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A right R-module MR is called small injective if every homomorphism from a small
right ideal to MR can be extended to an R-homomorphism from RR to MR. A ring R
is called right small injective, if the right R-module RR is small injective. We prove that
R is semiprimitive if and only if every simple right (or left) R-module is small injective.
Further we show that the Jacobson radical J of a ring R is a noetherian right R-module
if and only if, for every small injective module ER, E(N) is small injective.
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1. Introduction

Throughout the paper, R represents an associative ring with identity 1 �= 0 and all
modules are unitary R-modules. We write MR (resp., RM) to indicate that M is
a right (resp., left) R-module. By J (resp., Zr, Sr) we denote the Jacobson radical
(resp., the right singular ideal, the right socle) of R. For a module MR, E(MR)
stands for its injective hull. If X is a subset of R, the right (resp., left) annihilator
of X in R is denoted by rR(X) (resp., lR(X)) or simply r(X) (resp., l(X)) if no
confusion appears. If N is a submodule of M (resp., proper submodule) we denote
it by N ≤ M (resp., N < M). Moreover, we write N ≤e M,N � M , N ≤⊕ M

and N ≤max M to indicate that N is an essential submodule, a small submodule,
a direct summand and a maximal submodule of M , respectively. A module M is
called uniform if M �= 0 and every nonzero submodule of M is essential in M .

Recall that a ring R is called right mininjective if every homomorphism from a
minimal right ideal toR is given by left multiplication by an element ofR. R is called
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right Kasch if every simple right R-module embeds in R; or equivalently, l(I) �= 0
for every maximal right ideal I of R. A ring R is called quasi-Frobenius (briefly,
QF-ring) if it is right (or left) artinian and right (or left) self-injective. R is said
to be right pseudo-Frobenius (briefly, PF-ring) if RR is an injective cogenerator in
the category of right R-modules.

Yousif and Zhou [13] proved that, for a semiperfect ring R with an essential
right socle, R is right self-injective if and only if R is right small injective. In [10],
Shen and Chen proved that if R is semilocal, then R is right self-injective if and
only if R is right small injective. They also gave some new characterizations of QF
rings and right PF rings in terms of small injectivity.

In this paper, we show that R is PF if and only if R is right small injective,
right Kasch and left min-CS. We also prove that if every simple right (resp., left)
R-module is small injective, then R is semiprimitive. Finally, using the small injec-
tivity, we give some characterizations for the Jacobson radical of a ring R to be a
noetherian right R-module.

General background materials can be found in [2, 4, 8, 12].

2. Results

A module MR is called small injective if every homomorphism from a small right
ideal to MR can be extended to an R-homomorphism from RR to MR. A ring R is
called right small injective if RR is small injective.

Examples. (i) Let R = Z be the ring of integers, then R is small injective but not
self-injective.

(ii) Let R = {(n x
0 n )|n ∈ Z, x ∈ Z2} (see [13, Example 1.6]). Then R is a com-

mutative ring and J = Sr = {( 0 x
0 0 )|x ∈ Z2}. Therefore R is small injective.

We claim that R is not injective. Let I = {( 2n 0
0 2n )|n ∈ Z} be an ideal of R

and g : I → R with f(( 2n 0
0 2n )) = ( 0 n̄

0 0 ), then g is a homomorphism. Assume

that ḡ : R → R be a homomorphism that extends g. There exists ( n1 x1
0 n1

) ∈ R

such that ḡ((n x
0 n )) = (n1 x1

0 n1
)(n x

0 n ) for all (n x
0 n ) ∈ R. Thus f(( 2n 0

0 2n )) =

(n1 x1
0 n1

)( 2n 0
0 2n ). It implies that ( 0 n̄

0 0 ) = ( 2nx1 0
0 0 ). This is a contradiction.

A ring R is defined to be right minsymmetric (cf. [8]) if, for k ∈ R, whenever
kR is a minimal right ideal of R then Rk is a minimal left ideal of R.

Next, we show the following lemmas.

Lemma 2.1 (McCoy’s Lemma). Let R be a ring and a, c ∈ R. If b = a-aca is a
regular element of R, then so is a.

