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In our work we construct a Hamiltonian, whose eigenstates approximate the solutions of the self-consistent
Hartree-Fock equations for nonrelativistic atoms and ions. Its eigenvalues are given by completely algebraic
expressions and the eigenfunctions are defined by Coulomb wave-function orbitals. Within this approximation
we compute the binding energy, ionization potentials, electron density distribution, electron density at the
nucleus, and atomic scattering factors of nonrelativistic atoms and ions. The accuracy of our results is comparable
with those obtained via the usage of the Hartree-Fock method but does not require solving integrodifferential
equations or numerically computing integrals with complex functions. This approach can serve as a good
initial approximation for performing more accurate calculations and for the quantitative evaluation of physical
parameters that depend on the electron density of atoms. The proposed approach is of interest for various fields
of condensed matter physics, plasma physics, and quantum chemistry.
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I. INTRODUCTION

The development of relatively simple and universal, but
at the same time sufficiently accurate and effective, methods
for describing the electronic structure of atoms and ions is of
great interest for numerous applications in condensed mat-
ter physics and quantum chemistry [1–6]. One of the most
well-known and successful achievements in this field has
been the Thomas-Fermi statistical model (TFM) with various
corrections [7]. This model forms the basis for applied cal-
culations of the structure of molecules and solids, which are
performed using the currently widely used density functional
theory (for example, Ref. [8]). The TFM has unique features.
It does not contain any empirical parameters. It can be de-
rived by applying the quasiclassical approximation in solving
the Hartree-Fock equations for a nonrelativistic multielectron
system. Additionally, it is asymptotically accurate as Z → ∞
(Z is the nuclear charge). However, the model also has several
well-known disadvantages. These arise from the asymptotic
nature of quasiclassics. For instance, it provides an incorrect
description of the electron density near the nucleus and in
the atom’s external region. It also requires significantly more
complex equations to account for shell oscillations, and for
capturing the individual properties of specific atoms when
calculating their observable characteristics [9,10].

The quantitative description of nonrelativistic many-
electron atoms relies on the numerical solution of self-
consistent equations for single-electron wave functions within
the Hartree-Fock model (HFM) [11]. A recent review of
studies calculating atomic properties using this method is
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presented in Ref. [12]. Other numerical approaches for cal-
culating the electronic structure of atoms exist, such as the
effective potential method [13] and the algorithm for the direct
numerical solution of the Schrödinger equation [14]. Despite
the high accuracy of numerical calculations, the construction
of approximate analytical expressions for atomic wave func-
tions and other characteristics remains of great interest for
many applications.

The most common approach involves Slater-type orbitals
[15] and other methods for interpolating numerical results
using analytical functions. These functions often have a rel-
atively small number of fitting parameters for each orbital
(see Ref. [16]). Analytical models of atoms, where electron
wave functions take the form of Coulomb orbitals with phe-
nomenological parameter values such as screening constants
or quantum defects, are also used (e.g., Ref. [17]). In Ref.
[18], it was shown that these parameters can be calculated
for all atoms of the periodic table using the operator method
for solving the Schrödinger equation. This calculation enabled
the construction of an accurate analytical approximation for
atomic scattering factors.

Recently, Refs. [5,6] developed an analytical model of the
atom in which atomic characteristics are determined by inte-
grals with Coulomb orbitals. However, it requires calculation
of a large number of integrals with special functions, which
becomes cumbersome in higher orders of perturbation theory.
This limits the ability to analytically study the dependence of
atomic properties on the nuclear charge.

In this paper, we propose a new approach to calculate
the characteristics of nonrelativistic atoms and ions without
solving differential equations or computing integrals with nu-
merical functions. Our method does not rely on interpolating
solutions of the Hartree-Fock equations. Instead, it involves
constructing a Hamiltonian whose eigenstates approximate
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these solutions. Known as the method of approximating
Hamiltonians [19], this approach has proven effective in
statistical physics. The eigenfunctions of the Hamiltonian
constructed in our work are defined by a set of Coulomb
orbitals. The eigenvalues are determined through algebraic
expressions. Using this Hamiltonian, we can address vari-
ous problems, making this approach a viable alternative to
the HFM for performing mass calculations. Our method is
particularly useful in applications such as computer codes
for plasma simulations, such as CRETIN [20], FLYCHK [21],
and LASNEX-DCA [22]. In these cases, the TFM is used to
determine the electrostatic potential [23]. Our approach is also
applicable in crystallography for calculating x-ray scattering
factors [24], where fits of electronic density are utilized.

