TOAN TU LAPLACE VOI MAT DO

NGUYEN THI MY DUYEN
Truong Dai hoc Su pham - Dai hoc Hué

Tém tat: Trong bai bao nay, ching toi trinh bay cac khai niem vé vi
phén ngoai v6i mat do ciia mot dang vi phan, dao ham véi mat do cla
mot ham, tich trong v6i mat do va tich phan v6i mat do nhu la sy mé
rong cia cac khai niém tuong tng trong khong gian Euclid ciing nhu
cac tinh chat ciia chting. Trén co s6 do6, ching toi trinh bay cac két qua
clia toan ti Laplace v6i mat do ciia mot ham va clia mot siéu mét trong
R™.

1 GIOGI THIEU

Trong khong gian Euclid, toan ti Laplace cia mot ham f(xq, 2o, ..., x,) duge xac
dinh bdi cong thitc Af = divV f, trong do6
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D61 v6i mat tham s6 X @ U C R? — R? v6i X (u,v) = (z(u,v),y(u,v), 2(u,v)),
toan tit Laplace cia mat X dugc xéc dinh béi cong thic AX = (Ax, Ay, Az) =
Xy + Xoo. Khi d6 tinh cuc tiéu ciia mat ¢6 moéi quan hé chiit ché véi toan tit Laplace
cia mit. Diéu nay duge khang dinh béi dinh ly: Néu mat X (u,v) 13 mat tham s
tryc giao thi ta c6 dang thitc AX = X, + X,, = (2EH)N. Hay néi cach khac, mit
tham s6 truc giao X (u,v) 1a cyc tiéu khi va chi khi AX = 0.

Khoéng gian v6i mat do la khong gian Euclid véi mot ham duong e¥ dung lam trong
sb trong viec udc lugng thé tich. Huéng nghién citu khong gian véi mat do dang thu
hat nhiéu nhém téc gia trong d6 phai ké dén nhém nghién citu ctia gido su Morgan.
Nhiéu két qua vé mat cuc tiéu véi mat do noi chung va toan tit Laplace véi mat do
no6i rieng da duge dua ra trong thoi gian gan day. Day 1a van dé thoi sy dang thu
hut nhiéu nha toan hoc.

Theo trén, trong khong gian Euclid toan ti Laplace cia mét duge xac dinh béi cac

toan tit V va div. Do d6, muén md rong khai niém toan ti Laplace lén khong gian
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v6i mat do ta can quan tam dén viéc xay dung cac phép toan vi phan ngoai véi mat
do, dao ham v6i mat do. Di cing véi cac phép toan nay ta c6 cac phép toan tich
trong v6i mat do va tich phan véi mat do.

Cubi cing, khi da c6 cic phép toan nhu trén ta xay dung khai niem toan tit Laplace
v6i mat do sao cho né thuc sy 1a sy mé rong khai niém tir khong gian Euclid 1én
khong gian véi mat do. Hon nita, né van git méi quan hé gitta toan ti Laplace véi

tinh cuc tiéu ctia mat tham sb truc giao.

1.1 Vi phan ngoai v6i mat do cia mot dang vi phan

Dinh nghia 1.1.1. Goi w la mot k-dang vi phan trén R” v6i mat do e®. Vi phan

ngoai v6i mat do e¥ ctia w duge xac dinh bdi cong thitc nhu sau:
dyw = e ?d(e’w) (1)

Mot dang vi phan w duge goi 1a d,-déng néu d,w = 0. Diéu nay tuong duong véi
d(e?w) = 0. Mot dang vi phan w dude goi 1a dy-khép néu w = dyn.
Khai niém d, nhu trén da duge xudt hien trong cac tai lieu [1] va [3].

Nhan xét 1.
1. Dé dang kiém tra dugc mot dang vi phan w la d,-khdp thi cing la dang vi phan

d,-dong nho tinh toan don gidn sau:

o = (o) = ¢~Pd(eFePd(eP) = e~ (eF) = 0.

2. Goi w la mot k-dang vi phan trén R™, lic do ta co diw = 0. That vay ta co:
diw = d,(d,w) = e ?d(e?d,w) = e ?d(e’e” ?de?w) = e ¥d*(efw) = 0.