Proof. This follows easily from the definition.
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Lemma 2.2. Let R be a right minsymmetric ring with Sr ≤e RR. If the ascending
chain r(a1) ≤ r(a2a1) ≤ · · · r(anan−1 · · ·a1) ≤ · · · terminates for every infinite
sequence a1, a2, . . . in R, then R is right perfect.

Proof. Since R is right minsymmetric, Sr ≤ Sl. Then J ≤ l(Sr) = Zr since Sr ≤e

RR. Now we prove that Zr is right T -nilpotent. In fact that, let x1, x2, . . . , xn, . . . ∈
Zr. We have

r(x1) ≤ r(x2x1) ≤ · · · .
By hypothesis, there exists k ∈ N such that r(xk · · ·x2x1) = r(xk+1xk · · ·x2x1).
If xk · · ·x2x1 �= 0, then xk · · ·x2x1R ∩ r(xk+1) �= 0 (since xk+1 ∈ Zr). There
exists r ∈ R such that 0 �= xk · · ·x2x1r ∈ r(xk+1) and so xk+1xk · · ·x2x1r = 0.
That means r ∈ r(xk+1xk · · ·x2x1) = r(xk · · ·x2x1) or xk · · ·x2x1r = 0, this is a
contradiction. Hence xk · · ·x2x1 = 0. Thus Zr is right T -nilpotent. It implies that
Zr ≤ J . Thus J = l(Sr) = Zr. And then J is also right T -nilpotent.

Now we prove that R/J is a von Neumann regular ring. Let a1 �∈ J , then
r(a1) is not an essential right ideal of R. Hence there exists I ≤ RR such that
I �= 0 and I ∩ r(a1) = 0. But Sr ≤e RR, there exists a simple right ideal
bR of R such that bR ≤ I. Then bR ∩ r(a1) = 0, that is a1b �= 0. Therefore
R = l(bR ∩ r(a1)) = l(b) + Ra1 by [8, Proposition 2.26], write 1 = c1a1 + t, where
t ∈ l(b), c1 ∈ R. So b = c1a1b. It is easy to see that 0 �= b ∈ r(a1 − a1c1a1)\r(a1),
r(a1) < r(a1 − a1c1a1). Put a2 = a1 − a1c1a1. We denote by ā = a + J ∈ R/J .
If a2 ∈ J , then we have ā1 = ā1c̄1ā1, i.e., ā1 is a regular element of R/J . If
a2 �∈ J , there exists a3 ∈ R such that r(a2) < r(a3) with a3 = a2 − a2c2a2 for
some c2 ∈ R by the preceding proof. Repeating the above-mentioned process, we
get a strictly ascending chain r(a1) < r(a2) < · · · , where ai+1 = ai − aiciai for
some ci ∈ R, i = 1, 2, . . . . Let b1 = a1, b2 = 1 − a1c1, . . . , bi+1 = 1 − aici, . . . , then
a1 = b1, a2 = b2b1, . . . , ai+1 = bi+1bi · · · b2b1, . . . , whence we have the following
strictly ascending chain r(b1) < r(b2b1) < · · · , which contradicts the hypothesis. So
there exists a positive integer m such that am+1 ∈ J, i.e., am − amcmam ∈ J.

This shows that ām is a regular element of R/J, and hence ām−1, ām−2, . . . ,

ā1 are regular elements of R/J by Lemma 2.1, i.e., R/J is von Neumann
regular.

To show that R/J is semisimple, by [7, Corollary 2.16], we only need to prove
that R/J contains no infinite sets of nonzero orthogonal idempotents. This can be
proved by arguing as [3, p. 2107].

From above lemma, we give some properties of PF and QF rings.

Corollary 2.3. Let R be a right small injective ring with Sr ≤e RR. If the ascend-
ing chain r(a1) ≤ r(a2a1) ≤ · · · r(anan−1 · · · a1) ≤ · · · terminates for every infinite
sequence a1, a2, . . . in R, then R is right PF.
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Proof. By Lemma 2.2, R is right semiperfect. But since R is right small injec-
tive, R is right self-injective by [10, Theorem 3.16]. Thus R is right self-injective,
semiperfect and Sr ≤e RR; i.e., R is right PF by [6, Theorem 2.1].

