 graph on the vertex set V(C,(S)) = {vi,v2,...,va} such that vijv; € E(C,(S)) if and only if |i — j| € §

3 orn—|i—jl€Sforalli,j=1,...,n. For convenience, we denote C,({ay,...,ar}) by Cy(ai,...,ax).

% When S = {1,2, e L%J }, then C,(S) = K,,, the clique on n vertices. On the other hand, if S = {1},

° and the regularity of the elimination ideals associated with the graphs K, C,, were studied in [2]. In

% particular, generalizing the case K,, we compute Stab,(C,(S)) and reg(Ip(C,(S))) when

B S:{l%g”

10

E forany 1 <k < L%J, where k means the element k is removed from the set {1,..., L%J }.

12
13 Theorem 4.5. Let n > 2 be an integer and C,(1,... k, ..., L%J) be the circulant graph for any 1 <k <

14 L%J Then

- . R n—3 ifnisevenandk = LQJ;

— () Staby(Cpu(1,...,k,...,|5])) = i

e @ a(Cn( [51)) {n—4 otherwise.

n?—-3n4+1 ifnisevenandkzgj;

n?—4n+1 otherwise.

17

E (ii) reg(ID(cn(l,...,E,..., 12]))) < {

19
z% Proof. (). Let n is an even integer and n > 4, and k = L%J . If n = 4 then it is clear that
22 (3) Staby(C4(1,2)) = Staby(C4)) =1 =n—3.

23 ~
o 1f n=6 then the circulant graph Cg(1,2,3) has 6 vertices of degree 4 and the dominating vertex

o5 D(G) = {v1,v2,v3,v4,v5,v6}. Without loss of generality, using the DVE method, we remove the vertex

6 VI and obtain the graph G; with vertex set v,v3,v4,vs,ve and dominating vertex set D(G1) = v4.

— Moreover, the vertices vo,v3,Vs, Vv have degree 3, and the vertex v4 has degree 4. Every vertex

os Vi € {v2,v3,vs,v6} is adjacent to v4 and two other vertices v; € {v2,v3,v5,v¢} such that |i — j| # 3.
2o Therefore, {v2,v3,vs,v6} is the vertex set of the circulant graph C4(1,2). RAepeating the DVE method,

50 Wwe remove the vertex v4 and obtain Gy, which is the circulant graph Cy4(1,2). It follows that
@) Staby (Cs(1,2,3)) = 2+ Staby (C4(1,2)).
32

33 From (3) and (4), we have
34 Staba(Cs(1,2,3)) =3 = n—3.

85 By induction on n, we assume that
36

37 (5) Stabd<cn<1,...,m>):n—s,
38 2
39 holds for all even integers n. Consider the circulant graph

40

o 2
“a H:C,,+2<1,...,V+ J)
42 2
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1 which has n + 2 vertices, each of degree n. Every vertex v; in H is adjacent to all other vertices except
» for one vertex v j such that li— j| =k, where k = % Without loss of generality, we remove vertex v
3 from H to obtain a graph G| on n+1 vertices. In Gj, the vertex v; becomes a dominating vertex of
"4 degree n, adjacent to all other vertices. Moreover, for any v; # vy, the only missing edge is to vj .
5 Applying the DVE method to G, we remove the dominating vertex v; and the resulting graph G is
the circulant graph

.
n
; G2:Cn<1,2,...,L2J>.

—

2 —
2 Stabg <Cn+2 <172=---, V; D) — 2+ Staby (Cn (1,2,..., [ZD) .

3 From (5) and (6), it follows that
14

o 2
s Staby (cnﬂ (1,2,...,{’qu J))zn—l.
16 2

17
;5 (D). Letn be an odd integer or k < |5] and d = ged(n, k). We consider two cases.

o Ifd=1. Assume that Gy = C,(1,...,k,...,[5]) has vertex set V = {v1,...,v,}, and note that

oo deg(vj) =n—3forall j€ {1,...,n}. Hence, the dominating set of Gy is the whole vertex set
o1 D(Go) =V.

>, Without loss of generality, by applying the DVE method recursively, we may remove the vertices v;
o3 suchthat j =14kh (mod n) for h =0,...,n—5. The resulting graph is the path graph Pj.