Meénh dé 1.1.1. Goi A¥(TR™)* 1a tap hop tat ca cac k-dang trén R”.
Ta c6 anh xa f : AF(TR™)* — AF(TR")*,w — e*w la mot dang cau tuyén
tinh, bién dang vi phan d,-dong (khdp) thanh dang vi phan d-déng (khép). Vi vay,

k _ k
HWDR - HDR'

Chitng minh. D& dang nhan thay f la mot ding cau tuyén tinh.
Gid st w 1a mot dang vi phan d,-déng. Ta 6 e ?d(e¥w) = 0, suy ra d(f(w)) = 0.
Do d6 f bién dang vi phan d,-déng thanh dang vi phan d-déng.
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Gid stt w = d,n. Ta c6 w = e ¥?d(e?n), suy ra f(w) = d(en). Do d6 f bién dang vi
phan d,-khép thanh dang vi phan d-khdp.

U ker dkt p— .
m

Dinh 1y 1.1.1. Goi wy,wsy la hai k-dang, khi do ta co
1. Vi phan ciia tong

d¢(w1 + U.)Q) = d<p0c.)1 + d@wg.

2. Vi phan cua tich

dy(w1 A ws) = dywr Aws + (—1)kw1 A dw, (2)
= dwl VAN Wy + (-1)’%«)1 VAN dwwg. (3)
Chitng minh. Tt dinh nghia d, ta dé dang thu dugc diéu can chiing minh. O

Hé qua 1.1.1. Tich cia mot dang vi phan d,-dong va mot dang vi phan d-dong
hoac tich cia mot dang vi phan d-dong va mot dang vi phan d,-dong la mot dang vi

phan d,-dong.

Chiing minh.

1. Tu (2) ta c6 tich ctia mot dang vi phan d,-déng va mot dang vi phan d-dong

la mot dang vi phan d,-doéng.

2. T (3) ta c6 tich ctia mot dang vi phan d-déng va mot dang vi phan d,-déng
la mot dang vi phan d,-dong.
]

1.2 DPao ham véi mat do cia mot ham
Dinh nghia 1.2.1. Dao ham véi mat do ciia mot ham duge xac dinh bdéi cong thiie

0.0 _0f 0

g (4)

Dinh ly 1.2.1.
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1. Goi f,g:Q CR" — R la hai anh za, A € R, khi do ta co
a@(f“‘Q) _ 0 f + 09

= =1,2,....n.
8:171- 8xl 8951 ' Vi T "
Dp(ANf) _ \ Opf .
oz, A@xi , Vi ,2,....m
2. Goi f:R" — R la mot anh xa, khi do ta co
(93]" _ 83,]“
axiﬁxj 8%8961 ’
Ching minh.
1. Dé dang suy ra tit dinh nghia.
2.
2 f of
%)
dr,or, O, ((%:Z "o, )
0 f n Pp | Odp Of of

:8xi8x]~ Or;0x;  Ox; &vj ax] (8% ox;

LB P 000f 00 0f | 0oy
N 8x,8xj 89018% 6@ 8% 8ZE] 6% 81‘] (‘?ml

89@-83@- ’
Ow; Oy
Dinh 1y 1.2.2. Néu w = Zw;dx; thi dyw = ZZ <— + %w1>d:§adaz1.
2, . = N N . ~ N . ~ a(ﬁf
Chitng minh. Dé dang suy ra tit dinh nghia d,w va dinh nghia D
Z;

1.3 Tich trong v6i mat do

90f>

f

Dinh nghia 1.3.1. Goi wy, wy 1a hai dang vi phan trén R”, ta dinh nghia tich trong

(hay tich) v6i mat do cia wy, we nhu sau:

w1 Ny wa i= ewi A ws.

(8)

Dinh 1y 1.3.1. Goi @ QF(R") la tdp tat ci cic dang vi phan trén R", khi dé

k
(?Q’“(R”), +,A,) la mot vanh.
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Ching minh. Dé dang kiém tra (@ QF(R™), +, /\30) thod méan cac tién dé ctia vanh
k
tu dinh nghia tich A, nhu trén. O

Dinh 1y 1.3.2. Tap (D Hf,(R"),+,A,) la mot vanh, trong do:
k

HE (R — kerd’;
w )_Imdfyl'

(9)

Chitng minh. Ching ta sé chiing minh phép toan tich ctia hai 16p tuong duong
khong phu thuoc phan tit dai dién, diéu nay ciing tuong duong véi viéc chiing minh
(w1 + dypm) Ny (wa2 + dyne)] doc lap véi my va n,. That vay, ta co:

(w1 4+ dymi) Ay (wa + dpna) = w1 Ay wa + w1 Ay dpta + dpt Ay wa + dum Ay dyne
= wp Ny W + dg@((_l)kwl Np M2 + 1M Ny Wa +11 Ny d<p772)

Suy ra, [(wi+dueni) Ay (wo +dyne)] = [wi Apwa]. Do d6 ta cd [wi] Ay [we] = w1 Ay ws.

