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a b s t r a c t

We theoretically study the nonlinear optical absorption phenomenon in a GaAs/GaAlAs parabolic
quantum well via investigating the phonon-assisted cyclotron resonance (PACR) effect. We find that the
two-photon absorption process (nonlinear) is comparable with the one-photon process (linear), and
cannot be neglected in studying PACR effect. The additional peaks in the absorption spectrum due to
transitions between Landau levels and electric subband energy accompanied by emission and absorption
of LO-phonon are indicated. PACR behavior is strongly affected by the magnetic field, the temperature
and the confinement frequency. The present work obtains an usefully resonant condition which is more
general than and includes the previous resonant behaviors.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The multi-photon absorption process, or a nonlinear phenom-
enon, has been studied in a large number of papers in recent years
[1–7]. In these papers, the first- and second-orders of the nonlinear
optical conductivity have been obtained using the projection-
diagram method. Although these results are very clear in physical
interpretation and useful in the study of optical conductivity in low-
dimensional systems, their analytical calculations are quite compli-
cated. Therefore, these results have not been applied to investigate
the nonlinear phenomenon, especially, in numerical calculations. In
the other works, using different methods, many researchers have
succeeded in studying the linear and nonlinear optical absorptions in
low-dimensional semiconductor quantum systems [8–20]. The
results show that the optical absorption coefficients are strongly
affected by confinement potential [11,14], structural parameters of
the system [8–10,13–18], hydrostatic pressure [16,17,19], and exter-
nal fields [12,20]. However, these works only investigated the optical
absorption process via one-photon absorption process, the two-
photon absorption process is still open for further investigation.

Phonon-assisted cyclotron resonance (PACR) has been known
as one of the useful tools for investigating transport behaviour of
electrons in semiconductor materials under an applied magnetic
field. This effect indicates the transition of electrons between

Landau levels due to the absorption of photons accompanied with
the absorption or emission of phonons. Since the early theoretical
predictions [21] and experimental observations [22], the cyclotron
resonance and PACR have been studied both theoretically and
experimentally in bulk semiconductors [23–26], in quantum wells
[27–32], in quantum wires [33–35], and in quantum dots [36].
However, the study of nonlinear PACR in PQW has not been found.

It is known that in GaAs/GaAlAs systems, electron interaction
with polar phonon modes is of great importance [29]. Therefore,
the purpose of the present work is to investigate the effects of the
magnetic field, the temperature and the confinement frequency on
the linear and nonlinear optical absorption spectrum in GaAs/
Ga1�xAlxAs PQW in the presence of electron–LO phonon interac-
tion. Besides, the present work also obtains an useful resonant
behaviour which expresses the phonon-assisted cyclotron reso-
nance condition, including the other types of resonances, such as
the optically detected electrophonon resonance [37,38] and the
optically detected magnetophonon resonance [39]. The paper is
organized as follows: in Section 2, the theoretical framework used
in calculations and the analytical results are presented. The
discussion of the results is given in Section 3. Finally, the conclu-
sion is given in Section 4.

2. Theoretical framework and analytical results

When an electromagnetic wave characterized by a time-
dependence electric field of amplitude F0 and angular frequency
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Ω is applied to a semiconductor system, the optical absorption
power is given by [31]

PðΩÞ ¼ F20
ffiffiffi
ε

p

8π
∑
i
Wif i; ð1Þ

where ε is the dielectric constant of the medium, fi is the electron
distribution function, and Wi is the transition probability. The sum
is taken over all the initial states i of electrons. The transition
probability of absorbing photon with simultaneously absorbing
and/or emitting phonon W8

i can be written as [31,40]

W8
i ¼ 2π

ℏ
∑
f
∑
q
jMfij2 ∑

þ1

ℓ ¼ �1

1
ðℓ!Þ2

a0q?
2

� �2ℓ
�δðEf �Ei8ℏωq�ℓℏΩÞ; ð2Þ

where the upper ð�Þ and lower sign ðþÞ refer to the phonon
absorption and phonon emission, respectively, Mfi is the transition
matrix element of the electron–phonon interaction, a0 is the laser
dressing parameter, Ei � EN;n and Ef � EN0 ;n0 are the energy initial
and final states of the electron, respectively, and q¼ ðqz; q? Þ is the
phonon wave vector.