Corollary 2.4. A ring R is QF if and only if R is right small injective with
Sr ≤e RR, l(J2) is countable generated as a left ideal and the ascending chain
r(a1) ≤ r(a2a1) ≤ · · · ≤ r(anan−1 · · ·a1) ≤ · · · terminates for every infinite
sequence a1, a2, . . . in R.

Proof. By Lemma 2.2, [9, Lemma 2.2] and [13, Theorem 2.18].

With a left and right small injective ring, we have:

Proposition 2.5. Let R be a ring. Then the following conditions are equivalent:

(1) R is QF.
(2) R is a right and left small injective ring with Sr ≤e RR and the ascending

chain r(a1) ≤ r(a2a1) ≤ · · · ≤ r(anan−1 · · · a1) ≤ · · · terminates for every
infinite sequence a1, a2, . . . in R.

Proof. (1) ⇒ (2) is clear.
(2) ⇒ (1). By Lemma 2.2, R is right perfect. But R is also left small injective

which yields R is left self-injective. Thus R is QF by [6, Corollary 2.3].

Remark. The condition “Sr ≤e RR” in Proposition 2.5 can be not omitted. Let
R = Z be the ring of integer numbers, then R is small injective, noetherian but R
is not QF.

A ring R is called left CS (resp., left min-CS) if every left ideal (resp., minimal
left ideal) is essential in a direct summand of RR. It is well-known that R is right
PF if and only if R is right self-injective, right Kasch. But it is unknow whether a
right small injective, right Kasch ring is right PF.

Theorem 2.6. Let R be a ring. Then the following conditions are equivalent:

(1) R is right PF.
(2) R is right small injective, right Kasch and left min-CS.
(3) R is right small injective, right Kasch and lr(a) is essential in a direct summand

of RR for every simple right (resp., left) ideal aR (resp., Ra) of R.

Proof. (1) ⇒ (2) is clear.
(2) ⇒ (3). Assume that Ra is a simple left ideal. If (Ra)2 �= 0 then Ra ≤⊕

RR

which implies that lr(a) = Ra. Otherwise, a2 = 0 and so a ∈ J . Since R is right
small injective, Ra = lr(a) is a simple left ideal. Then by (2), lr(a) is essential in a
direct summand of RR. On the other hand, if bR is a simple right ideal then Rb is
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a simple left ideal (because R is right minsymmetric). It is easy to see that lr(b) is
essential in a direct summand of RR.

(3) ⇒ (1). Let T be a maximal right ideal of R. Since R is right Kasch, l(T ) �= 0.
There exists 0 �= a ∈ l(T ) or T ≤ r(a) which yields T = r(a). But aR ∼= R/r(a) and
so aR is a right simple ideal. Therefore l(T ) = lr(a) ≤e Re for some e2 = e ∈ R by
hypothesis. Thus R is semiperfect by [8, Lemma 4.1]. This implies that R is right
self-injective and so right PF by [8, Corollary 7.32].

Corollary 2.7. If R is right small injective, right Kasch and left CS, then R is
right PF.

Recall that a ring R is called semiprimitive if J = 0.

Theorem 2.8. Let R be a ring. Then the following conditions are equivalent:

(1) R is semiprimitive.
(2) Every right (or left) R-module is small injective.
(3) Every simple right (or left) R-module is small injective.

Proof. It is clear that (1) ⇒ (2) ⇒ (3).
(3) ⇒ (1). Suppose that J �= 0, let 0 �= a ∈ J , that is aR � RR. If J+r(a) < R,

then we take a maximal right ideal I of R such that J + r(a) ≤ I. Then R/I is
small injective by (3). We define ϕ : aR → R/I by ϕ(ar) = r + I. Then ϕ is
a well-defined R-homomorphism. So there exists c ∈ R such that 1 + I = ca +
I and then 1 − ca ∈ I. But ca ∈ J ≤ I which yields 1 ∈ I, a contradiction.
Therefore J + r(a) = R and so r(a) = R (because J � RR). So a = 0, which is a
contradiction.