Mit khéc, ching ta dé dang kiém tra (@ Hfy, (R™), +, A,) thod mén cac tien dé clia
K

vanh. ]

1.4 Tich phan v6i mat do

Dinh nghia 1.4.1. Goi w 1a mdt k-dang trén da tap M, ta c6 dinh nghia sau:

TMW - /Mem (10)

V6i dinh nghia tich phan véi mat do nhu trén ta cé dinh ly Stokes nhu sau:

Dinh 1y 1.4.1 (Stokes). Goi w la mot k-dang trén da tap M, khi do:

[ o[ "

Ching minh. Ap dung dinh 1y Stokes, ta co:

Ew = /8Me¢w = /Md(e‘ﬂw) = /Me‘pe_‘”d(e“"w) _ TM%W.
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2 TOAN TU LAPLACE VOI MAT bO

Ta da biét Laplace ciia mot ham f trong R™ duge xac dinh bdi cong thic Af =
divV f. Xét ham khoang cach r = /2?2 + 22 + - + 22, véi x = (21,22, -+ ,2,). Ta

co:

W) Tn X
VT:(_a_7"'7_ =
r r r T
Vr? = 2(zy, 29, -+, ) = 2.

Do dé :
Ar? =divVr? =2+2+---+2=2n.

Sau day ta tinh toan d6i véi ham khoang cich trén cac mat cyc tiéu trong R? (truong
hop R™ hoan toan tuong tu). Goi X (z,vy, z) véi z = z(u,v),y = y(u,v), z = z(u,v) 1a
mot tham so tryc giao cia mot mat cuye ticu. Gia st | X,| = | X,| =1 va X,,.X, = 0.
Khi d6 AX = (Az, Ay, Az) = —2?}, trong dé6 ﬁ = Hn la vector do cong trung
binh (n la trusng vector don vi ctia mét).

Xét ham khoang cach r : Q C R® — R, ta ¢6 7?2 = 22 + 9y + 22, do d6 Ar? =
Ax? + Ay? + Az?, trong do:

o0x? 6x2> gu( 890) 6( Ox

oy 2 I\ L 9 (5. 9% _ 2,
5 B 2z +8v 2z ) 2eAx + 2|Vl

2 1. 2 1
Az® =divVz® = d1v< e 5

Twong tu ta tinh duge:
Ay® = 2yAy + 2| Vy|*;

AZ? = 2yAz + 2|Vz[%.

Do X cuc tidu nén Az = Ay = Az = 0. Mt khac:
- ()7 (2
- (' (2
o () (2

Ar? = 2| X% + | X.[?) = 4.

Do do:

Vay trong khong gian v6i mat do khai niém Laplace cia mot ham hay ctia mot mat
duge xac dinh nhu thé nao? Céc két qua trén co gi thay doi khong?
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Dinh nghia 2.0.2 (Laplace v6i mat do ciia mot ham). Goi f: Q@ C R — R la

mot ham, khi d6 Laplace v6i mat do cua f duge xac dinh nhu sau:
Ay f :=div, V. (12)
trong do div,X := e ¥dive?X) véi moi truong vector X trén TS

Quay trd lai v6i ham khoang cach r : Q@ C R® — R, xac dinh bdi cong thiic

r=y/t}+a3+- - +22, véiz = (11,29, -+ ,2,). Ta co:

A r? = div,Vr?
= e ?div(e?Vr?)
=e ¥ (e“’diVVT2 +e¥(Vo, Vr2>>
= Ar? + (Vy, Vr?)
= 2n + (Vy, Vr?).