We consider a PQW, in which electron system is confined in
z-direction by the potential UðzÞ ¼mnω2

z z
2=2, where ωz is the

confinement frequency. When a static magnetic field B¼ ð0;0;BÞ
is applied to system, the normalized eigenfunctions in the Landau
gauge for the vector potential A¼ ð0;Bx;0Þ and the corresponding
energy are given by [41]

jN;n; ky〉¼
1ffiffiffiffiffi
Ly

p expðikyyÞϕNðx�x0ÞψnðzÞ; ð3Þ

EN;n ¼ Nþ1
2

� �
ℏωcþεn; N¼ 0;1;2;…; ð4Þ

where mn is the effective mass of a conduction electron, N and n
are the Landau level index and the level quantized number in
z-direction, respectively; and ωc ¼ eB=mn is the cyclotron fre-
quency. Also, ϕNðx�x0Þ represents the harmonic oscillator wave
function, centered at x0 ¼ �ky=mnωc . Here ky and Ly are the wave
vector and the normalization length in y-direction, respectively.
The radius of the orbit in the ðx; yÞ plane is ac ¼ ðℏ=mnωcÞ1=2. In
Eqs. (3) and (4), the one-electron normalized eigenfunctions and
the corresponding eigenvalues in the conduction band are, respec-
tively, given by

ψnðzÞ ¼
1

2nn!
ffiffiffi
π

p
az

� �1=2

exp � z2

2a2z

� �
Hn

z
az

� �
; ð5Þ

εn ¼ nþ1
2

� �
ℏωz; n¼ 0;1;2;…; ð6Þ

where Hn(x) is the nth Hermite polynomial and az ¼ ðℏ=mnωzÞ1=2.
The matrix elements for electron-confined LO-phonon interac-

tion in PQW in the presence of magnetic field can be written as

Mfi
2 ¼ jVmðqÞj2jJnn0 ðqzÞj2jJNN0 ðq? Þj2
����

�ðNLiþ1=281=2Þδkz 0 ;kz 7qz
; ð7Þ

where NLi is the distribution function of confined LO-phonon for
frequency ωq ¼ ωLi, and the coupling function is given by [42]

jVmðqÞj2 ¼
e2ℏωLi

ε0di

1
χ1i

� 1
χ0i

� �
� q2? þm2π2

d2i

 !�1

; m¼ 1;2;3;…;

ð8Þ
with ε0 is the permittivity of free space, χ1i (χ0i) and di are the high
(low) frequency dielectric constants and the thickness of region
i of quantum well, respectively, and

jJnn0 ðqzmÞj2 ¼
n!
n0!

e�a2z q
2
zm=2ða2z q2zm=2Þn
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where we have denoted qzm ¼mπ=di, and LMN ðxÞ is the associated
Laguerre polynomials.

The transition probability in Eq. (2) contains contributions of
absorption process of ℓ-photons. In this paper, we restrict our-
selves to considering the process of absorbing two photons
ðℓ¼ 1;2Þ. Using Eq. (1) and making a straight forward calculation
of probability with the use of matrix element for confined LO-
phonon scattering (Eq. (7)), we obtain the expression for the
optical absorption power in PQW in the case of non-degenerate
electron gas

PðΩÞ ¼ AðΩ;ωcÞ ∑
N;N0 ;n;n0

jInn0 je�EN;n=kBT � NLiδ pℏωcþΔεn0n�ℏωLi�ℏΩð Þ½
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here we denoted p¼N0 �N (is an integer), and Δεn0n ¼ εn0

�εn ¼ ðn0 �nÞℏωz . In Eq. (11), the overlap integral Inn0 is defined as
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m ¼ 1;2;3;…