In our previous work [5], an atomic model was also consid-
ered that allows approximating HFM results. That work used
the same effective charge for all electrons of a given atom. In
this work, the dependence of the effective charge on quantum
numbers is taken into account, which allowed us to simplify
the calculations and improve the accuracy. Hydrogenlike wave
functions are well known and are often used in atomic calcu-
lations and average atom models. For example, in Ref. [10],
the trial potential method is described. However, the effective
charge and parameters of the trial potential were calculated by
means of an iteration scheme instead of algebraic formulas in
our model.

As shown in the paper, the usage of the approximating
Hamiltonian allows one to calculate binding energy for atoms
or ions with any nuclear charge with relative accuracy δ < 1%
compared to the HFM results. It also enables finding the wave
function and electron density, which have correct asymptotics
at small and large distances from the nucleus and describe
shell oscillations. Additionally, it allows the calculation of
ionization potential and atomic form factors that are in good
agreement with HFM results.

The paper is organized as follows: In Sec. II, the deriva-
tion of the approximating Hamiltonian is discussed, and its
eigenvalues and eigenfunctions are determined. Section III
presents the results that can be obtained for the observable
characteristics of atoms and ions based on this Hamiltonian.

II. APPROXIMATING HAMILTONIAN FOR
NONRELATIVISTIC ATOM

Let us consider the Hamiltonian of a nonrelativistic atom
in the second-quantized representation, where we use as a
basis Coulomb orbitals |λ〉 = ψλ(r) = Rnl (r)Ylm(θ, φ)χs with
quantum numbers λ = {nlms}. Assume that these orbitals de-
pend on the effective nuclear charge Zλ, which in the general
case differs for different states and does not coincide with the
nuclear charge Z (in our work we utilize atomic units; The
description of notations is provided in Ref. [5]):

Ĥ = −
∑

λ

Z2
λ

2n2
â†

λâλ −
∑
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To extract from (1) the approximating Hamiltonian (AH)
we use the operator method (OM) of nonperturbative descrip-
tion of quantum systems [25,26]. According to OM, the initial
exact Hamiltonian operator is split in such a way that in the
zeroth-order approximation only those terms that commute
with the number operator n̂λ = â†

λâλ are kept. The remaining
parts of the exact Hamiltonian are treated as a perturbation.
In our particular problem, the operator in the zeroth-order
approximation takes the following form:
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The Hamiltonian (2) includes rather cumbersome matrix
elements of the electron interaction operator. However, it can
be simplified and reduced to an algebraic form using the
ansatz we postulated (For the explanation, see below). This
approximation reduces two-particle matrix elements to single-
particle ones and significantly simplifies all calculations. To
express this relationship, let us isolate the quantum number
of a shell, i.e., |λ〉 = |n, μ〉, where {μ} = {lms}. Then, the
following approximate equality can be written:∫

dr1

∫
dr2ψ

2
n,μ(r1)

1

|r1 − r2|ψ
2
n′,μ′ (r2)

≈ kn′l ′
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,

knl = 1 − α

n
− β

l (l + 1)

n2
, n′ < n. (3)

here, α, β are empirical parameters. Their numerical values
will be determined below. The obtained relation is based on
the fact that the average radius of the shell is determined
mainly by the quantum number n, so 〈n′|r2|n′〉 	 〈n|r1|n〉 and
it can be neglected with an accuracy of corrections that define
the coefficient k.

For electrons within the same layer n′ = n, we use the fol-
lowing ansatz, which also allows one to express two-particle
operators through single-particle operators:

〈n, μ; n, μ′| 1

|r1 − r2| |n, μ; n, μ′〉

≈ 5

16
〈n, μ; n, μ′|k′

nl

r1
+ k′
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r2
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16n2
(Znlk

′
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′
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k′
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l (l + 1)

n2
. (4)
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As a result, the operator (2) is approximately represented as

Ĥ0 ≈ ĤA = −
∑

λ

[
Z2

λ

2n2
+ (Z − Zλ)

n2
Zλ

]
n̂λ +

∑
λ>λ′,n>n′

Zλ

n2

× kλ′ n̂λn̂λ′ + 5

16

∑
λ>λ′,n=n′

Zλ

n2
k′
λ′ n̂λn̂λ′ . (5)