Dinh ly 2.0.2. Goi f : Q C R® — R la mot ham va Q la mot mien trén R, khi
do

Apf = Af+(Vf, V). (13)

Chiing minh. Tu dinh nghia ctia A, f, ta cé:

A=Y (e

=1

o\~ (0 09 Of o f
s G ity

= Af+ (Vf, V).

O

Hé qua 2.0.1. Goi f : Q C R® — R la mot ham va Q la mot mién trén R™, khi dé

=350 (50)

Xét cac mat cyc tieu X (u,v) = (z(u,v),y(u,v), 2(u,v)) trong R® (truong hop R”
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hoan toan tuong tw) véi cha ¥ o(u,v) = p(x(u,v), y(u,v), z(u,v)). Ta tinh duge:

Ayz = divy,(Vr)

= e ?div(e¥Vuz)

-5 (50 + 7 (7))
Op @ Op 8_95

Ou Ou * EPD
= Az + (Vo, X))z, + (Vp, Xy) 2.

= Az +

Tuong tu ta co:

Ayy = Ay + (Vo, Xu)yu + (Vo, Xo) Yo

Apz =AMz + (Vo, X))z + (Vo, X)) 2.
Nhu vay ta co:
(Apz, Apy, Apz) = AX +(Vp, X)) Xy + (Vip, X)X,
Mat khac, ta ¢6 biéu dién:
Vo= (Vo, X)Xy + (Vo, X)X, + (Ve,n)n.

Do d6 ta co:

(Apz, Apy, Apz) = AX + Ap — (Vyp,n)n.
Hay

(Apz, Apy, Ayz) = Vo = AX — (Vi m)n.
Xét ham khodng cach r : Q C R — R, ta c6 r? = 2% + y% + 22, Khi dé:

Ayz? = div,(Va?)
= e ?div(e?Vz?)
Ox Ox

= 26"°div(e“"x%, ewx%)

S]]

2 2
2l o e () (5]
= 2[x<Am + o + %%) + |Vxﬂ

= 22,z + 2| V|,
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Tuong tu ta co:

A@QQ = QyAcpy + 2’vy|2;

Ay2* =220,z +2|Vz|%
Do doé:
Agr? = Aya? + Ay + AL2?
= 2(z,y, 2) (D, Ayy, Ayz) + 2(|Val* + [ Vy[* +|Vz[)
=2(z,y, 2)(Apz, Apy, Apz) + 4.

Dinh nghia 2.0.3. Goi ) siéu miat trong R” v6i mat do e, X : Q c R*! —
> C R" 1a mot tham s6 hod ctia Y, khi d6 Laplace véi mat do ctia X duge xac
dinh nhu sau:

A X =AX — (Vp,n)n, (14)
trong d6 n la truong vector don vi trén siéu mat » .
Nhan xét 2. Vdi dinh nghia trén ta co:
A X = AX — (Vp,n)n = (Ayz, Ayy, Ayz) — Ve (15)

Dinh 1y 2.0.3. Goi X : Q C R*™™! — 3> C R" la mot tham s6 hod truc giao ciia
S, khi d6 X(2) la mat g-cuc tiéu khi va chi khi A, X = 0.

Chiing minh. A, X = (H — (V,n))n = H,n. O

3 KET LUAN

Nhu vay, bai bao da trinh bay cac khai niem va két qua md rong véi mat do clia cac
khai niém vi phan ngoai cia mdt dang vi phan, dao ham ctia mot ham, tich trong
va tich phan cia cac dang vi phan. Dat biét 1a khai niém toan tit Laplace v6i mat
do ctia mot ham va cia mot siéu mat trong R™ da duge thiét 1ap sao cho né van gitt
méi quan hé gitta toan t Laplace véi tinh cuc tiéu ctia mit tham sé tric giao trong
khong gian v6i mat do.

LJi cAm on: Toi xin chan thanh cAm on Thay gido, PGS. TS. Doan Thé Hiéu da cho toi
nhiéu ¥ tudng trong viéc xay dung, giai quyét van dé va huéng dan, gitp dé toi hoan thién

bai bao nay.
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Title: LAPLACE OPERATOR WITH DENSITY

Abstract: In this paper, we present the notions of the weighted exterior derivative of
a differential form, the weighted derivative of a function, weighted wedge product and
integral with density as the extensions of the corresponding notions in Euclidean space as
well as their properties. Base on these, we present some results on the weighted Laplace

operator of a function and of a hypersurface in R".
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