Proposition 2.9. If every simple singular right R-module is small injective, then
for every a ∈ J, r(a) ≤⊕ RR and aR is projective.

Proof. For every a ∈ J , let L = RaR + r(a). There exists KR ≤ RR such that
L ⊕K ≤e RR. Assume that L ⊕ K �= R, then there exists a maximal right ideal
I of R such that L ⊕ K ≤ I and so I ≤e RR. Therefore R/I is small injective
by hypothesis. We define ϕ : aR → R/I by ϕ(ar) = r + I. Then ϕ is a well-
defined R-homomorphism. So there exists c ∈ R such that 1 + I = ca+ I and then
1− ca ∈ I. But ca ∈ RaR ≤ I which yields 1 ∈ I, a contradiction. Thus L⊕K = R

or RaR + (r(a) ⊕ K) = R which implies that r(a) ⊕ K = R (since RaR � RR).
Then r(a) = (1 − e)R for some e2 = e ∈ R and it follows that asx = a′sx. Let
ψ : eR → aeR be defined by ψ(er) = aer for all r ∈ R. Then ψ is a well-defined
R-epimorphism. It is easy to see that Ker(ψ) = eR ∩ r(a) = 0. Hence ψ is an
isomorphism and then aR = aeR is projective.

Corollary 2.10. If every simple singular right R-module is small injective, then
Zr ∩ J = 0.
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Recall that a ring R is called zero insertive (briefly ZI ) [11], if for a, b ∈ R, ab = 0
implies aRb = 0. Note that if R is a ZI ring, then every idempotent in R is central
and r(a), l(a) are two-sided ideals with a ∈ R.

Lemma 2.11. If R is a ZI ring, then RaR+ r(a) is an essential right ideal of R,
for every a ∈ R.

Proof. Given a ∈ R and assume that (RaR+ r(a)) ∩ I = 0, where I ≤ RR. Then
aI ≤ I ∩RaR = 0. Hence I ≤ r(a); whence I = 0.

Proposition 2.12. Let R be a ZI ring. If every simple singular right (or left)
R-module is small injective, then R is semiprimitive.

Proof. Suppose that there exists 0 �= a ∈ J ; whence RaR� RR. If RaR+ r(a) <
R, then there exists a maximal right ideal I of R such that RaR + r(a) ≤ I. By
Lemma 2.11, I is an essential right ideal of R. Therefore R/I is small injective by
hypothesis. Let ϕ : aR → R/I be defined via ϕ(ar) = r + I for all r ∈ R. It is
easy to see that ϕ is a well-defined R-homomorphism. Since R/I is small injective,
there exists c ∈ R such that 1 + I = ϕ(a) = ca+ I. But ca ∈ RaR ≤ I which yields
1 ∈ I, a contradiction. Therefore RaR + r(a) = R which implies that r(a) = R

(since RaR� RR). So a = 0, which is a contradiction.

Finally we consider the direct-sum representation of small injective module.
Let M be a right R-module. We denote that rJ (N) = {a ∈ J |Na = 0} and

lM (I) = {m ∈ M |mI = 0} where N ⊆ M and I ⊆ J . Then rJ (X) ≤ JR and
lM (I) ≤ SM where S = End(MR).

Lemma 2.13. The following conditions are equivalent for a right R-module M :

(1) R satisfies the ACC for right ideals of form the rJ(X), where X ⊆M.

(2) For each right ideal IR ≤ JR there corresponds a finitely generated right ideal
I1 ≤ IR such that lM (I) = lM (I1).

Proof. (1) ⇒ (2). The condition that R satisfies the ACC for right ideals of the
form rJ(X), where X ⊆ M is equivalent to that R satisfies the DCC for lM (A)
where A ⊆ J . Let I1 be a finitely generated right ideal of IR such that lM (I1) is
minimal in the set

Ω = {lM (K)|KR is finitely generated and KR ≤ IR}.
If x ∈ I, then H = I1 + xR ≤ IR is finitely generated and lM (H) ≤ lM (I1). By the
choice of I1, we have lM (H) = lM (I1), so lM (I1)x = 0. It implies that lM (I1)I = 0,
that is lM (I1) ≤ lM (I). But I1 ≤ I implies lM (I1) ≥ lM (I), so lM (I) = lM (I1).

