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VIETNAMESE PROSPECTIVE MATHEMATICS TEACHERS'
MATHEMATICAL KNOWLEDGE FOR TEACHING THE
DERIVATIVE AND IMPLICATIONS FOR TEACHER
PREPARATION PROGRAMS

Tran Kiem Minh, Coilege of Education, Hue University, Vietnam
Le Thi Bach Lien, Quang Binh University, Vietnam

Introduction
Preparing future mathematics teachers with the appropriate mathematical knowledge

necessary for their eflective teaching is an important issue in mathematics teacher educatior.

There have been several studies conducted in an attempt to identify what kinds o:

knowledge teachers need to teach mathematics effectively (Shulman, 1986; Ball, Thames. &

Phelps, 2008; Hill, Ball, & Schilling, 2008). From the work of Shulman (1986), man'.

researchers have tried to develop and clarify the nature ofthe different tlpes ofknowledge
especially tl.re pedagogical content knowledge (PCK) that teachers need to teac:r

mathematics effectiveiy. Ball and her colleagues made an important contribution b.

developing a model of mathematical knowledge for teaching (the model MKT) for assesstr-

and developing the domains of teachers' knowledge tbr teaching.

Many researchers have used or adapted the model MKT for studying prospecti\:
n'rathematics tcachers' knowledge for teaching specific topics. However, there have bee-

very few studies fbcusing on the exploration of prospectir e mathematics teacher-

mathematical knowledge of the derivative. Recently, Pino-Fan, Godino & Font (201'
assessed key epistemic features of didactic-mathematical knowledge of prospecti',,

rnathematics teachers (PMTs) about the derivative, but this research used a theoretic.

rnodel of mathematical knowledge for teaching based on an onto-semiotic approach. .-

Vietnam, until now there has been no study on measuring and developing Vietname-:

prospective mathematics teachers' knolvledge for teach ing.

ln this study. \'ve assess and develop Vietnamese PMTs' mathematical knowledge :

teaching the derivative. More specifically, we aim at analysing the characteristics

Vietnamese prospective secondary mathematics teachers" MKT 1br teaching di1'1èr;

meanings of the derivative. Finally, implications for the professional leaming of Vietname .,

PMTs to improve their mathematical knowledge for teaching the derivative are . .

discussed.

Theoretical Framework

Model of mathematical knowledge./ôr teaching

The rnodel MKT consists of two main domains of knowledge: subject content knowle:-
and pedagogical content knowledge. In each of these domains, the authors distinguis:,
different types of knowledge. One of the special contributions of the model MKT ..

distinct categorisation of different types of knowledge, and especially the existence

specialized content knowledge (SCK) which is considered as knowledge unique to teach. -
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Subject content knowledge

; arre l. Model of mathematical knowledge.for teaching (Ball, Thames, & phelps, 2008)

v."tiical knowledge J.or teaching dffirent meanings of the deriyative

.(§:.'.ative is an imporlant concept in calculus. The history of the concept of derivative
r'-r linked to the problems of finding the tangent 1ine to a curve and the instantaneous
:rs in physics. The vietnamese mathematics curriculum mentions explicitly both the

: and physical meanings of the derivative. The analyical meaning (linear
rion) is implicitly presented through exercises.

::nrn derival
JOn

-': mathematics should be able to identify the dehnition of derivative as well as to
us '-he geometric, physical or analytical meanings of the derivative in a simple
r. F,rr example, as a part of ccK, a user of mathematics should recognize the
:r :: the derivative of a function at a point based on its graphical representation
rn. Godino & Font, 2018), or recognize that the instantaneous velocity of an object

--ans the derivative of the function characterising its motion at a point.

mrncr: of teaching derivatives, as part of scK, we focus on the ability of pMTs to
.ifrrj Jt)rr]fireflt on the accuracy of students' responses related to diffèrent meanings

üE*'.::ive. Another important aspect of SCK is the ability to perceive associations
o.:ï:rent meanings of the derivative (pino-Fan, Godino, & Font, 201g). A
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mathematical task that addresses the associations between these three meanings can be used
to assess teachers' specialized content knowledge.