����Jnn0 mπ

di

� �����
2

; ð12Þ
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with ne is the electron concentration, kB is the Boltzmann constant,
T is the temperature. In Eq. (11), the delta functions present the
energy conservation law. This implies that when an electron
undergoes a collision by absorbing photon energy, its energy can
only change by an amount equal to the energy of a phonon
involved in the transitions. The energy-conservation delta func-
tions in Eq. (11) show resonant behaviour at the PARC condition
for PQW based on the following selection rule of transition
condition:

ℓℏΩ¼ pℏωcþΔεn0n7ℏωLi: ð13Þ
This condition predicates that the PACR is affected by both Landau
and electric subband levels. In the case of transitions without
electric subband levels, this equation reduces to ℓℏΩ¼ pℏωc7
ℏωLi. This is the pure PACR condition which is only affected by the
Landau levels [31]. Furthermore, we also see that the transition
condition in Eq. (13) can include the other resonant behaviours,
such as the optically detected electrophonon resonance (ODEPR)
[37,38], and the optically detected magnetophonon resonance
(ODMPR) [39]. Indeed, being only affected by the electric subband
levels, ODEPR, which satisfies the condition ℏΩ¼Δεn0n7ℏωLi, is
the specific case of PACR condition in the case of ℓ¼ 1; p¼ 0.
Similarly, satisfying the condition pℏωc ¼ ℏωLiþΔεn0n7ℏΩ, ODMPR
is the specific case of PACR condition with ℓ¼ 1. Therefore, it can
be seen that our PACR condition is more general than the
previous ones.

Following the collision broadening model, the delta functions
in Eq. (11) are replaced with Lorentzians [43]

δðZ7
ℓ Þ ¼ 1

π

ℏΓ8
ℓ

ðZ7
ℓ Þ2þℏ2ðΓ8

ℓ Þ2
; ð14Þ
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where

Z7
ℓ ¼ pℏωcþΔεn0n7ℏωLi�ℓℏΩ ðℓ¼ 1;2Þ; ð15Þ

and Γ8
ℓ is the inverse relaxation time of electrons

ðΓ8
ℓ Þ2 ¼ jInn0 je2ωLi

8π2diℏpε0

1
χ1i

� 1
χ0i

� �
� ðNLiþ1=281=2Þ; pa0: ð16Þ

The present result yields a more specific and significant
interpretation of the electronic processes for emission and absorp-
tion of phonons and photons under the applied magnetic field in
GaAs/Ga1�xAlxAs PQW. In the next section, we will consider the
numerical evaluation in more detail.

3. Numerical results and discussion

For the numerical calculations, we take the following values as
the input parameter [13,37,44]: ε¼ 12:5, χ1 ¼ 10:89, χ0 ¼ 13:18,
mn ¼ 0:067me, me being the mass of free electron, ℏω0 ¼
36:25 meV, ne ¼ 1023 m�3, and a0 ¼ 5 nm for GaAs, and
mn ¼ ð0:067þ0:083xÞme, ℏωLi ¼ ð36:25þ1:83xþ17:12x2�5:11x3Þ
meV, χ0i ¼ 13:18�3:12x, χ1i ¼ 10:89�2:73x for Ga1�xAlxAs [42].

In Fig. 1 we show the dependence of the absorption power on
photon energy at B¼9 T, which leads to the cyclotron energy
ℏωc ¼ 15:65 meV in the well GaAs and 10.46 meV in the barrier
Ga0.6Al0.4As, respectively. These peaks are due to PACR, which
represents resonance transfer of electrons with absorption of
photons accompanied with the absorption/emission of phonons.
Depending upon the Landau level and electric subband separa-
tions, photon, and phonon energies, the PACR transitions have
various types [29]. For a magnetic field B¼9 T, the cyclotron
energy is smaller than the LO-phonon energy, the transitions
correspond to the type 2 in Ref. [29].