(2) ⇒ (1). Let I1 ≤ I2 ≤ · · · ≤ In · · · be a chain of right ideals, where
Ii = rJ (Mi) and Mi ⊆ M for each i, let Xi = lM (Ii) for each i = 1, 2, . . . , and
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I =
⋃∞

i=1 Ii, then I ≤ JR. By (2), there exists a finitely generated right ideal I1
of I such that lM (I) = lM (I1). Since I1 is finitely generated, there is an integer k
such that I1 ≤ Im for all m ≥ k, that is lM (I1) ≥ lM (Im) = Xm for all m ≥ k.
But lM (I1) =

⋂∞
i=1 lM (Ii) =

⋂∞
i=1Xi, that is lM (I1) = Xm for all m ≥ k. Then

Im = rJ (Xm) = Ik for all m ≥ k, proving (1).

Now an argument of the proof of Faith [5, Proposition 3], we have:

Proposition 2.14. The following conditions on a small injective module ER are
equivalent:

(1) E(N) is small injective.
(2) R satisfies the ACC for right ideals of form rJ (X), where X ⊆ E.
(3) E(S) is small injective for any index set S.

Proof. (3) ⇒ (1) is clear.
(1) ⇒ (2). Assume that rJ (X1) < rJ (X2) < · · · < rJ (Xn) < · · · , Xi ⊆ E. Then

lErJ (X1) > lErJ (X2) > · · · > lErJ (Xn) > · · ·

because rJ lErJ (X) = rJ (X) for any X ⊆ E. For each i ≥ 1, choose mi ∈
lErJ(Xi)\lErJ (Xi+1). Hence there exists ai+1 ∈ rJ (Xi+1) such that miai+1 �= 0.
Let T =

⋃∞
i=1 rJ (Xi) which yields T � RR. Then, for all t ∈ T there exists

nt ≥ 1 such that t ∈ rJ (Xi) for all i ≥ nt. Then mit = 0 for all i ≥ nt, and
if m̄ = (mi)i, then m̄t ∈ E(N) for every t ∈ T . Hence ϕm̄ : T → E(N) is well-
defined by ϕm̄(t) = m̄t. Since E(N) is small injective by hypothesis, ϕm̄ extends to
ψ : R → E(N). So ϕm̄(t) = m̄t = ψ(t) = ψ(1)t for all t ∈ T . But ψ(1) ∈ E(N), so
there exists k ≥ 1 such that mit = 0 for all i ≥ k and all t ∈ T . In particular,
miai+1 = 0 for all i > k, which is a contradiction.

(2) ⇒ (3). Let I be a right ideal and IR ≤ JR. By Lemma 2.13, there is
I1 = r1R + r2R + · · · rnR ≤ IR such that lM (I) = lM (I1). Let ϕ : I → E(S) be
an R-homomorphism. Since ES is small injective by [10, Proposition 3.5], there
exists an element a ∈ ES such that ϕ(r) = ar for all r ∈ I. In particular ϕ(ri) =
ari ∈ E(S), i = 1, 2, . . . , there exists an element a′ ∈ E(S) such that asri = a′sri
for all s ∈ S, i = 1, 2, . . . , where gs is the s th-coordinate of any g ∈ ES . Since
{r1, r2, . . . , rn} generates I1, this implies that ar = a′r for all r ∈ I1, whence
(as − a′s) ∈ lM (I1) for all s ∈ S. Since lM (I) = lM (I1), it follows that asx = a′sx for
all s ∈ S, x ∈ I, that is ax = a′x for all x ∈ I. Thus ϕ(x) = a′x for all x ∈ I with
a′ ∈ E(S), so E(S) is small injective.

Lemma 2.15 ([1]). Let M be a right R-module. Then Rad(M) is noetherian if
and only if M has ACC on small submodules.

Lemma 2.16. Every direct summand of a small injective module is small injective.
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Proof. It is clear.