KCS: anticiDating students' common ans\.vers. predicting and interpreting students'
difficulties and rnisconceptions in the leaming of derivatives

KCS is an impoftant PCK for PMTs. According to Ball, Thames, & phelps (200s), KCS is
knowledge that combines knowing about students and knowing about mathematics and helps
teachers predict student thinling. Teachers with this tyre of knowledge often have a deep
understanding of students' thinking and of what makes the learning of mathematical concepts eas_v

or difftcult. In the context of teaching the different meanings of derivatives, as part of the KCS, we
focus on exarnining the ability of PMTs to predict students'responses related to associations amon-q
the different meanings of the derivative, as well as to interpret students' dilficulties and mistakes.

KCT: choosing and designing appropriate mathematical tasks for strenqthening students,
understanding of different meanings of the derivative
As part of KCT of the derivatives, a PMT should be able to choose mathematical tasks and
design appropriate instructional strategies to fàcilitate students' learning about differenr
meanings of the derivative. The current Vietnamese high school mathematics curiculum
(MOET, 2008) pays a special attention to the geometrical and physical meanings of th..
derivative while the analyical meaning and the associations between different meanings ot
the derivative have not been emphasized.

KCC: recoqnizing the role of the derivative in school mathematics curriculum
KCC is knowledge that combines an awareness of a particular content of the curriculum anc
the teaching of that content. It is important for PMTs to know the role of the derivative r,
the schooi mathematics curriculum. In our study, we focus on the different meanings of thc
deri vati ve.

HCK: identif--rine mathematical ideas related to the derivative
HCK is defined as awareness of how mathematical topics are related to each other in .
curriculum, and of the comections among these topics. As part of the HCK of the derivatir.
PMTs should know mathematical ideas related to the derivative in order to solve a gir e:
problem. For example, the relationships among the derivative, the instantaneous veloci:
and the slope of the tangent of a curve are the mathematical ideas that can be used to solve .
problem related to the physical meaning of the derivative.

Research Design

Context

This research can be considered as the first study of the assessment and development
PMTs' mathematical knor'vledge for teaching in Vietnam. Participants of the study are -
PMTs studying at three different universities in vietnam (a four year program). Th;.:
PMTs had studied differential calculus in the l'rrst three semesters of their undergradu:.,
program, and they had subsequently completed other courses related to mathemar:.-
analysis. They had also studied the subjects related to the teaching ofmathematics.
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:t c s l to nn aires a n d interuiews

' --e research instrument 
"r/as 

a questionnaire that consisted of three problems related to the-::netric, physical and analÿical meanings of the derivative. Each problem included six'-:rs. designed in aocoldance with the moàer MKT for assessing teacher.s,knor.vreclgc fbr.
"-'hing. In each of these three problems, each task referred to aiype of knowledge arnongliltèrent types of teachers' knowredge of the mo<iel MKT" r,vith a focus on the crcK"r'- (' KCS and KCT. In addition, an interview with some pMTs was done aner they had. -.:1eted the questionnaire.

" -: ltr th€ limited scope of the paper, we only introduce here one of the three problems": :: rn the questionnaire. This probrem mentions the geometric meaning of the derivative.' -lent

i* :r, isthe graph ofafunction l, = /(x) defined on an interval (a;ô):
Based on the graph of function, give comments on the existence of the crerivative ofthe function at the points x = _1,,r = 0, and r = I .

Assume that there are three students who propose the following comments:
Ïr.uû€ntA:Thefunctionisdifferertiableatthepoints x=_l and x=l becauseitsgraphisair -- --:us curve' ln addition, f '(-1), 1'Qù and /''(1) are strictly positive since the graph oft*" : : - is above the x-axis.

\ r'u i1'
tt\i1trll
\l1'\,i\t\^!\/,V
'@.&-1 0t

[umTf, : -:e function is not differentiable at
'!hmrm*iii, .': :-ese two points.

x = -l and ;r = I since its graph seems to be

-r = I since its graph has the tangent
(1; l) .