Using the computational method, we easily determine that the
peaks at ℏΩ¼ 66:40 meV, 82.05 meV and 97.70 meV of the solid
line satisfy the condition Ω¼ pωcþωzþω0, with p¼1, 2 and 3,
respectively. These three peaks correspond to the one-photon
process (linear phenomenon). Moreover, the peak value of absorp-
tion power at p¼2 and 3 is about 52% and 34%, respectively, of
that at p¼1. At ℏΩ¼ 33:20 meV, 41.03 meV, and 48.85 meV, the
peaks satisfy the condition 2Ω¼ pωcþωzþω0, with p¼1, 2 and 3,
respectively, describing the two-photon process (nonlinear phe-
nomenon). In the nonlinear case, the peak values at p¼2 and p¼3
are about 79% and 73.7%, of that at p¼1, respectively. Besides,
the peak values in the nonlinear process are about 26%, 40%, and
56%, respectively, of that in the linear process at p¼1,2, and p¼3.

Therefore, the nonlinear absorption process is strong enough to be
detected in PACR.

In the barrier Ga0.6Al0.4As, the phenomenon occurs similarly,
but the resonance peaks seem to give a red-shift. This resulted in
the effective mass of electron and confined LO-phonon energy
which are modified in Ga0.6Al0.4As. In detail, for x¼0.4, the
effective mass mn ¼ 0:1me leading to cyclotron energy ℏωc ¼
10:46 meV, and ℏωLi ¼ 39:39 meV. Therefore, the resonant peak
occurring at ℏΩ¼ 64:4 meV satisfies the condition Ω¼ pωcþωz

þωLi, with p¼1. This value of the resonant peak is smaller than
that in GaAs (66.40 meV). This explains the red-shift behavior of
the absorption spectrum in the barrier Ga0.6Al0.4As. The others
peaks of the dashed line can be explained similarly.

In Fig. 2, we depict the absorption power in the well GaAs as
functions of photon energy for different values of magnetic field. It
is possible to see that the increase in the value of magnetic field
leads to a blue-shift of the resonant peaks. The physical meaning
of this phenomenon is that when the magnetic field increases, the
Landau level separation becomes larger resulting in the increase of
the value of absorbed photon energy.

Fig. 3 shows the dependence of PACR absorption spectrum on
the temperature. We can see from the figure that the PACR peaks
are located at the same position but the peak values of absorption
power are seen to increase with the temperature. As the tempera-
ture increases, the electron–phonon scattering increases, leading
to a general increase in the temperature of absorption power.

Fig. 4 shows the dependence of PACR absorption spectrum on
the confinement frequency. In the figure, when the confinement
frequency increases, the PACR peaks are seen to shift to the large
region of the photon energy (blue-shift). As the confinement
frequency increases, the electric subband separation energy
increases, leading to the increasing of the value of absorbed
photon energy.

For the PACR-linewidth, using profile method [45] we obtain
the magnetic field dependence of the PACR-linewidth, as shown in
Fig. 5. It can be found that both the well and barrier PACR-
linewidth increase with increasing magnetic field B. The reason
for this is that the electron–phonon interaction increases when
magnetic field increases. This result is in good agreement with the
results of previous papers [25–27,32,34]. The physical meaning of
this phenomenon can be explained as follows: when magnetic
field B increases, the cyclotron radius ac reduces, the confinement
of electron increases, the probability of electron–phonon scatter-
ing increases, leading to the increasing of the linewidth. In
addition, we can also see from the figure that PACR-linewidth
varies with the square root of magnetic field, agreeing with the
previous result [27]. Besides, the linewidth in nonlinear absorption
process is about 51% of that in linear one for the well and 49% for
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Fig. 1. Absorption power as a function of the photon energy in a PQW with a
confinement frequency ωz=ω0 ¼ 0:4 at B¼9 T, di¼50 Å, and T¼77 K. The solid and
dashed lines present the absorption power in the well GaAs, and the barrier
Ga0.6Al0.4As (x¼0.4), respectively.
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Fig. 2. Absorption power is shown as a function of photon energy for different
values of magnetic field. The solid, dashed, and dotted curves correspond to B¼9 T,
10 T, and 11 T. Here T¼77 K, di¼50 Å, and ωz=ω0 ¼ 0:4.
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the barrier. Therefore, this result once again shows that the
nonlinear absorption process is strong enough to be detected,
and cannot be neglected in studying the PACR-linewidth in PQW.