It is well-know that R is right noetherian if and only if E(N) is injective for every
injective module ER. We also have:

Theorem 2.17. For a ring R, the following conditions are equivalent:

(1) J is noetherian as a right R-module.
(2) Every direct sum of small injective right R-modules is small injective.
(3) If M1,M2, . . . are simple right modules then

⊕∞
i=1E(Mi) is small injective.

(4) E(N) is small injective for every small injective module ER.

Proof. (2) ⇒ (3) and (2) ⇒ (4) are clear.
(1) ⇒ (2). Let E =

⊕
i∈I Ei, where each Ei is small injective, TR ≤ JR, and

ϕ : T → E an R-homomorphism. Since T is finitely generated by (1), we can
write ϕ : T → E1 =

⊕
i∈I1

Ei, where I1 ⊆ I is a finite subset. Since E1 is small
injective, let ϕ̄ : R → E1 extends ϕ. Then ιϕ̄ extends ϕ, where ι : E1 → E is the
inclusion.

(3) ⇒ (1). Let I0 < I1 < · · · be a strictly ascending chain of small finitely
generated right ideals of R. Let I =

⋃∞
i=0 Ii, then I is a small right ideal of R.

For each i ≥ 1 choose Mi ≤max Ii such that Ii−1 ≤ Mi. Thus Ki = Ii/Mi is a
simple right R-module. We define ηi : Ii/Ii−1 → Ki by ηi(x + Ii−1) = x + Mi,

and write ιi : Ki → E(Ki) for the inclusion. Since E(Ki) is injective, let ϕi :
I/Ii−1 → E(Ki) be the homomorphism such that ϕi = ιiηi (see the following
diagram):

Ii/Ii−1 ↪→ I/Ii−1

ηi ↓

Ki ↙ ϕi

ιi ↓
E(Ki)

Since Mi < Ii, there exists ci ∈ Ii\Mi such that ϕi(ci + Ii−1) �= 0. For each t ∈ I,
choose nt ≥ 1 such that t ∈ Ii−1 for all i ≥ nt and so ϕi(t+ Ii−1) = 0 for all i ≥ nt,
so we can define α : I →⊕∞

i=1 E(Ki) by α(t) = (ϕi(t+ Ii−1))i. Since
⊕∞

i=1E(Ki)
is small injective by (3), α extends to ᾱ : R → ⊕∞

i=1E(Ki). Write ᾱ(1) = (bi)i,
so there exists n ≥ 1 such that bi = 0 for all i ≥ n. Given any t ∈ I, we have
(ϕi(t + Ii−1))i = α(t) = ᾱ(t) = ᾱ(1)t = (bit)i. Thus ϕi(t + Ii−1) = 0 for all i ≥ n

and all t ∈ I. But ϕn(cn + In−1) �= 0 by the definition of ϕi, and this contradiction
proves (1).

(4) ⇒ (1). Let I1 ≤ I2 ≤ · · · be a chain of small right ideals. For each i, let
Ei = E(R/Ii), and E =

⊕∞
i=1Ei. For every i ≥ 1,

∏∞
j=1 Ej = Ei

⊕
(
∏

j �=i Ej).
Let Mi =

∏∞
j=1 Ej , then Mi is small injective by [10, Proposition 3.5]. By above
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notation, we have

∞⊕
i=1

Mi =

( ∞⊕
i=1

Ei

)⊕
 ∞⊕

i=1

∏
j �=i

Ej


 .

By assumption,
⊕∞

i=1Mi is small injective. Thus E itself is small injective by
Lemma 2.16. Now the R-homomorphism f :

⋃∞
i=1 Ii → E defined by f(t) = (t+Ii)i

extends to f̄ : R → E. Let n ≥ 1 such that f̄(1) ∈ ⊕n
j=1 Ej . Then f(

⋃∞
i=1 Ii) ≤⊕n

j=1 Ej . So, if t ∈ ⋃∞
i=1 Ii then t ∈ Im for all m > n, and so

⋃∞
i=1 Ii = In+1 and

the chain should terminate.

Corollary 2.18. The following conditions are equivalent for a ring R:

(1) J is noetherian as a right R-module.
(2) Every direct sum of injective right R-modules is small injective.
(3) E(N) is small injective for every injective modules ER.
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