--: function is differentiable at x = _l and
r" : "= :-: and right sides at the points (-l; l) and

::-'nents on these three students'answers, anaryse the accuracy of these answers

"' 
^'at points is the instantaneous rate of change of y with respect to x equal to':r.:lain.

"s: anticipate students'common responses (right or wrongJ to the above

8th ICMl-East erl, R"gl@
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question and students' difficulties on this task. Give the most reasons for these
students' common responses and difficulties.

iv) Assume that you aim to strengthen students' understanding of the geometric
meaning of the derivative. What problem will you give to students? Explain why this
problem is appropriate for the above goal?

vJ In your opinion, this problem could be used to measure what content area in the
curriculum?
vi) In your opinion, what mathematical ideas could be used to answer the above

questions?

Figure 2. A problem.from the questionnaire

Based on the definition of each type of knowledge of the model MKT, we classified six
tasks in the above problem as shown in the following table:

Table 1. Components o;f MKT elicited by each of the questions given in the problem I

Types of knowledge Tasks Indicators

CCK

SCK

KCS

KCC

ii)

iii. 1 )

iii.2)

i)

Defining the concept of
derivalive and identilying
different meanings of the
derivative in different contexts.

Ability to analyze and comment
on right and wrong solutions
given by §tudents

Ability to recognize the
associations between different
meanings of the derivative.

Anticipating students' common
answers, predicting and
interpreting students'dit'fi culties
and misconceptions

Choosing and tlesig'ning
appropriate mathematical tasks
for strengthening students'
understanding of different
meanings of the derivative.

Recognizing the role of the
derivative in school
mathematics curriculum.

iv)KCT

v)

Sth ICMI
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HCK vi)
Identifÿng mathematical ideas
related to the derivative.

l hese six tasks were
..lustrated the coding
:echnique.

coded by the two authors of this paper. In the following table, we
of the task iii.l). Other tasks were coded by using the similar

Table 2. IlltLstration oJ' the cocling of the task iii. I )

DescriptionCodes

i

I

I

I

Giving correct answers and explanations (the
instantaneous rate of change of y with respect to x is
equal to zero at the point r=0)
Giving correct answers and explanations (the
instantaneous rate ofchange ofy with respect to x is
equal to zero at the point ,r=0), but there are still
some inaccurate arguments.
Giving an correct result (the instantaneous rate of
change of y with respect to x is equal to zero at the
point r - 0 ). bul nor having provided explanations or
gir ing an incorrect explanation.
Not having given a correct response, but having
some adequate ideas for finding an explanation.
Not having given any response or giving an

incorrect response to the task.

il-c*ults
"r: --'sults of teachers' knowledge are presented in terms of six types of knowledge of the
: '::. \IKT, that is, CCK, SCK, KCS, KCT, KCC and HCK.

:. :t ire maîhematics teachers' CCK for feaching the derivative
+:: -;i: rn Table 3, for the task i), 45.72 % of PMTs were able to give partially right
.rlr"rîL::..:is on the existence of the derivative of the function at the points r=-1,x=0and

' l:e number of PMTs were able to fully give exact comments and explanation is very
iltTir r -29,'o). Especially, there were 22.85% (code 0) of the PMTs who did not give any
ïl ii'-):lothistaskorofTèredincorrectexplanations.ThismeansthatmanyPMTshaven't
,uru;*..-;,j a robust understanding of the geometric meaning of the derivative.

iu: : -,ttles regarding the PMTs'written explonotions for the task i)

Illustrative example Frequency o/

}e graph of function is "broken" at the points -r=-l and r=1, the
:-nction is not differentiable at these points since there is no tangent
.:e. The function is differentiable at -t=0 since we can draw a

:j:_rent line at this point.

8th ICMI-East Asia Regional Contèrence on Mathematics Education
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Since the function is "broken" at the points .r = l and :r = l , it is not
differentiable at x-l and -r= l. The function is differentiable at

r- 0.