Consequently, the AH takes diagonal form and its eigen-
functions are state vectors with a specific set of occupation
numbers gλ, which are 0 or 1. They are determined by the
eigenvalues of the particle number operators:

ĤA|{gλ}〉 = E (Z, N, Zλ)|{gλ}〉,
n̂λ|{gλ}〉 = gλ|{gλ}〉,∑

λ

gλ = N. (6)

The effective charge will be determined in accordance with
the OM [26]. Namely, Zλ is determined from the fact that the
eigenvalues should not depend on its particular value for any
given quantum number λ. This implies that

∂E (Z, N, Zλ)

∂Zλ

= 0, (7)

for any λ.
Therefore, in order to determine the Zλ we use Eq. (5)

and calculate the derivative with respect to Zλ. From this
equation we determine the value of Zλ, which reads

Zλ = Z −
∑
λ′

gλ′ kn,l ′ − 5

16

(∑
λ′′

gλ′′ k′
n,l ′′ − k′

nl

)
. (8)

Here, we use the following notations for the sums:

∑
λ′

=
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n′−1∑
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∑
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,
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∑
s′′=±1

. (9)

As the AH is diagonal over the particle number operator,
the energy of the system is represented as a sum of Hydrogen-
like energies with the charge Zλ:

ĤA = −
∑

λ

Z2
λ

2n2
n̂λ,

E (Z, N ) = −
∑

λ

Z2
λ

2n2
gλ.

The Parameters are

α = 0.321, β = 0.412. (10)

The above fully algebraic expression with nonlinear depen-
dence on the occupation numbers corresponds to a model of
an atom in which an electron on a layer with quantum numbers
λ moves in the field of an effective Coulomb potential with a
charge Zλ. It is equal to the nuclear charge minus the partial
screening of electrons of underlying layers [the second term
in (8)] and other electrons in the same layer [the third term in

(8)]. This expression is consistent with the Hohenberg-Kohn
theorem [27], since the energy of the system depends only on
single-particle characteristics of electrons in an atom.

Let us now investigate the conditions that allow one to
determine the coefficient 5/16 and the constants α and β in
(10). The first condition arises from the asymptotic behavior
of the atomic energy E (Z, N ) in the limit Z → ∞. In this
limit of large Z , all shells can be considered fully occupied,
meaning that the occupation numbers gλ = 1, n � nmax and
gλ = 0, n � nmax. In this approximation we can replace the
sums with integrals in the expression for Zλ (8) and perform
the integration. We restrict ourselves to the terms with the
highest power of n:

Zλ → Zn

≈ Z −
∫ n−1

n1=1

∫ n1−1
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2(2l1 + 1) kn,l1 dn1dl1

− 5

16
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0
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(

2

3
+ β

5

)
n3. (11)

Similarly, in the expression for energy (8),

E (Z ) ≈ −
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+
(

−1

3
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10

)
Zn4
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The value of nmax is determined from the normalization
condition in the same approximation:

Z ≈
∫ nmax

n=1
2n2dn ≈ 2

3
n3

max, nmax ≈
(

3Z

2

)1/3

. (13)

Then the final result is

E ≈ − 9

28
122/3

(
1 + β

10
+ β2

50

)
Z7/3. (14)

If we now compare this expression with the well-known
exact asymptotics of the binding energy of a nonrelativistic
atom derived from the Thomas-Fermi equation [28],

E ≈ −0.768 745Z7/3,

we find the value β = 0.412, which is used in formula (10).
The physical meaning of the coefficient 5/16 and the pa-

rameter α describe the screening of the nuclear charge by
the electrons. Their values in formula (10) are chosen from
the conditions that the largest matrix elements for transitions
(10; 10) and (10; 20) calculated by (3) and (4) coincide with
their values calculated by using Coulomb orbitals.

Thus, the accuracy of the approximation of the original
Hamiltonian by the operator (8) depends on the error in
replacing matrix elements (3) and (4). Table I presents the
results of calculation of the matrix elements using the exact
formulas [5] and the approximate ones (3) and (4) in the range
of quantum numbers, where the values of matrix elements can
be large.

It shows the difference between the two-particle matrix ele-
ments of the interaction operator between electrons calculated
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TABLE I. Table of difference between exact [5] and approximate
[(3) and (4)] matrix elements.