>, Therefore,

2 Staby (Cn (12 LgJ)) = (n—4) + Staby(Py) = n— 4.

% 1Ifd # 1. Assume that n = ad and k = bd for some a,b € Z. When n = 6 and k = 2, it is clear that
% Staby(Cs(1,2,3)) =4 =n—4.

29 Without loss of generality, by applying the DVE method recursively, we may remove the vertices v s
%9 where j=1+kh (mod n) for h=0,...,a— 1. At step a, we obtain a graph G, which is the circulant

81 graph

32 v n—a

- Cn,a<1,...,b(d—1),...,LTJ).

ezTherefore,

35 -~ —

o D sty (G (1 ke, [3])) =aStaby (G (10 b(d = 1), [ 52] ).
37 By induction on 7 and noting that 2b(d — 1) = n— a if and only if n = 2k, we have

38 -

® (8) Staby <Cn_a (1,...,b(d—1),..., L%J)) —n—a—4.

j% From (7) and (8), we get
o Stabd(c,,(l,...,%,...,ng)):n—4.
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—_

1 (iii) If nis even and k = L%J . Consider the graph G = C, <1, AU L%J ) , each vertex v; is not adjacent to

2 exactly one vertex v j such that [i — j| = 5. Therefore, every vertex in G has degree n — 2 and its degree

3 sequence is

4
= (di,...,dy) =(n—2,...,n—2).

| —
? n-tuple
"7 By Theorem 3.7, it follows that
- reg (Ip (G (1, [3]))) <nln—2)—n+1=n?=3n+1.
10

n

Ifnisoddork < HJ Consider the graph G = C, <1 ...,/IE,...

Y
1 toexactly two vertices v; such that |i — j| = 5 and n— |i — j| = 5. Therefore, every vertex in G has
degree n—3 and its degree sequence is

bJ ), each vertex v; is not adjacent

% (dy,...,dy)=(n—=3,....n=3).
| ——
E n-tuple
16
17 By Theorem 3.7, it follows that
e reg <ID (Cn (1,...,7;7..., LgJ))) <n(n—3)—n+1=n’>—4n+1.
19
20 O

-~ Example 4.6. Let Cg (T, 2,3,4) be the circulant graph. By applying the DVE method, we obtain

5.5.5.5.5.5.5.5
23 QG (Xl,X27X3,X4,X5,X6,X7,X8)
24

4 4 4 4

o5 = (xlax27x37x4vx5>x6ax7)
- 4 4 3 3.3
26 ZZ(X1ax2:X3»X47x5,X6)
27 3 2 .2 .2
— = (xlax27x37x47x5)
2
% :(x% 27x37x4)
2

0 Therefore, Staby(Cs(1,2,3,4)) = 4. Using Macaulay2 [5], we have
31

32 Ip(Cs(1,2,3,4)) = (X7, %3, X3, X3, X4X2, X343, X3Xa, X3Xg, X3X2, XTX3, X305, X3X3,
Z% X4XIXD, X3XEXD, XX, XIXg, X4X3, XaXg, X4 X2X5, X303 X5, X303, x5,

v X3XENg, XN X4 Xxg, X3xdad, G xS, X3NT, W3x3x5, xFadn,

36 XTXEXD, X3XEXR, X3X NG, XTXEXR, XaXBXAXT , X3XEXGAT , XAXGXT , XXX

Z% XIXAXD, XAXAXG , X4XZXEXD, X3XINEXR, XIXEXR, XXX, XFXZa X5, XTI XXX,
39 X4XIXIX], X3 XX xg, XA xg, X3N], X3aaxixg, xidxgag, xixaxixg,

40 XRXIXTAR, XIXIXNGXG, XTXIXING , X4X XX XG , X3XEXGXTXR, XX XX,

- XIXGNTAR, KBNS, X AF GG
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and
reg(Ip(Cs(1,2,3,4))) = 33.

o
2
% Therefore, the bound given in Theorem 3.7 is a sharp bound.
5

We also recover some bounds for the regularity of elimination ideals associated with familiar graphs
6 previously studied in [2].