.tltt :@brL :&,1@l: ar
.*&k,LA"* k ,,/,r,::etî:;,::laa;1.,/r.r,?,4,/ ::.*::t/:t:?,*tf,i.. ,:,t:,,t,,r,,,,.,.,t,:::r,:,,,:.,..:.

Based on the function graph. we can rewrite the lunction as 71.rr x:
if -re(-*:-l]u[t;+-) and .f(x)- x2 +2 if *.(-t;r) . The function

/(r) is continuous at x=-l , _t=0 and x-l but the function is
differentiable at .r=0 and it is not dillerentiable at x= I and _r=1.

The derivatives of the function at the points x=-1 and ;r=0 are
equal to zero because the function admits the minimum values at the
points r=-l.r'-l and r=0.

, r.ffi;:W....&4l@;4@.,,,,.ryL;'tÿ$,, *,i",1,t.tb".:-o 11ç, t ; t
:,MÇ:,a4;fr,q/,, :l@1l%' /;,1v&t;'r4,b.'.det

pornt r--1 . .r=0 is either

Prospective mathematics teachers' SC K for teaching the derivative
Table 4 shows whether or not the PMTs were able to identify the association between the
physical meaning (instantaneous rates of change) and the geometric meaning of the
derivative (smooth or non-smooth curves). As seen in Table 4, more than half of the pMT,
(48.58 %+ 7.14 %: 55.72 Yo) were not able to give a correct ans\/er to the task iii.1) o:
offered an incorrect explanation. Only five (7.14 %) of the PMTs offered exact solution.

8th ICMI-East Asia Regioir.al Conference on Mathematics E<lucation
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rnd explanations for this task. It can be stated that most of the pMTs haven,t adequate scK:'l the association between the physicar and geometric meanings of the derivative.
i rrr eâch of the othe. four ty,pes of teacl.rers" knor.vledge (KCrs. KCT.. KCC. HC]K). we also:a!y a table categorising str-rdents' r,r'ritten responses according 1o the given codes. Due to
".]e limited scope of the papcr, \\'e only sur-arire sor-ne main resurts rerated to the students,rCS and KCT.

ile 1. Codes regarding the pllTs' written exploncrtions for the tttsk iii. ])
rdes illustrative exarlple Frequency %

The instantaneou,
at the point r=0 since./',(_r)=0 at ,r:=0. The instantaneous rate of
chanee 

11 
the derivative of 1_i; = o at .r - .\ .

f ,.r rt.r rr, ..u., a.ü, . rri \r u,.r, rh,. \.

.r.,.,,1:lÿt4;:,,,;y,;-a.-.*f;.:':t*:«;'.lb,T::.,,.$r;i,L.*{.li{ii.,,r,à,.,,4 ff1,n I !r,,,1

"',,,th&r.,,,,;,i*'l!",:k1,:/t;;,;:&dW;,,,,. 1'."j,.',:,:,;,,:,,,,.,,,,.,.,;,,.,,.': ... ..
,2.,.;|"::li;&Ll/1&l:l:&;t;,rsï/tÊ.ï, ..b ,rt*; tri,.,tt",..4rt..., iii;ii.yu..,ttu|t/* ,.

.i...r,. .e..&.;6).ri ..,

At the point .r = 0 the instan
x is equar ro zero since*J'i:H,:i*,i:'|.1:*:r"1il,Ë3 jïiîl;
respect to x is 11,rIQ!f J!) . According to rhe problem, the1- h -
lunction is diffère_ntiable at the point .r = 0.

t1t!.:ÿ L/""t cnq Luh t ;i'&,litt'.ittt;tt. .,1.,,, : .. .: . . .. ., 
. :,. .:.., : .