�����n′l′
nl

10 20 21 30 31 32

10 0 0 0.0845 0.0003 0.0198 0.0424
20 0 0.0059 0.0103 0.0151 0.0010 0.0349
21 0.0845 0.0103 0.0072 0.0125 0.0090 0.0419
30 0.0003 0.0151 0.0125 0.0030 0.0038 0.0059
31 0.0198 0.0010 0.0090 0.0038 0.0018 0.0011
32 0.0424 0.0349 0.0419 0.0059 0.0011 0.0036

in the Coulomb orbitals basis [5],

Mn′l ′
nl = 1

Z

∫
dr1

∫
dr2|ψnl (r1)|2 1

|r1 − r2| |ψn′l ′ (r2)|2, (15)

and their approximate expressions (3) and (4) through single-
particle operators.

As shown by the results in this table, the average error δ for
such a substitution is δ < 0.01 a.e.u. (atomic energy units).
Then, for an atom with Z electrons, the contribution of the
electron-electron interaction to the total energy is determined
with an accuracy �E < 1

2 Z2δ a.e.u. Considering that the total
energy of such an atom is approximately equal to E ≈ Z7/3

a.e.u., we find that the relative accuracy of formula (15) in
calculation of the atomic energy is �E/E < Z−1/3%. This

0 10 20 30 40 50 60
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0.2

0.4

0.6

0.8

Z

FIG. 1. Relative error (in percentages) between our results (8)
and those of the HFM.

estimate is confirmed by the numerical evaluation, which is
presented in the next section.

III. CALCULATION OF THE ATOMIC
CHARACTERISTICS

A. Binding energy

Let us compare our results (8) with the ones via HFM.
As shown in Table II and Fig. 1, the algebraic formula (8)

TABLE II. Calculated binding energy and the first three ionization potentials, compared with values obtained from the HFM.

Z EAH EHF Zλ IPAH IPHF Config. Z EAH EHF Zλ IPAH IPHF Config.

1 0.5 0.5 1 0.5 0.5 1s 2 2.84766 2.86168 1.68750 0.84766 0.86029 1s
3 7.44078 7.43273 2.68750 2.35732 2.19853 1s 3 7.44078 7.43273 1.32099 0.21813 0.20221 2s
4 14.6062 14.5730 3.68750 4.57839 4.34926 1s 4 14.6062 14.5730 2.00849 0.33513 0.30147 2s

4.68750 7.53795 7.18750 1s 5.68750 11.2360 10.6949 1s
5 24.6124 24.5291 2.63154 0.42500 0.46324 2s 6 37.7498 37.6886 3.25459 0.51456 0.64338 2s

2.69599 0.37704 0.24632 2p 3.31904 0.39754 0.33088 2p
6.68750 15.6725 14.8750 1s 7.68750 20.8474 19.7353 1s

7 54.3092 54.4009 3.87764 0.60382 0.84927 2s 8 74.5820 74.8094 4.50069 0.69277 1.07353 2s
3.94209 0.39765 0.42279 2p 4.56514 0.37738 0.52206 2p
8.68750 26.7609 25.2794 1s 9.68750 33.4128 31.5074 1s

9 98.8592 99.4093 5.12374 0.78142 1.31618 2s 10 127.432 128.547 5.74680 0.86977 1.58456 2s
5.18819 0.33672 0.62500 2p 5.81124 0.27569 0.73529 2p
6.74680 1.58033 2.36397 2s 7.74680 2.40447 3.27574 2s

11 160.779 161.859 6.81124 0.92489 1.33456 2p 12 198.578 199.615 7.81124 1.70167 2.07353 2p
2.61992 0.38133 0.18750 3s 3.30742 0.48746 0.25368 3s
8.81124 2.61112 2.97426 2p 9.81124 3.65324 3.97794 2p

13 240.962 241.877 3.96628 0.58668 0.37132 3s 14 288.076 288.854 4.62513 0.68839 0.5 3s
3.99492 0.57302 0.18015 3p 4.65378 0.65678 0.23897 3p

10.8112 4.82803 5.09191 2p 11.8112 6.13550 6.31618 2p
15 340.065 340.719 5.28399 0.79257 0.62868 3s 16 397.072 397.505 5.94285 0.89923 0.76471 3s

5.31263 0.73882 0.30515 3p 5.97149 0.81914 0.37868 3p
12.8112 7.57564 7.65441 2p 13.8112 9.14846 9.10662 2p

17 459.243 459.482 6.60170 1.00837 0.90809 3s 18 526.722 526.818 7.26056 1.11999 1.05515 3s
6.63035 0.89775 0.45221 3p 7.28920 0.97464 0.53309 3p

14.8112 11.1645 11.0074 2p 9.26056 1.98547 1.93750 3s
19 598.898 599.165 8.26056 1.53670 1.47794 3s 20 676.256 676.758 9.28920 1.83187 1.24265 3p

8.28920 1.38501 0.86765 3p 3.75065 0.36330 0.19853 4s
9.89077 1.90422 1.44118 3p 10.4923 1.97117 1.63971 3p
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TABLE II. (Continued.)