7
s Corollary 4.7 ([2], Theorem 3.11). Let P, be a path graph with n > 3. Then

9 reg(Ip(P,)) <n—1.
10

11 Proof. We have P, has the degree sequence ( 2,...,2 ,1,1) and n vertices. Therefore, by Theorem 3.7,
0 ~——

2 (n—2)-tuple

13 we get

14

- reg(Ip(Py)) <2+4--4+2+1+1—n+1=n—1.

16 (n—2)-terms

17 0

18
1o Corollary 4.8 ([2], Theorem 3.12). Let C, be a cycle graph with n > 3. Then

20 reg(Ip(Cy)) <n+1.
21

22 Proof. We have C, has the degree sequence (2,...,2) and n vertices. By Theorem 3.7, we get
— N——

23 n-tuple

24

e reg(Ip(Cp)) <2+---+2—n+1=n+1.

26

27 O

n-terms

Z% Corollary 4.9 ([2], Theorem 3.7). Let K, be a clique on n vertices with n > 3. Then

50 reg(Ip(Ky)) < (n—1).

31
s Proof. We have K, has the degree sequence (n—1,...,n—1) and n vertices. By Theorem 3.7, we get
- —_———

33 n-tuple

Z% reg(Ip(Ky)) <n(n—1)—n+1= (n—1)%

36 O

37
.5 Corollary 4.10. Let Kml,mz,...,mq be a complete g-partite graph, where m; > 1 fori=1,...,q. Then
39

q q
40 reg(Ip (K my....my)) < ZZmimiH - Zmi +1,
et i=1

41 !

42 where myy 1 1= my.
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1 Proof. We have

% |E(Km17mz,----,mq)| = imimzﬁrl,

Z where m, 1 :=m; and -

. V Ky, )| = flm

% By Corollary 3.9, we have -

: el () <2 =Y 1.
i= =

Ewhere Mgy i= my. O

12

E Acknowledgements

14

15 The second author was supported by the NAFOSTED (Vietnam) under the grant number 101.04-2023.07.
16 The first and third authors acknowledge the support of Hue University under the Core Research Program,
17 Grant No. NCTB.DHH.2024.01. The authors are grateful to the referees for valuable comments and
1 suggestions which help to create the final version.

19

20

References

21 [1] S. Ahmad and I. Anwar, An upper bound for the regularity of ideals of Borel type, Comm. Algebra 36 (2008), no. 2,
22 670-673.

23 [2] 1. Anwar and A. Khalid, Algebraic characterization of graphical degree stability, Commun. Korean Math. Soc. 34
on (2019), no. 1, 113-125.

z% [3] G. Caviglia and E. Sbarra, Characteristic-free bounds for the Castelnuovo-Mumford regularity, Compos. Math. 141
— (2005), no. 6, 1365-1373.

26 [4] D. Eisenbud, A. Reeves and B. Totaro, Initial ideals, Veronese subrings, and rates of algebras, Adv. Math. 109 (1994),
27 no. 2, 168-187.

28  [5] D. Grayson and M. Stillman, Macaulay?2, a software system for research in algebraic geometry, Available at: http:
o9 //www2.macaulay2.com.

30 6] J. Herzog, D. Popescu and M. Vlddoiu, On the Ext-modules of ideals of Borel type, Contemp. Math. 331 (2003),
3T 171-186.

?; [7]1 D. West, Introduction to Graph Theory, 2nd ed., Prentice Hall, 2001.

33 UNIVERSITY OF EDUCATION, HUE UNIVERSITY, 34 LE Lo1, HUE CITY, VIETNAM

37 Email address: caohuylinh@hueuni.edu.vn

35

" DEPARTMENT OF MATHEMATICS, FPT UNIVERSITY, DANANG , VIET NAM

88 Email address: tanttg@fe.edu.vn, quoctanmath@gmail.com

37

3 UNIVERSITY OF EDUCATION, HUE UNIVERSITY, 34 LE LoI, HUE CITY, VIETNAM
39 Email address: vdtrung@hueuni.edu.vn

40

41

42

26 Feb 2026 16:49:45 PST
250709-TonThat Version 3 - Submitted to Rocky Mountain J. Math.


http://www2.macaulay2.com
http://www2.macaulay2.com

	1. Introduction
	2. Preliminary
	3. Regularity of elimination ideals associated with graphs
	4. Applications to trees and circulant graphs
	Acknowledgements
	References