Fig. 6 shows the temperature dependence of the PACR-linewidth.
It is seen from the figure that the PACR-linewidth varies with the
square root of temperature. This result is in good agreement with the
result of the paper of Chaubey and Van Vliet [27]. As the temperature
increases, probability of electron–phonon scattering increases, lead-
ing to a general increase in the temperature of PACR-linewidth. The

linewidth in nonlinear absorption process is about 50% of that in
linear one in both the well GaAs and the barrier Ga0.6Al0.4As.

Fig. 7 shows the dependence of PACR-linewidth on the con-
finement frequency at B¼9 T, and T¼77 K. From the figure, we can
see that the PACR-linewidth increases with the confinement
frequency for both linear and nonlinear absorption process.
Furthermore, the PACR-linewith in the linear process varies faster
and has a larger value than it does in comparison with the
nonlinear process. In this case, the linewidth in the nonlinear
absorption process is from about 84% (95%) at ωz=ω0 ¼ 0:2 to 63%
(58%) at ωz=ω0 ¼ 1:6 of that in the linear one for the well GaAs (the
barrier Ga0.6Al0.4As). Finally, we can see that the PACR-linewidth in
the barrier is always smaller than that in the well in each case
associated.

4. Conclusion

In the present work, we have studied the PACR in GaAs/GaAlAs
PQW by considering the two-photon absorption process when
electrons interact with LO-phonons. The absorption spectrum
satisfies the condition ℓℏΩ¼ pℏωcþΔεn0n7ℏωLi, and can include
the other resonant behaviours. The results show that the PACR
behaviour is affected by the magnetic field, the temperature and
confinement frequency.

Using profile method, we obtained the PACR-linewidth as
profile of the curves. The values of the PACR-linewidth are found
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Fig. 3. Absorption power is shown as a function of photon energy for different
values of temperature. The solid, dashed, and dotted curves correspond to T¼77 K,
150 K, and 300 K. Here B¼9 T, di¼50 Å, and ωz=ω0 ¼ 0:4.
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Fig. 4. Absorption power is shown as a function of photon energy for different
values of confinement frequency. The solid, dashed, and dotted curves correspond
to ωz=ω0 ¼ 0:4, 0.5, and 0.6. Here B¼9 T, di¼50 Å, and T¼77 K.
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Fig. 5. Dependence of the PACR-linewidth on the magnetic field at T¼77 K,
di¼50 Å, and ωz=ω0 ¼ 0:4. The diamond and triangle lines present the linewidth
in the well GaAs and the barrier Ga0.6Al0.4As, the filled and empty lines correspond
to the linear and nonlinear absorption process, respectively.
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Fig. 6. Dependence of the PACR-linewidth on the temperature at B¼9 T, di¼50 Å,
and ωz=ω0 ¼ 0:4. The circle and rectangular lines present the linewidth in the well
GaAs and the barrier Ga0.6Al0.4As, the filled and empty lines correspond to the
linear and nonlinear absorption process, respectively.
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Fig. 7. Dependence of the PACR-linewidth on the confinement frequency at B¼9 T,
di¼50 Å, and T¼77 K. The square and down-triangle lines present the linewidth in
the well GaAs and the barrier Ga0.6Al0.4As, the filled and empty lines correspond to
the linear and nonlinear absorption process, respectively.
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to increase with the increase of magnetic field, temperature and
confinement frequency. Although being smaller than the linear
absorption process, the nonlinear process is strong enough to be
detected in PACR, and cannot be neglected in studying the PACR-
linewidth. Unfortunately, up to now, there are no relevant experi-
mental result for comparing to our theory. We hope that new
experiments will test the validity of our prediction in a very near
future.
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