Z EAH EHF Zλ IPAH IPHF Config. Z EAH EHF Zλ IPAH IPHF Config.

21 759.957 759.736 3.98558 0.41551 0.21691 4s 22 849.356 848.406 4.22050 0.47116 0.22794 4s
9.94806 1.50930 0.26471 3d 10.5496 1.48297 0.31250 3d

11.0939 2.03273 1.83456 3p 11.2970 1.61184 1.84559 3p
23 944.575 942.884 4.45542 0.53027 0.24265 4s 24 1045.97 1043.36 4.23777 0.56121 0.21691 4s

11.1512 1.44359 0.36029 3d 11.3543 0.82643 0.23897 3d
12.2970 2.13965 2.23897 3p 12.8986 2.18502 2.44853 3p

25 1152.95 1149.87 4.92527 0.65882 0.26102 4s 26 1266.35 1262.44 5.16020 0.72828 0.27206 4s
12.3543 1.32566 0.44118 3d 12.9559 1.24711 0.48162 3d
13.5002 2.22500 2.66176 3p 14.1017 2.25957 2.87868 3p

27 1386.06 1381.41 5.39512 0.80118 0.28309 4s 28 1512.18 1506.87 5.63004 0.87753 0.29044 4s
13.5575 1.15551 0.52206 3d 14.1590 1.05086 0.55882 3d
14.3049 1.70380 2.85662 3p 15.3049 2.31255 3.33088 3p

29 1644.14 1638.96 5.41239 0.91543 0.25368 4s 30 1784.18 1777.85 6.09989 1.04058 0.30882 4s
14.3622 0.24648 0.37132 3d 15.3622 0.80240 0.62868 3d
16.3049 2.95955 3.94853 3p 7.44267 1.28516 0.52941 4s

31 1930.79 1923.26 6.77128 1.16190 0.41912 4s 32 2084.06 2075.36 17.3622 2.05493 1.44485 3d
16.3622 1.40521 1.02206 3d 7.45878 1.26951 0.23529 4p

8.11406 1.41037 0.63971 4s 8.78544 1.53753 0.74632 4s
33 2244.06 2234.24 18.3622 2.75155 1.91176 3d 34 2410.89 2399.87 19.3622 3.49508 2.41912 3d

8.13017 1.38486 0.29044 4p 8.80156 1.50080 0.34927 4p
9.45683 1.66663 0.86029 4s 10.1282 1.79768 0.97427 4s

35 2584.63 2572.44 20.3622 4.28551 2.96324 3d 36 2765.36 2752.05 21.3622 5.12284 3.55147 3d
9.47294 1.61734 0.41177 4p 10.1443 1.73447 0.47794 4p

11.1282 2.12448 1.30515 4s 12.1282 2.46231 1.65441 4s
37 2951.79 2938.36 22.3622 6.23899 4.43750 3d 38 3145.01 3131.55 12.1443 2.40418 1.01838 4p

11.1443 2.06290 0.73897 4p 5.58250 0.55155 0.18382 5s
12.7835 2.53182 1.19853 4p 13.4227 2.65874 1.36397 4p

39 3346.83 3331.68 5.74569 0.58649 0.20221 5s 40 3555.90 3539 5.90889 0.62248 0.21691 5s
12.8157 2.38173 0.20588 4d 13.4549 2.47270 0.25735 4d
13.7010 2.51507 1.41544 4p 14.3401 2.62631 1.56250 4p

41 3773.90 3753.6 5.54777 0.61555 0.20220 5s 42 3997.75 3975.55 5.71096 0.65230 0.20956 5s
13.7332 2.24900 0.22426 4d 14.3724 2.31815 0.26471 4d
15.3401 3.03517 1.84926 4p 15.6185 2.84662 1.86029 4p