::;.urt.tlii;'...*:,:.1//1;;.:uir,.â;:::;tiaï,,..}ï;oa:''.çir.,x,ü'.ii".,:..*,u,,u...t;,*,..
&,fu/l*l:al::':lî1.::;4:r,.t;rii..*,....,,^,. .t ttv,. , .. ; . .,. ..':,..

l*, t: ".i"i ) t,,,.
tt* ù.u ,,,, l^l "4, ],,, ' 

Ê,^ .,1,. ,o.. .-

,Lt .r=0 the instantaneous rate ofchange ofywith respect to x is equal
to zero since at that point the function y has ân 

"rtr"rrurr.'.::l,ev.t::1::/tfr.r.ttliv:ttç*iil1:tttr: 
., . ..... .. . 

.

i1r,,;1..::t,ÿr-.111,::*{l:A* 
4ti;;:.,,,#t:,,,; .,1;i:.'1,/,/,;. ,'t,,.r, ,h,,1^, ...,.. .,1 ..,.,,,.ili;,{gr,,;}/.j,'«:1.,6,*: i,,.;til,,rr..'îi|",,',

The instantaneous rate of change of y with respect to x is exactly theJerivative of y with respect to x, that means
: = 11-11=1* /(r'r ill1") Based on rhe graph, at the points (-r:t)
:nd (t:t) the instantaneous rate of change of y with respect to .r=0
because these are the extremum points of the function).

i,i .i,. a,; tf.u^ u.. {*, ..o ,, itu- ". ,ia.J" L, ,,}- ,;.- ..a I 
i/,.

<.'3h,o {". l{ . 4,*, ir, tr(,".1._t.::: l
l{r" .it tL.' .rr,,. ** i.t. 11 .i ',.1 

,1r ,I, rt, i{:,,,. +,r,, l!r. ,t^,
rÀ y *4a,,;,2.2.*.':,.-.::.ts,t,,,.*É..t*:.41.&,tg..:;4:r;:la;..,,Â.,.tt*,.t.,.:..: .., .. ...

19
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At th.e,extremum points (smooth).
ll! .Lrr. 'h.

'.:',,.,..,t::::iit,t&/;t$l,i&,likt1i/),bw1lL,
34

Regarding the prospective mathemalics teachers' KCS. r.ve found that there rvere fèr,v PMTs
r'vho could give adequate explanations fbr the three str-rdents' responses in the task ii). It can
be stated that, tbr the most part. prospective matherratics teachers' KCS r.vas not at an
adequate level. Concerning the teachers' KCT. 1'or the task iv). approxirnately half of pM'Is
were able to offer a type of problem that could be used to strengthen the geometric meaning
of the derivative. Fifteen (21.42 %) of the PMTs offered at least one appropriate exercise
with explanations that could be used to strengthen students'understanding ofthc georrctric
meaning of the derivative.

Conclusion and Discussion

In this study. we cramined Vietnamese PMTs' knowledge fbr teachin-q the clerivative in
terms of six types of knowledge of the model MKT. As a result of the study, it was
obser-ved that many Vietnamese PMTs haven't acquired a good understanding ol- the
geometric meaning of the derivative, although the derivative is an important topic of the
high school mathematics curriculum. The tindings also indicate that the prospective
rnathen.ratics teachers' SCK was below the level expected fbr teaching aspects of thc-
geometric meaning of the derivative. This result is similar to prospective teachers' KCS and
KCl'. in rvhich they exhibited many difT'iculties and gaps in the understanding of students'
leaming of the derivative.

These findings provide us rvith fir'st er,idence ol vietnamese pMTs' inadequate
understanding of mathematics for teaching the derivative. In particular, the prospectiye
mathematics teachers' PCK is not at an adequate level. The primary results obtained fl.onr
this study could be partially interpreted by examining the current professional developmenr
programs for PMTs in vietnam. In fact, although vietnamese pMTs take courses orl
mathematics education throughout their undergraduate education, these courses traditionalir
focus on rules, techniques and procedural knowledge for teaching mathematics. The aspect.
of the SCK. KCS and KCT or the epistemology of a mathematical concept seem to be les.
analysed in these courses. Therefore, we suggest that the content and duration of thes.
courses on mathematics instruction should be reviewed and modified.
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