43 4227.44 4204.79 6.39846 0.73687 0.25 5s 44 4467.97 4441.54 6.03734 0.72899 0.22059 5s
15.3724 2.72586 0.41177 4d 15.6507 2.44657 0.34191 4d
16.2576 2.95569 2.01103 4p 16.5199 2.97998 3.09559 4s

45 4714.49 4685.88 6.20053 0.76893 0.22794 5s 46 4970.08 4937.92 16.5360 2.70808 2.00735 4p
16.2899 2.50584 0.38235 4d 16.5682 2.16359 0.29412 4d
17.5360 3.17167 2.31250 4p 18.5360 3.64811 2.65809 4p

47 5230.75 5197.7 17.5682 2.61449 0.46324 4d 48 5498.92 5465.13 7.21441 0.94882 0.28309 5s
6.52691 0.85201 0.23529 5s 18.5682 3.08186 0.67279 4d

19.5360 4.13815 3.09191 4p 8.56879 1.14104 0.45955 5s
49 5774.64 5740.17 7.89160 1.04422 0.37132 5s 50 6057.98 6022.93 20.5682 4.06810 1.26471 4d

19.5682 3.56640 0.96323 4d 8.57910 1.13370 0.21691 5p
9.24598 1.23926 0.54412 5s 9.92316 1.33890 0.62868 5s

51 6348.97 6313.49 21.5682 4.58697 1.57721 4d 52 6647.68 6611.8 22.5682 5.12301 1.91176 4d
9.25629 1.22742 0.26838 5p 9.93348 1.32200 0.31618 5p

10.6004 1.43996 0.71323 5s 11.2775 1.54243 0.80147 5s
53 6954.17 6917.98 23.5682 5.67621 2.26103 4d 54 7268.49 7232.1 24.5682 6.24657 2.62868 4d

10.6107 1.41743 0.36765 5p 11.2879 1.51371 0.41912 5p
12.2775 1.76073 1.05882 5s 13.2775 1.98289 1.31985 5s

55 7589.54 7553.9 25.5682 7.00972 3.22059 4d 56 7918.28 7883.5 13.2879 1.95869 0.84191 5p
12.2879 1.73384 0.62868 5p 6.50126 0.52924 0.16544 6s
13.9444 2.06826 0.97059 5p 13.8019 2.20091 1.41176 5s

57 8256.15 8221.1 6.62350 0.55046 0.18015 6s 58 8612.34 8566.9 13.8122 2.17590 0.89338 5p
13.9650 2.00499 0.22794 5d 6.88324 0.59693 0.16911 6s
14.0641 2.31405 1.45588 5s 14.3263 2.42993 1.49632 5s

59 8972.11 8921.2 14.0744 2.28863 0.91912 5p 60 9340.45 9283.9 14.3366 2.40411 0.94118 5p
7.07422 0.63230 0.16912 6s 7.26521 0.66868 0.17279 6s
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FIG. 2. Comparison of the first three ionization potentials obtained from our results and the HFM.

approximates the results obtained by the HFM for the bind-
ing energy of atoms with an accuracy of δ < 1% for all Z .
The results are presented for Z � 60, when the relativistic
corrections are still sufficiently small. It is important to em-
phasize that the experimental configurations correspond to the
minimal atomic energy calculated by the formula (8). Addi-
tionally, it is worth noting that our model correctly predicts the
filling of electronic shells and corresponds to the Madelung-
Klechkowski rule [29,30].

B. Ionization potential

In order to determine the applicability of our results for
ions, we calculate the values of partial ionization potentials
(IPnl ) when an electron is removed from the (n, l ) shell [31].
According to Eq. (6), we find

IPn,l = E (Z, N − 1n,l ) − E (Z, N ). (16)

In Table II and Fig. 2, the results for the calculation of
the first three ionization potentials (IPs) are presented (in the
atomic units). The value of the first IP is comparable in accu-
racy to that of the binding energy calculations. This means that
the computed values are only in qualitative agreement with the
HFM results. However, the second and third IPs are calculated
with the relative accuracy δ.

C. Electron density distribution

According to the definition of the density operator in the
second quantization representation

ρ̂(r) = 
̂†(r)
̂(r),


̂(r) =
∑

λ

[âλψλ(r, Z ) + â†
λψ

∗
λ (r, Z )], (17)

we find its observable value in the state |{gλ}〉,

ρ(r) =
∑

λ

gλ|ψλ(r, Znl )|2. (18)

Here, Znl is the effective charge of the shell calculated by
formula (8), and the normalized Coulomb orbitals are defined
by the well-known formulas

ψλ(r, Z ) = Nnl Rnl (r, Z )Ylm(θ, φ)χs,

Rnl (r) =
(

2Zr

n

)l

e− Zr
n F

(
−n + l + 1, 2l + 2,

2Zr

n

)
,

Nnl = 1

(2l + 1)!

√
(n + l )!

2n(n − l − 1)!

(
2Z

n

)3/2

. (19)

here, F (a, c, x) is the confluent hypergeometric function.
Ylm(θ, φ) is the spherical harmonic, and χs is the spinor.

FIG. 3. The radial electron densities for argon (the left panel) and krypton (the right panel), compared with those obtained from the HFM.
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FIG. 4. Comparison of the electron density at the atomic nucleus
as computed by our method and by the HFM.

In particular, for atoms with a closed shell, the electron
density is spherically symmetric and is given by

ρ(r) =
∑

nl

2l + 1

2π
|NnlRnl (r, Znl )|2. (20)

Figure 3 shows a comparison of the radial electron den-
sity D(r) = r2ρ(r) calculated based on the function (20) and
within the framework of the HFM.

Another important observable characteristic for various ap-
plications (such as isomer shift [32], and nuclear magnetic
resonance [33]) is the electron density at the atomic nucleus
(as r → 0). In our approximation, only orbitals with l = 0
contribute to this quantity. Thus we find the expression

ρ(0) =
∑
n00s

gn00s

4π
|Nn0Rn0(0, Zn0)|2

=
∑
n00s

gn00s

π

(
Zn0

n

)3

. (21)

Figure 4 compares the results obtained on the basis of (21)
and within the framework of the HFM.

D. Atomic scattering factors

The atomic scattering factors, which are of significant im-
portance for X-ray crystallography [34], are determined by
the Fourier transform of the electron density. In our model,
they can be calculated analytically using the formulas given in
Ref. [5],

f (q) =
∑

nl

gnlFnl (Znl , q), ξnl = 2Znl

n
, (22)

Fnl = −Cnlξ
2l+3 (n − l − 1)!(n + l )!

2n

×
n−l−1∑
k,m=0

ξ k+m

(2l + k + 1)!(2l + m + 1)!k!m!

× d2l+1+k+m

dξ 2l+1+k+m

1

ξ 2 + q2
, (23)

where f (q) is the atomic scattering factor, q is the transverse
wave vector associated with the scattering angle θ ,

q = 4πsaB, s = sin θ/λ (Å−1),

aB = 0.529 177 Å−1 the Bohr radius, and Cnl is the normal-
ization coefficient at q = 0,

Cnl =
⎡
⎣n−l−1∑

k,m=0

ξ k+m

(2l + k + 1)!(2l + m + 1)!k!m!
ξ 2l+3

× (n − l − 1)!(n + l )!

2n

d2l+1+k+m

dξ 2l+1+k+m

1

ξ 2

]−1

. (24)

In Fig. 5, the results calculated using formula (22) are
compared with numerical data obtained from solutions of the
HFM [35].

IV. CONCLUSION

In our work we developed a new approach on how to
approximate the solutions of the self-consistent Hartree-Fock
equations for nonrelativistic atoms and ions. It is based on
the approximating Hamiltonian Ĥ0, whose eigenfunctions are
given by the Coulomb orbitals and are a good approximation

FIG. 5. The atomic scattering factors for neutral Si (the left panel) and Cu (the right panel). Orange solid and blue dashed lines indicate
our results and HFM values, respectively.
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to HFM solutions. The Hamiltonian is represented by a sum of
single-particle operators, and its eigenvalues are determined
by a fully algebraic expression. They offer a good approxima-
tion for the atomic binding energy. It is shown that within our
approach one can analytically calculate various observable
characteristics of atoms and ions. In particular, the ionization
potential, electron density distribution, and atomic scattering
factor are in good agreement with the results obtained in the
HFM approximation.

Furthermore, it is important to emphasize that the repre-
sentation of the single-electron approximation in the form
of an eigenvalue problem instead of a system of nonlinear
integrodifferential equations allows one to use the stan-
dard form of quantum mechanical perturbation theory over
the operator V̂ = Ĥ − Ĥ0. This perturbation operator takes

into account correlation effects in multi-electron systems.
We also suppose that our approach can be generalized for
molecules. Additional derivations, numerical details, and
supplementary figures are presented in the Supplemental
Material [36].
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